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Appendix 


Some Multiple-Choice Objective Type 

Questions 


Multiple-choice objective type questions are emphasized in most of 
the competitive examinations A few such questions are, therefore 
given below from each topic for the convenience of students. 

In each of the following questions, there are four possible answers 
marked (A). (5), (C) and ( D ), Only one of these answers is correct. The 
letter that has been given against the correct answer should be written m 
bold letter in the bracket provided in the right hand margin. 

I. Topic : Fundamental concepts, Resultants and Components of Forces 

]. The minimum requirement lor specifying completely a force acting 
on a rigid body is the knowledge about its 

(A) magnitude, direction or point of application only 

(B) magnitude and direction or point of application only 

(C) magnitude, direction and point of application only 

(D) point of application and magnitude or direction only ( ) 

2. Let 0 be the middle point of the line segment A'A and let 

F=OA, F being the magnitude of a force. Then — F is equal to 

—> * ■ -> 

(A) —AO which is again equal to —OA' 

(B) — AO which is again equal to A‘0 
(CX AO which is again equal to A'O 

(D) which is again equal to OA' ( ) 
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Appendix 


Some Multiple-Choice Objective Type 

Questions 


Multiple-choice objective type questions are emphasized in most of 
the competitive examinations. A few such questions are, therefore 
given below from each topic for the convenience of students. 

In each of the following questions, there are four possible answers 
marked M), {B), (C) and (0) Only one of these answers is correct. The 
letter that has been given against the correct answer should be written in 
bold letter in the bracket provided in the right hand margin. 

I. Topic : Fundamental concepts. Resultants and Components of Forces 

1 The minimum requirement for specifying completely a force acting 
on a rigid body is the knowledge about its 

(A) magnitude, direction or point of application only 

(B) magnitude and direction or point of application only 

(C) magnitude, direction and point of application only 

(D) point of application and magnitude or direction only ( ) 

2. Let 0 be the middle point of tli'e lind segment A'A and let 
F= OA, F being the magnitude of a force. Then — F is equal to 

(A) —AO which is again equal to —OA’ 

t . » f 1 < I » - ‘ V f ' 

—> -*■ 

(B) —AO which is again equal to A'O 

(c\ AO which is again equal to A’O 
—> —> 

(D) AO which is again equal to OA' ( ) 
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3 Two forces P and Q are acting at a point 0 in the directions 
OA and OB respectively. Then the point 0 will be at rest if 


(A) OA^OB 

(B) ?-e=0 

(C) P=Q 

(d)H p+q=o ( ) 


<4^ If a rod, AB, rests inside a smooth hollow sphere with centre at 0, 
then the reactions of the sphere on the ends A aud B of the rod will 
be along 


(A) AO and BO respectively 

(B) AB and BA respectively 

(C) the tangents at A and B respectively 

(D) any other direction ( ) 

0 If a rod, AB, rests upon a smooth peg or a support at O (or a 
smooth horizontal rail through O), then the reaction of the peg, the 
support or the rail at 0 on the rod will be along 


(A) OB 

(B) OA 

(C) the normal to the rod at 0 above AB 

(D) any other direction ( ) 

6. If the resultant of two forces, P and Q, acting at a point at an 
angle 6 makes an angle a with Q, then tan « is equal to 


(A) 

(B) 

(C) 


P sin 9 
Q+P cos 9 
Q sin 0 
P+Q cos 6 
Q cos 0 
Q+P sin 6 


(D) 


Q cos 9 
P+Q sin 9 


( ) 
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7. If R be the lesullant of two forces,? and Q, acting at a point 
making an angle a with each other and if p be the angle between 
P and R, then P ■ Q . R is equal to 

(A) sin a ; sin (1: sin (a—(J) 

(B) sin fi , sin a ■ sin (a+P) 

(C) sin (ci+p) sin p : sin a 

(D) sin (a—P) . sin P : sm a ( ) 

8. If-tAVQ-^qnaLf pices each of—ma&n-ii ude P act at an angled, then 

their resultant will be 

/At P 9 

(A) — cos — 

(B) 2 P cos - 

(C) 2 P sin j 

(D) 2 P cos 0 ( ) 

9 The resolved part of the resultant of two forces inclined at an 
angle 9, in a given direction, is equal to 

(A) the algebraic sum of the resolved parts of the forces in the same 
direction 

(B) the arithmetic sum of the resolved parts of the forces in the 
same direction 

(C) the difference of the forces multiplied by cos 0 

(D) the sum of the forces multiplied by sin d ( ) 

10. According to the principle of transmissibility of forces, the effect 

of a force upon a body is " 

(A) maximum when it acts at the C.G of the body 

(B) different at different points in its line of action 

(C) the same at every point in its line of action 

(D) minimum when it acts at the C.G. of the body ( ) 

11. The lesullant of two forces of magnitudes 5N and 1 ON acting at 
a point can never be equal to 

(A) 102V 

(B) 5 N 

(C) 8 iV 

(D) AN 


( ) 
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12 The sum of the two forces is 18# and the resultant whose direction 
is at right angles to the smaller force is 12# Then the magnitude of 
the forces are 

(A) 11# and 7# 

(B) 13# and 5# 

(C) 10# and 8# 

(D) none or the above ( ) 

13. The resultant of two forces, P and Q, is \/3 Q and makes an angle 
of 30° with the direction of P. Then either 

(A) P—Q or jP=2Q 

(B) P=Q or 2P= Q 

(C) 2P=QotP^2Q 

(D) none of the above ( ) 

14. The resultant of two equal forces, P. P, acting at a point and 
inclined at an angle of 120° with each other makes an angle 0 
with each of the equal forces. Then 9 is 

(A) 0° 

(B) 30° 

(C) 60° 

(D) 90° ( ) 

15. Two forces whose magnitudes are m the ration 3 . 4 act at a point 
at right angles to each other. If their resultant is 75#, then the 
forces are 

(A) 45#, 60# 

(B) 30#, 40# 

(C) 24#, 32# 

(D) none of the above ( ) 

16. Ox and Oy are two perpendicular lines which intersect at O. A 

force F makes an angle w— 9 with Oy. Then the resolved part of 
-*> 

F along Ox is 
■— 

(A) — F cos 9 

(B) F cos 0 

(C) F sm 6 

(D) — F sin 9 


( ) 
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17 


Two forces, P and Q, act at a point 0 and are inclined to each 
other at an angle <x. If the resultant force, R, makes an angle 9 
with the force, P, then sin d is equal to 


(A) 

(B) 

(C) 

(D) 


Q sin a. 

~ 

R sin a 

e~ 

R sin a 
P~ 
Q sin a 
R 


) 


18. If the forces, P and IP, act at 0 ani are inclined to each other at 
an angle of 120,° then the resultant of the forces makes an angle 6 
with the l'oice 2 P, wheie 8 is equal to 


(A) 30° 

(B) 60° 

(C) 90° 

(D) none of the above ( ) 


19. ABCD is a square and forces acting at a point are represented 
in magnitude and direction by AB, 2BC, 2CD and DA. Then their 
resultant is represented in magnitude and direction by 

(A) 4 AD 

(B) 4 BA 

(C) BD 

(D) AC ( ) 


—■-> —> 

20. If forces R, F x and F 2 are lepresented in magnitude and direction 
by CA, AB and BC respectively of A ABC, then 


(A) R=F 1 +Fi 


(B) R—F x —F 2 

—> —> 

(C) R=F,-F 1 

(D) R=-F t -F t 


( ) 
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21. If a force, P, be resolved into two components making angles 45° 
and 15° with its direction, then the latter force is 


(A) V2 P 
P_ 

V6 


(B) 


(C) 


V6P 


(D) none of the above 


) 


22. Forces of magnitudes 3N, 4N, 5N and 6^ act at a point jn the 
directions North, South, East and West respectively Then Ihe 
magnitude of their resultant is 

(A) V2A 

(B) 18A 

(C) 2 N 

(D) none of the above ( ) 

23 If R be the resultant of two forces, P and Q, inclined at an angle 
o’- with each other and if 0 be the angle between Q and R, then tan 0 
is equal to 


2P tan-—— 

(A) - l - 

(Q-P) sec 2 --+2 .P 

IQ tan ~ 

(B) -?_ 

(P-Q) sec 2 -|-+2 Q 


(P-0 sec 2 -~ + 22 
(D) none of the above 


( > 
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24. In problem no. 23, the resultant R is given by the equation 

(A) R 2 -2 PQ sin 2 ~ =(P+Q)* 

(B) &+2PQ snr-^- ~(P—Q)‘- 

(C) R*+2PQ sm J -|-=(P+Q) 3 

(D) none of the above ( ) 

25 The resultant of two forces whose magnitudes are l IN and 82V will 
be greatest when they act m 

(A) opposite du ections 
(B^perpendicular directions 

(C) the same direction 

(D) any other direction ( ) 

26 Two forces OA and OB act at 0 If C be the mid-point of AB, 

—> —> 

then the resultant of OA and OB is 

(A) OC 
(fe^2 OC 

(C) CO 

(D) unpiedictable ( ) 

II. Topics; Equilibrim of Concurrent Forces 

1. Three forces act at a point. Then the forces will always be in 
equilibrium if 

(A) they can be represented in magnitude and direction by the 
three sides of a triangle, taken in any arbitrary Older 

(B) they can be represented in magnitude and direction by the 
three sides of a triangle, taken in a definite order 

(C) they are parallel to the sides of a traingle, taken in a definite 
order 

(D) their magnitudes are proportional to the sides of a triangle, 

taken in a definite order ( ) 
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2 A number of forces acting at a point will be always m 
equilibrium if 

(A) their algebraic sum is zero 

(B) the algebraic sums of their resolved parts in two mutually 
perpendicular directions are equal 

(C) the algebiaic sums of the resolved parts of the forces in any two 
mutually perpendicular directions are separately zero 

(D) the forces are equally inclined to each other ( ) 

3. Three forces act at a point. The set of these three forces which are 
never in equilibrium is 

(A) 3iV, 57V and 97V 

(B) 87V, 67V and 4 N 

(C) 137V, 31A and 35TV 

(D) 107V, 207V and 257V ( ) 

4. A body of weight 30TV is suspended by two strings of lengths 3m 
and 4m attached to two points in the same horizontal line whose 
distance apart is 5m. Then the tensions of the strings are 

(A) 427V, 187V 

(B) 247V, 187V 

(C) 507V, 37.5 TV 

(D) none of the above ( ) 

5. A body of weight 207V is placed on a smooth plane of inclination 
60° to the horizon and a force is acting at a point of the body 
parallel to the surface along the line of the greatest slope such that 
the body is m equilibrium. 

Then the force is 

(A) lOVfTV 

(B) 3 VlON 
(0 Vl03 TV 

(D) none of the above ( ) 

6. Two forces, each equal to P, act at right angles to each other. 
Their effect is neutralized by a third force acting along the internal 
bisector of the angle between the forces in the opposite directions. 
Then the third force is 
(A) 2 P 

(B> -tp 

(C) V2 P 

^ k P 


( ) 
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7 Three forces acting on a particle are in equilibrium and are 
proportional to -H, and 2 The angles at which they are 
inclined to each other aie 

(A) 105° 102° and 153 c 

(B) 105°, 120° and 135° 

(C) 1 50°, 102° and 10K r 

(D) none of the above ( ) 

8, A body of weight U r Newton is suspended from a point C by 

two strings, AC and BC, of lengths 3m and 4m, whose othei ends 
arc fastened to two points. A and B, in the same horizontal line 
O is the point ot intersection of the veitical through A and BC 
produced. If AS- 5m and T 1 . T„ u be the tensions of the strings CA 
and CB respectively, then 7\ : T„ W is equal to 

CA) CO ■ CA : AO 
(Li) AO CA ■ CO 

(C) CA OC • AO ( ) 

(D) none of the above 

9 In pioblem no 8, il’W=5rV. then T, and Tj will be respectively 
equal to 

(A) 4/V and 3 N 

(B) 3 N and 4 N 

(C) 5jV and 4rV 

(D) 5N and 3N ( ) 

10 Three foices acting on a particle can never be kept in equilibrium 
iT they are of magnitudes 

(A) V” N,V 10 N and y'B y 

(B) 3\/f N, 7\/3 N and y'JI N 

(C) 2 A /3 N, 3V2N and \/17 N 

(D) Vl N, Vl7 N and \ r Tl N ( ) 

11. Three forces acting at a point aie always m equilibrium it they aie 
represented in magnitude and direction by 

(A) the three altitudes of a triangle, taken m order 

(B) the three sides of a triangle, taken in order 

(C) the three medians of a triangle, taken in ordei 

(D) the three bisectors of the angles of a triangle, taken m order 

( ) 
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12. A, B, C and D, taken in order, are any four points on a circle 
with centre 0 such that £AOB=Q t , l_BOC=9z, AiCOD=d 3 and 
/_DOA=6 j. Fom forces, each of magnitude equal to the radius 
of the circle, act along OA, OB, OC and OD Then the four forces 
will be always in equilibrium if 

(A) ^=0 2 

(B) 8y=0l 

(C) 0,-0! 

(D) 9 a =0, ( j 

13. Three sets of of concuirent forces act at a point O. The first set 
of forces consists of two forces, 3 N and AN, acting at right angles 

The second set consists of forces, AN, 5N and 6N, acting in the 
directions indicated by the sides AB, BC and CD of the triangle 
ABC with sides AB= 2m, BC= 2.5m and CD = 3m The thud set 
consists of forces 4iV, 3 N, 6N and IN acting in the directions 
indicated by the sides PQ, QR, RS and SP of the quadrilateral 
PQRS with sides equal to the magnitude of the forces. Then the 
resultant of all these forces is 

(A) 42 

(B) 0 

(C) 5 

(D) none of the above ( ) 

14. Three forces of magnitudes 3 N, V 12 N and \/3 N act at a point 
O towards the point 0 and if these forces are in equilibrium, then 
the angles between P,Q ; Q,R and R,P will be respectively 

(A) 30°, 60°, 90° 

(B) 90°, 60°, 30° 

(C) 60°, 30°, 90° 

(D) 30°, 90°, 60° ( ) 

15. A weight, W, is supported by two cables making angles 60° and 0 
(which is actue) with the horizontal. Then the tension m the cable 
making angle 9 with the horizontal will be minimum when 8 is 
equal to 

(A) 45° 

(B) 60° 

(C) 30° 

(D) none of the above 


( ) 
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16 A chord, ABC , is attached at two points, A and C, on two vertical 
walls. A pulley, B , of infinitesimally small radius canies a load, W, 
and is free to roll without friction along the chord. If T l and T 2 
be the tensions of the two poitions, AB and BC, of the stung 
respectively, then 

(A) T,>T 2 

(B) 7’ 1 =7’ s 

(C) T X <T„ 

(D) the tensions are unpredictable ( ) 

17 If in problem no. 16, AB and BC make angles a and p respectively 
with the horizontal, then 

(A1 ei = P 

(B) «>(i 

(C) »<p 

fD) a and P are unpiedictable ( ) 

18 Three forces P.Q,R act at a point and are in equilibnum. The angle 
between B and Q is a and that between P and R is P. Let 
P-\-Q-\-R=K and cosec a+cosec fi+cot a+cot (3=/ Then the 
forces P, 0 and R are respectively equal to 


(A) 

Acosec p 
/ 

Acosec a 

/ 

A(cot a + cot P) 

1 


(B) 

Acosec a 
l 

Acoscc p 
/ ’ 

A(cot a+cot P) 

/ 


(C) 

Acosec p 

1 

Acosec a 
/ 

A(cot a— cot P) 
l 


(D) 

none of the above 


( ) 


III Topics : Parallel Forces, Moments and Couples 

1 If tinee parallel forces are m equilibrium, the magnitude of each 

force is proportional to 

(A) the distance between the other two 
(S') the square of the distance between the other two 

(C) the inverse distance between the other two 

(D) none of the above 


( ) 



324 


ELEMENTARY STATICS 


2. Parallel forces P, Q, R act at the vertices A,B,C respectively of a 
triangle ABC and are such that P : Q ■ R -tan A tan B tan C 
Then their resultant will pass through the 

(A) in-centre 

(B) centroid 

(C) otho-centie 

(D) cncum-centre ' 

3 A man carries a bundle of weight W units, hung at one end of a 
stick of length 1 units, which is placed over his shoulder. It the 
distance x units between his hand and shoulder be altered, then 
the pressure P units on his shoulder will change such that 

(A) Pa x 

(B) 

(C) Pa. X' 

(D) none of the above is true ( ) 

4 Two men carry a uniform bar, 14m long and weighing 154AT. One 
man supports it at a distance of 1 m from one end and the other 
man at a distance of 5m from the middle point of the bar. Then the 
weights which the two men bear are 

(A) ION and 84 N 

(B) 481V and 70A 

(C) 8(W and 14iV 

(D) none of the above ( ) 

5. A straight uniform rod is 1 m long. When a load of xN is placed at 
one end , it balances about a point 10 cm from that end. Then the 
weight of the rod is 

(A) -jN 

(B) 2xN 

(C) \ N 

(D) none of the above f ) 

6 . Three equal like parallel forces act at the vertices of a triangle. Then 
their resultant passes through 

(A) the in-centre of the triangle 

(B) the circum-centre of the triangle 

(C) the ortho-centre of the triangle 

(D) the centroid of the triangle 


( ) 
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7. A rod weighing W units and of length Ira is placed on a table so 
that one-third of its length projects over the edge. The greatest 
weight which can be attached by a string to the end of the rod 
without causing it to topple over is 

(A) 4ty nmts 

(B) 6 IF units 

(C) 2 W units 

(D) none of the above ( ) 

8 . Varignon’s theorem is about finding 

(A) the algebraic sum of the lesolved parts of foices 

(B) the algebraic sum of the moments of forces 

(C) the conditions of equilibrium of forces 

(D) none of the above ( ) 

9. The only case when we can not find the resultant force of a number 
of coplanar forces acting on a body is when the forces 

(A) act at different points in different directions 

(B) reduce to two like parallel forces 

(C) reduce to two unlike and unequal parallel forces 

(D) reduce to a couple only ( ) 

10. The moment of a force, F, about a point 0 at a distance d from 
the line of action of the force can not be zero if : 

(A) jF= 0, but d#0 

(B) d=0, butF^O 

(C) d=0 and F=0 

(D) <7=^0 and F#0 ( ) 

11 . A single force and a couple acting in the same plane upon a rigid 
body 

(A) can produce equilibrium of the body 

(B) are equivalent to a single force 

(C) are equivalent to a couple 

(D) are equivalent to each other 


( ) 
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12. If three forces acting upon a rigid body be represented in magnitude, 

direction and line of action by the sides of a triangle, taken in 

ordei, then they are 

(A) equivalent to a couple whose moment is equal to twice the 
area of the triangle 

(B) m equilibrium 

(C) equivalent to a single resultant 

(D) equivalent to a couple whose moment is equal to the aiea 

of the triangle ( } 

13 The resultant of a force 7 A'and a couple iu the same plane, whose 

arm is 3.5 m and whose forces are each 4 N is 

(A) 7 N 

(B) 7 Nm 

(C) 14 N 

(D) 4 Nm ( > 

14 Three forces always form a couple if 

(A) they act along the sides of a triangle in any direction,, 
whatever be their magnitudes 

(B) they are represented in magnitude and direction by the sides 
of a triangle, taken in order 

(C) they act along the sides of a triangle and are represented in 
direction only by the sides of a triangle, taken in order 

(D) they are represented m magnitude and direction by the sides of 

a triangle, taken in order, and they act along the sides of the 
triangle ( ) 

15 Two coplanar couples are said to be equivalent when 

(A) their moments are equal m magnitude and sign 

(B) their moments are equal in magnitude but opposite in sign 

(C) their arms are equal whatever be their forces 

(D) their forces are equal in magnitude and direction whatever be 

their arms ( ), 
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16 . 


17. 


IS. 


If the forces 6 W, 5 W acting at a point (2, 3) in Cartesian 
rectangular co-ordinate plane are parallel to the positive direction of 
x and y axes respectively, then the algebraic sum of the moments of 
the forces about the origin is 


(A) 

(B) 

(C) 

(D) 


11 W 
-3 W 
-8 W 
3 W 


( ) 


Four forces are represented in magnituted and direction by the sides 
of a quadrilateral, ABCD, taken m order. Then the four forces 

(A) are in equilibnum 

(B) can be reduced to two like parallel forces 

(C) can be reduced to two unequal unlike parallel forces 

(D) are equivalent to a couple ( ) 

The force, arm and sense of each of three couples are as follows : 

(i) 20 N, .5 m, positive sense 

(ii) 30 N, 1 m, negative sense 
(lii) 40 N, .25 m, positive sense 

Then the force and the sense of the resultant of these three couples 
with arm .5 m will be 

(A) 20 N, negative sense 

(B) 20 N, positive sense 

(C) 10 N, positive sense 

(D) 10 N } positive sense 


( ) 


19. 


The resultant of two unlike parallel forces, /’and Q ( P>Q ), acting at 
points, A and B, respectively of the body acts at a point C m AB. 
Then 


(A) C bisects AB 

CB P 

(B) C divides AB internally and prj—rr 

(C) C divides AB externally and 

(D) C divides AB externally and y- 


( ) 
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IV. Topics : Reduction of Coplanar forces, Equilibrium of a Rigid body 
and Centre of Gravity 

1 . The end A of a heavy uniform rod, AB, is hinged with a vertical wall. 
The other end B of the rod is tied with a string whose other end is 
attached with the wall at a point D, vertically above A The veitical 
through 0 , the middle point of AB, intersects BD at 0. Then the lod 
will lemain m equilibrium if the reaction at the hinge 

(A) is perpendiculai to the wall 

(B) is perpendicular to the rod 

(C) passes through G 

(D) passes thiough 0 ( ) 

2 A heavy uniform rod, AB, rests with the end A against a smooth 
vertical wall and the othei end B i s tied to a point C of the wall, 
vertically above A by a string, BC Tf the vertical through G, the 
middle point of AB, cuts BC at 0 , then the rod will remain in 
equilibrium if the reaction of the wall on the rod at A 

(A) passes thiough 0 and makes any aibitrary angle with the wall 

(B) passes through 0 and makes an angle 90° with the wall 

(C) is perpendicular to the wall but does not pass through O 

(D) is perpendicular to the rod and passes through O ( ) 

3 A heavy uniform rod, AB, is hung from a point O with two stnngs, 
AO and BO, of unequal lengths, attached at the points A and B of 
the lod, If the rod remains m equilibmim, then the weight of the 
rod 

(A) must pass through 0 and will be equally inclined With AO 
and BO 

(B) must pass through O and will be equally inclined with AB 

(C) must pass thiough 0 but can not make equal angles with AB 

(D) can not pass thiough 0 at all ( ) 

4 . A heavy umfoim rod, AB, is hung from a smooth nail at O by an 

inextensible light stung which passes over the nail and whose two 
ends aie attached with the two ends A,B of the rod. If the length of 
the string is twice the length of the rod, then for equilibrium of the 
rod, the triangle OAB must be 

(A) isosceles, but not right-angled 

(B) right-angled isosceles 

(C) equilateral 

(D) scalene 


( > 
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5 OA and OB are the lines of greatest slope of two smooth inclined 
planes and these two lines make angles of 30° and 45" respectively 
with the horizontal ground at O A ball is resting on OA and OB 
Then the reaction of the plane, OA, on the ball will be 
(A3 greater than that on OB 

(B) less than that on OB 

(C) equal to that on OB 

(D) unpredictable ( ) 

6. A heavy ball rests on a smooth ground touching against a smooth 

vertical wall The ball is pressed against the wall by a string OC, O 
being the centre ol the ball and C, the point on the wall above the 
point of contact ol the ball with the wall If % and Ry be 
respectively the horizontal reactions of the wall and the vertical 
reaction of the ground on the ball and T, W be respectively the 
tensions of the string and the weight of the ball, then 

(A) R[ { =Ry—T~ W 

(B) 7? t --0, %-ir, 7-0 

(C) R fl ^Ry = W, T=0 

(D) none of the above is ti ue ( ) 

7 A heavy uniform rod of weight W is freely jointed at A and B, not 
in the same horizontal line Then the only possibility of the rod AB 
being in equilibrium is that the lines-of reactions at the joints will 

(A) cut the line of action of W at two different points 

(B) cut the line of action of W at the same poinL 

(C) act along the lod AB 

(D) either cut the line of action of W at the same point oi be 

vertical ( ) 

8 . In problem 7, if the rod, AB, is vertical, then, for equihbnum, the 
lines of reactions at the joints will be 

(A) horizontal 

(B) vertical 

(C) zeio 

(D) none of the above ( ) 

9. In problem 7, if the rod, AB, is horizontal, then, for equilibrium, the 
lines of reactions at the joints will be 

(A) vertical 

(B) horizontal 

(C) zeio 

(D) none of the above 


( ) 
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10. In problem 7, if the rod, AB, is light i e. its weight is negligible, then 
for all positions of the rod AB t the dnections of ihe lines of 
reactions at the joints foi which the rod remains in equilibrium 
must be 

(A) honzontal 

(B) vcitical 

(C) along the rod 

(D) different for diffeient positions of the rod ( ) 

11 One end of a light rod, AB , is hinged at A with a vertical wall and 
the othei end B is attached with a string, BC, C being a point on the 
wall vertically above A. If a weight )V is attached at the end B of 
the lod so that the rod remains in equilibrium in horizontal position 
and if Z.ABC=8, then the force induced in the string BC is 

(A) W cosec 0 

(B) W sec B 

(C) W tan 9 

(D) W cot 0 ( ) 

12 . The direction of the reaction at the hinge at A in problem no 11 
will be 

(A) along AC 

(B) along AB 

(C) along BA 

(D) along any other direction ( ) 

13 The magnitude of the reaction of the hinge at A m problem no. 1] 
will be 

(A) W cosec 8 

(B) W sec 6 

(C) W tan 9 

(D) W cot 6 


( ) 
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14 A heavy non-uniform bar, AB, is resting inside a smooth hollow 
hemisphere wilh its ends m contact with the innei surface of the 
hemisphere Then the reactions of the hemisphere at the ends A and 
B of the rod will act 

(A) horizontally 

(B) vertically 

(C) along AB 

(D) along the normals at A and B to the suiface ( ) 

15 In problem no. 14, the rod, AB, can remain m equilibrium only when 

(A) it is houzontal 

(B) it is not horizontal 

(C) it makes an angle of 45" with the horizontal 

(D) it makes an angle of 60° with the horizontal ( ) 

16. In problem no 14, if the lod, AB, is uniform, then the only position 
of equilibrium of the rod is when 

(A) it is horizontal 

(B) it is not houzontal 

(C) it makes an angle of 45° with the horizontal 

(D) it makes an angle of 60° with the horizontal ( ) 

17 In problem no 14, if the rod is uniform and is of weight W and 
length a, the radius of the hemisphere, then the reactions R x and R 
of the hemisphere on the rod at A and B respectively will be given 
by 

W 

(A) R X =WV 3, J? s =-7^ 

V 3 

(B) R 1 =R 2 =W 

W 

(C) r l =r 2 =-~ 

V 3 

(D) none of the above ( ) 

18 A rigid body acted on by two forces can be in equilibrium if and 
only if 

(A) the two forces are equal in magnitude whatever be their 
directions 

(13) the two forces are equal m magnitude, collinear and act in 
opposite directions 

(C) the forces are equal, unlike and parallel 

(D) the two forces act along the same line m opposite directions 

( ) 
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19. The necessary and sufficient conditions for the equilibrium of a 
system of coplanar foices acting on a rigid body are that 

(A) all the forces of the system should be equal in magnitude 

(B) the resultant of all the forces should vanish 

(C) the resultant couple should vanish 

(D) the resultant force and the lesultanl couple should vanish ( ) 

20. Three forces of magnitudes 2N, 37V and 47V act along the sides AB 
BC and CA respectively of a triangle ABC. If AB—4m, JSC=6m 
and (7/1=8/13, then these three forces are equivalent io 

(A) a force of magnitude 0 

(B) a force of magnitude 97V 

(C) a force of magnitude 97V and a couple 

(D) a couple only ( ^ 

21. The algebraic sum of the moments of a system of coplanar 
forces, not in equilibrium, is zero about each of two points, A and B. 
Then the algebraic sum of the resolved parts of the force system in 
the direction perpendicular to AB is 

(A) non zero other than AB 

(B) AB 

(C) 0 

(D) indeterminate ( ) 

22 A system of coplanar forces acts on a rigid body The algebraic sum 
of the resolved parts of the forces about x and y>-axes in the plane 
of the forces are X and Y respectively and the algebraic sum of the 
moments of all the forces about the ongin of co-ordinates is G. 
H X= 2, Y= 3 and G=8 , then the line of action of the forces passes 
through the point whose co-ordinates are 

(A) (0, -4) 

(B) (0,4) 

(O (ft~§) 

(D) none of the above 


( ) 
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23. A system of coplanar forces acting on a rigid body, not in 
equilibrium, can never be reduced to 

(A) two forces acting through two given points 

(B) two forces, one of which acts through a given point and the 
other along a given straight line 

(C) three forces acting at a point, which are such that their 
magnitudes are proportional to the sides of a triangle and their 
directions are perpendicular to the corresponding sides, all 
inwards or all outwards 

(D) three forces acting along the sides of a given triangle m the 

same plane ( ) 

24. The upper end B of a ladder of weight W rests against a smooth 
vertical wall and the other end A rests on a rough horizontal ground. 
If the ladder makes an angle 60° with the horizontal, then the total 
reaction of the ground on the ladder at A is 


(A) W 



(C) more than W 

(D) none of the above ( ) 

25. A heavy ladder resting on a floor and against a vertical wall may 
not be in equilibrium if 

(A) both the floor and the wall are rough 

(BJ both the floor and the wall are smooth 

(C) the floor is smooth, but the wall is rough 

(D) the floor is rough, but the wall is smooth ( ) 

26. A hollow metal ball filled with air and having a diameter 10 m and 

total mass 50 kg is fixed to one end of a uniform rod of length 50m 
and mass 100 kg Then the ball and the rod will balance horizontally 
about a point on the rod, at a distance 

(A) 20 m from the centre of the rod 

(B) 10 m from the centre of the rod 

(C) 25 m from the centre of the rod 

(D) 50 m from the centre of the rod 


( ) 
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27 The centre ef gravity of a solid cone of height h lies on the axis at a 
height /q above the base where /q is equal to 

(A) L/, 

(B) \u 

(C) |/, 

(D) T* , ) 

28 The centre of gravity of a thm hollow cone of height h lies on its 
axis at a height h 1 above the base where h L is equal to 

(A) {'. 

<B) T" 

(c> 4* 

< d > ( > 

29. The centre of gravity of a solid hemisphere of radius r lies on its 
central radius at a distance h from its plane base, where h is equal to 


(A) 

3 r 
2 

(B) 

3 i 

4 

(Q 

r 

2 

(D) 

3 r 
8 


° ( > 

30. The centre of gravity of a plane lamina will not be at its geometrical 
centre in the case of a 

(A) right-angled triangle 

(B) equilateral triangle 

(C) squaie 

(D) circle 


( > 
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31 From a circular plate of diametei 6 cm is cut out a circle whose 
diameter is equal to the radius of the plate. Then the distance of the 
C. G. of the remainder hom the centre of the circular plate is 

(A) 1.0 cm 

(B) 15 cm 

(C) 5 cm 

(D) none of the above ( ) 

32 The centre of gravity of a trapezium lies 

(A) on the line joining the mid-points of the parallel sides 

(B) on the line joining the mid-points of the oblique sides 

(C) at the intersection of its diagonals 

(D) on some line or at some point othei than above ( ) 

33. A pile of six circular plates rests on a horizontal table and each 
plate projects the same distance beyond one below it. If i be the 
radius of each plate, then the greatest possible horizontal distance 
between the centres of the highest and the lowest plates is 

(A) 3 i 

(B) ^ 

(C) -j 

(D) none of the above ( ) 

34 A light rod, AB, is free to turn m a vertical plane about A which is 
attached to a vertical wall. The end B of the rod is attached with a 
light string, BC, where C is a point on the wall vertically above A. 
A weight 1500 N is now suspended from the end B and the system 
lemains in equilibrium If the /4i?=5m, BC= 3m and ^C=6m, then 
the tension of the string and the reaction at the joint A are 
respectively 

(A) 1500 N and 1500 N 

(B) 750 N and 1250 N 

(C) 1250 N and 750 N 

(D) none of the above ( ) 
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35, The centred gravity of a triangular lamina coincides with that of 
three equal weights placed at 

(A) the angular points of the mangle 

(B) the mid-points of the sides of the triangle 

(C) the in-centie, the circurr-centie and the oitho-centrc oi the 
triangle 

(D) the m-centre, the circum-cemre and the centroid of the 

triangle ( ) 

36, The centroid of the area bounded by y~x 2 , x-\, a- 2 and y-G 
lies on the line 

(A) j-0 

(B) l=ly 

(Q J-L 

(D) other than above ( ) 

37, The co-ordinates of the centroid of the area bounded by y~ 2 
y=-x- and a- 3 will satisfy the equation 

(A) x=2 

(B) *4 

(C) x=0 

(D) jc-J-j*=0 ( , 
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Preface 


The present book which is the first of my two books on Statics and 
Dynamics is intended feu the students of senior sccondaiy classes, 
Although Statics and Dynamics are included in the Mathematics syllabi 
of many States, these are not included in the existing NCERT’s syllabus 
of Mathematics at plus two stage It is tiue that students learn some 
portions of Mechanics consisting of Statics and Dynamics m books of 
Physics, but the scope of discussing vai 1011 s topics with different types 
of problems is veiy much limited in books of Physics The impoitancc 
of these two topics foi a student of Mathematics is well-known to all. 
Mechanics is perhaps the only subject in the school, where a student can 
find the leal application of most of the topics m mathematics like 
Tngonometiy, Geometry, Algebra, Calculus and so on which are all taught 
in Mathematics in schools If Mathematics is 1 aught m the schools 
without showing its sufficient application in othei branches of Science, 
then it becomes a dull subject to many students Besides, in many all- 
India Competitive Examinations, paiticularly in the test papers for 
admission to various Engineding Colleges, challenging problems from these 
topics aie asked, The petformance of the students not learning these 
topics in Mathematics in schools becomes miseiable in these examinations. 
The prepaiation of supplementaiy materials on these and similar other 
topics was, therefore, felt by many since long for the benefit of all science 
students at plus two stage, A project was, therefore, taken up by the 
Department foi the prepaiation of these supplementary bcoks on 
Mathematics The second supplementaiy book on Dynamics which is- 
m pieparation is expected to be printed soon 

All the topics which aie geneially included m most of the elementary 
books on Statics have not been included in this book for the obvious 
leason of reducing the bulkness of the book. Only those topics which 
are included in the syllabi of most of the States and various all-India 
Competitive Examinations have been selected for this book and emphasis 
has been given on the basic theory as well as various types of challenging 
problems 

The book has been started with the explanation of the basic 
concept in physical quantities, Knowledge of Mathematics beyond 
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plus two stage has not been assumed anywhere in this book, A large 
number of problems, simple and difficult, have been worked out and 
given in the exercises so as to enable all students, gifted or aveiage, to 
use the book without much difficulty, The S.I. system of all physical 
quantities has been used throughout this book Some well-known 
problems which were asked m various examinations have been included 
in this book with slight modification by changing the system of units 
and removing the vagueness in the traditional language. A numbei of 
multiple-choice objective type questions from each topic are given in the 
appendix to facilitate students appearing at various all-India Competitive 
examinations It is hoped that such students as well as students of 
physics may be benefited from this book 

The entire manuscripts prepared by me, have been leviewed by 
eminent experts in Applied Mathematics They are Dr A Ramaknshnan, 
Anna University, Madias, Dr. Rasojit Bera, Bengal Engineeung College, 
West Bengal, Prof. S. C. Das, Birla Institute of Technology, Ranchi, 
Di. A Satyanarayana Rao, Andhra University, Waltair, Dr S. S. Ray, 
Visva-Bharati University, Shantimketan, West Bengal, Dr. B. S. Goel, 
formerly in Regional College of Education, Mysore and Sri H. Ghosh, 
Bengal Engineering College, West Bengal I am grateful to all of 
them. The manuscripts were again revised thoroughly by me in the 
light of the comments of the reviewers. I am also thankful to Dr R 
Bera of B. E, College, W. B. and Sri S. K, Mukherjee of D. M College, 
Imphal for their contribution in framing some of the multiple-choice 
objective type questions which have been revised and included in the 
appendix My thanks are also due to Shri A. Chakraborty, Lecturer, 
AV., NCERT, who visualised the design of the cover of this book 

Although maximum efforts have been made in detecting and 
removing the errors in the book, I shall be very grateful to any reader 
■who may bring out error, if any, to my notice. Suggestions from 
the readers for further improvement of the book will be highly 
appreciated 


S.C DAS 
Author 
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Chapter I 


Some fundamental concepts 


1.1 Definitions 

Matter Any substance in tins universe, which occupies space and 
can be perceived by our sense is called a matter. 

Body . A body is a poition of matter bounded in all directions. It, 
therefore, occupies a limited space and has a finite volume. Two bodies 
occupying equal amounts of space may contain unequal quantities of matter 
due to unequal distribution of mattei m the two bodies. The units of mass 
are gramme, pound and kilogramme m C G.S., F.P.S. and M.K S. systems 
respectively. 

Mass It is the quantity of matter contained in a body. The 
greater the mass of a body, the more it has the power of offering 
resistance to motion. 

Particle : It is a veiy small poition of mattei whose dimensions are 
negligible. It may be represented by a geometrical point having concenr 
trated mass. The concept of a particle is idealistic. Whenever the 
dimensions of a body are negligible compared to the neighbouring objects 
but its mass is of appreciable magnitude, the body may be considered as 
a paiticle possessing position and mass only. 

12 Definition of Statics and related branches of Science 

Before giving the definition of Statics and other related branches of 
science, we first difine a force. 

Force : The formal definition of a force is given by Newton’s first 
law of motion, which states as follows : Every body continues in its state of 
rest or of umfom motion in a straight line except in so far as it is compelled 
by external impressed force to change that state. 

This law can be divided into three parts. The first part deals with 
the state of rest of a body. It states that a body can not change its 
position on its own accord. It has no power withm itself to change its 
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own state of rest. T he s econd part deals with the state of uniform motion 
in a straight line i e. when iTbody tends to move dueTo the action oT 
some other bodywith a definite velocity in a definite direction, it Will 
move with the same velocity in the same direction for ever provided there 
is no cause to interfere with this subsequent motion. It has no power 
within itself to change its own state of uniform motion in a straight line. 
The third part of the law gives the definition of a force. It states that 
wherever there is a change of the state of rest or of uniform motion in a 
straight line or a tendency to either of such changes, it implies that the 
body is acted upon by some other body Thus the formal definition of a 
force is as follows: 

A force is an action exeited upon a body in order to change its stale 
either of rest 01 of moving umfonnly forwaul m a straight line. 

Statics ' It is a branch of Mechanics which is the science dealing 
with the action of forces on bodies. The bodies which are acted on by a 
number of forces may either be in motion or remain at rest. The part 
of Mechanics which deals with the motion of solid bodies is called 
Dynamics and that which deals with the motion of liquids or gases is called 
Hydrodynamics The part of mechanics which deals with action of forces 
on a body or a system of bodies at rest is called Statics when the bodies 
are solids and Hydrostatics when the bodies are liquids or gases. Here in 
this book, we shall be concerned with Statics only. 

Remark Statics is, in foct, a particular case of Dynamics in which 
the motions of the bodies are zeros. The parallelogram law of forces, 
which is the fundamental theorem of Statics, is based on the fundamental 
laws of Dynamics, known as Newton’s laws of motion. Many results in 
connection with equilibrium of forces are obtained from Dynamics by 
supposing that motion takes place to a very small extent. 

1.3 Some more definitions 

Bodies at rest and in motion : 

A body is said to be m motion if its position with respect to 
surrounding objects is changing. There are mainly two types of motion : 
rotatory and translatory. In a translatory motion, a body moves in such a 
manner that all the particles constituting it have exactly the same change 
of position in the same direction, so that any line in the body remains 
parallel to itself throughout the motion In a rotatory motion, a body 
moves round a fixed point or a fixed axis 

A body is said to be at rest or in equilibrium when it does not change 
its position relative to surrounding objects When a body is at rest, both 
the translatory and rotatory motions are absent. 
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Remaik: Strictly speaking, there is no body on this earth which is 
absolutely at rest, because the earth itself is moving. All bodies on the ' 
earth which are at rest relative to the earth should, therefore, be called 
“bodies at rest relative to the earth”. However, in this book we shall use 
the phrase “b odies at rest or m equilibrium” to mean that they are at 
rest relative to the earth. Birt^hen-a-^aan-is-Sit ling on a running train, we 
shall sa y that the man is at rest relative to the tram” and he is moving with 
t he speed of the train relative to a stationary object, say a tree, outsi de 
the train, _ . 

R emark 2 . A particle is assumed to have no rotatory motion which 
a body possesses. It can have merely a motion of translation. 

Rigid body * It is a body whose size and shape are supposed to be 
unaltered even when it is acted on by any forces whatsoever and the 
distance between any two points of it is invariable. 

It may be mentioned here that there is no body in nature which is 
perfectly rigid i.e. which is not deformed when it is subjected to forces. 
However hard bodies may be, these are more or less elastic and subject 
to extension or distortion under the action of forces. Hence, treating such 
bodies as perfectly rigid is an ideal conception and untenable. But in 
Statics, we shall assume that all bodies are perfectly ri gid, because this 
~ assuhlptiP tnrhecessary for building up elementary principles in Statics. 

forces vTeqiitltbFiuW : 

If a number of forces act on a body or a particle and keep it at rest, 
then the forces are said to be in equilibrium. 

Equal forces : Two forces are said to be equal when their magnitudes 
are the same and they act in the same direction. 

Smooth bodies ■ Two bodies are said to be smooth if, when they press 
against one another, the forces acting along their common surface are 
negligible. In fact, there is no such thing as a perfectly smooth body, Butin 
solving many problems in Statics, the two bodies pressing each other are 
supposed to be perfectly smooth. 

Resultant force and components : 

If two or more forces act on a particle or on a body at a point in 
different directions and if a single force can be found out such that the 
effect of this single force is the same as the joint effect of all the forces, 
then the single force is called the resultant of the system of forces and the 
system of forces is called the components of the resultant. 

1.4 Characteristics of a force 

A force acting on a body is specified copmletely when it possesses 
the following characteristics : 
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(i) Its point of application. 

(u) Its magnitude. 

(iii) Its direction or sense. 

(iv) Its line of action. 

The point of application of a foice is the point of the body at which 
the force acts. Let A be the point of application. The magnitude of the 
force is represented on some suitable scale by the length of the line 
segment, say AB. If the force acts from A to B, its direction or senseis 
indicated by putting an arrow on the line from A to B. The line of action 
of the force is the line AB along which the force acts This force can be 

written in vector notation as AB If the line of action has also to be 
specified along with tfie magnitude and direction it can be heated as a 
localised vector relative to a frame of reference in the body. 

1 5 Different kinds of forces 

In Statics, we shall deal with three different kinds of foices. 

(i). Attraction and repulsion Weight 

Attraction and repulsion are forces which act between two un¬ 
connected bodies. When the two bodies tend to appioach each other due 
to force, the force is called attraction and when they tend to separate out 
due to the force, the force is called icpiilsion. According to the law of 
gravitation, any two bodies attract each other with a force which is directly 
proportional to the pioduct of their masses and inversely proportional to 
the square of the distance between them The earth attracts all bodies on 
its suiface with a force known as gravity. We also find the force of 
attraction between two unlike magnetic poles and force of repulsion 
between two like magnetic poles. 

The weight of a body is the force with which it is attracted towards 
the centre of the eaitli. Its direction is always assumed to be vertical. The 
difference between the weight and mass of a body should be clearly 
understood. The weight of a body depends on the attraction of the earth, 
but the mass of a body does not depend on it If a body is taken to the 
centre of the earth or to a place where there is no attraction, the body 
will have no weight, but its mass will always remains the same. As the 
attraction of the earth varies from place to place, the weigth of a body 
will also vary from place to place, but the mass of a body, which depends 
on the quantity of matter in the body remains the same at all places on 
the earth. We compare two masses by a common balance bul we measure 
a force by a spring balance. 
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(ii) Action an d Reaction : 

WL 

each will exert a force on the other, IP the force exeited by any one of 
the two bodies upon the second body be calle d action, then the force 
exerted by the second body o n the h ist will .be c alled reac tion Bv JNowton’s 
third law of motion which states that “to every action , there is an equal 

and opposite reaction”, these action and reaction are always equal in__ 

magnitu de but opposite in sig n. Thus, if two bodies A and B are m contact 
and the body A exei ts a force R on the body B, then B will also exert an 
equal force R on A but in the opposite direction (fig. 1) For example, if 
you put a book on a table, the 
book does not penctiate into the 
table, beacause the action and 
reaction between the table and 
the book are equal and opposite. 

Similarly, you can stand on the 
floor only because the floor 
supports youi weight by giving 
you an equal and opposite upward 
reaction. _. A 

Fig.l 

Nomal reaction ' When two bodies pressing against one another are 
supposed to be smooth, the reaction of one body on the othei is always 
perpendicular to their common surface. This reaction is called the normal 
reaction between the two smooth bodies, 
the p oint of contact. But in the case 

besidesthe nomal reaction between the two bodies, a tangential reaction 
called the force of friction acts at the point of contact. Reaction at the 
hinge or a joint m a framework will be discussed latei at a proper place. 

Remark ( a ) : When a rod rests against a smooth plane or a smooth 
peg* then the reaction of the plane or the peg on the rod will be perpen¬ 
dicular to the lod. 

(b) When the end of a rod ora particle rests on the curved surface of 
a smooth sphere or against a smooth cucular aic, then the reaction of the 
surface or the circulai arc on the end of the rod or the particle will be 
normal to the sphere or the circle and so it will pass through its centre, 
fiii) Tension or pull of a stung or a rod and thrust along a rod ' 

When two particles or bodies are connected by a string and the 
particles or bodies are subjected to some forces which make the string 
stretched, 1 then thefibies of the string are subject to a certain pulling 


here is no 


of two rough bodies m contact, 



TJieseJbrc es are pr oduced when two bodies are in direct contact 
th each other. When two bodies are in actual contact witIT"each other, 
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action throughout its length (fig. 2) This pulling action, is called tho 
tension or pull of the string. If this tension is increased beyond a certain, 
limit, then the string will break at a certain point. If we consider any 
point P on the string, then we 
which the part BP exerts a 
force and the part BP as the 
body on which the part AP 
exerts a force. For equili¬ 
brium, these two forces must 
be equal m magnitude and 
act in the opposite directions. 

In the case of an inextensible string i.e. a stung having no elongation 
or strain under the action of forces, the tension of the string is constant 
thioughout its length provided the weight of the string is negleced. 

If a light string supports a weight and is passed over a small smooth 
pulley as at A (fig. 3), it is found that the force required to keep the weight 


A 



in position is unaltered even if the string is held m the position AB, AC 
or AD, Hence, the tension in a light string passing round a smooth peg or 
pulley is the same throughout its length. 

It should be noted that if two or more strings are knotted together, 
the separate portions become distinct strings and the tensions in these 
portions are not necessarily the same. In other words, tensions in different 
portions of a knotted string are, in general , different. 

The thrust along a rod can be explained exactly in the same way as 
a light string. In the case of a light rod, forces exerted along the rod may 


can consider the part AP as the body on 



B 


F, 5 2 
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be outwards or mwaids, When the force is outwards, it is called tension 
•of the rod and when the force is inwards, it is called the thrust along the 
tod. When two persons push the two ends of a rod towards each other, the 
thrust is produced and the tension is generated when they pull the rod away 
from each other. 

1.6 Units of force 

The unit of a force is defined as that for ce which acting on a unit 

mass produ ces~a unit acceleration,. There are various systems in which the . 

unit of aTorce can he expressed 
r -- ' 1 

(i) centimetre-gramme-second (C.G.S.) System. 

(li) foot-pound-second (F.RS.) SysTem" 

(lii) metre-kilogramme-second (M.K.S.) System 

Jn C.G S System, the unit of force is called dyne. T his is defined 
as the force which acting on a mass of one gramme, pioduces an accelera¬ 
tion of one c entimetre pe i second per second. In F.P S. System, the unit 
of force is called poundal. This is defined as the force which acting on a 
mass of one pound produces an acceleration of one foot per second per 
second. In M.K.S. System, the unit of force is called newton. This is 
defined as the force which acting on a mass of one kilogramme produces 
an acceleration of one metre per second per second. This is also called 
the S.I. System of force, which is now widely used in all branches of 
science We shall use M IC.S. System in this book. 

1.7 Axioms in Statics 

There are three axioms in Statics, which follow from Newton’s three 
laws of motion. 

{i) The principle of the inertness of m atter : 

N ewton’s first law of motion^, al ready stated, asserts this principle . 
This principle states that a body at rest will continue to remain at rest and 
a body in uniform motion along a straight line will continue to move 
along the straight line with the same velocity if there is no external for ce 
acting on the body This principle can be regarded as a matter of common”" 
experience. We notice that bodies at rest do not begin to move Unless 
forced to do so by some external cause. 

/n A Principle of physical independence of forces: 

This principle is asserted by Newton’s second law of motion. 
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Tjje rate of change of momentum of a body is proportional to the 
im pressed force aiuftakes placem the direction in WfclTtlieJorce acts. 

This principle states that the effect of a force on a body wiiTTe 
produced in its own direction under all cncumstances i.e. the effect of a 
force is not affected by the presence of the other forces. Thus, if there are 
two systems of forces, each of which acting alone oil a body keeps the 
body in equilibrium, the body will still be in equilibrium if both the 
systems act simultaneously on the body, since each system produces its 
own effect 

Hence, if a number of forces aie in equilibrium, we can add or 
remove any particulai forces which by themselves are in equilibrium; for 
e xample, two equal and opposite f o rces acting along the same straight 
l ine. 

(iff) ffnncipkoffh^ 

This principle is asserted by Newton’s third law of motion already 
stated. This principle states that when a force acts at a point on a body, 
its effect is unaltered if its point of application is transferred to any other 
point on its line of action, provided the two point aie rigidly connected 
with one another 

This principle follows as an immediate consequence of the following 
statical axiom. 

“Two foices acting at two points of a rigid body will keep it m 
equilibrium if and only if they are equal in magnitude and opposite m 
direction and act in the same stiaight lme'\ 

It follows from the above principle that when a force acts on a body, 
we can take any point on its line of action as the point of application of 
the force, 



Chapter II 


Resultants and Components of Forces 


2.1 Introduction 

In chapter I, we have given the definition of a resultant and its components. 
The effecct of a numbei of forces actmg on a particle is always the same 
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Although no satisfactory formal proof of the theorem can be given 
without introducing the idea of motion, the above theorem has been verified 
experimentally. 

The above theorem states that if two forces of magnitudes P and Q 
act a point 0 of a body and if these two forces be represented on a chosen 

scale by OA and OB respectively and if the parallelogram OACB is 



Fig 4 

completed with OA and OB as adjacent sides, then the resultant foice, 
R, will be represented on the same scale by the diagonal OC drawn from 
O, in magnitude and diiection (fig. 4). 

It follows that if two forces, P and 0 act at a point O such that they 
can be represented in magnitude and direction, by the two sides AB and 
BC of a A ABC, taken in the same order, then the third side AC of the 
' triangle taken m the opposite order will represent the resultant of the two 
forces in magnitude and direction only, but AC will not necessarily be the 
line of action of the resultant. The resultant force will actually act at 0 
(fig- 5) 


* 8 * 
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This also follows from the vector law of addition ■ 

AB+BC=AC 

—> —> 

It is seen that if we complete the parallelogiam ABCD , then AD—BC, 
so that the force Q may also be reperesented by the side AD. 

Hence, by parallelogram of forces, the diagonal AC represents the 
resultant of P and Q m magnitude and direction 

2.3 Analjtteal deduction for the resultant of two forces 

Let P and Q be the magnitudes of the forces represented by 

OA and OB and let the forces act at the point 0 making an angle a with 



each other so that /_AOB=<i. Complete the paiallelogram OACB with OA 
and OB as the adjacent sides. Then by the parallelogram law of forces, 
—^ 

the diagonal vector OC represents the resultant of magnitude R, say. Let 
the resultant of magnitude B make an angle 0 with the force of magnitude 
P so that A.AOB—8. 

Now, m triangle OAC, we have 
OA=P , AC=OB=Q, OC=R. 

Hence, using cosine formula in A OAC, we have 

OC 2 =OA 2 +AC 2 -20A. AC cos LCAO 
=> R 2 =P 2 -VQ 2 -2PQ cos(rr—a) 

=P 2 -pQ 2 A-2PQ cos « 

*R= VP i +Q iJ r2PQ cos» ••■(!) 

[taking the positive square 
root only, since we are 
concerned with the magnitude 
of the resultant only] 
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To find the direction 0 of the icsullant, we use the sine formula in 
tsOAC. Thus we have 

__AC__.. 0A - 
sin LAOC sin /_OCA 


^ sin 0 sin (a—0) 


4 - Q (sin a cos B-cos a sm fl) ~=P sin 0 
=> ( Q cos a+P) sin 6= sin a cos S 
2 sin a 


fV AC.B fAOB=a 
and /OCR /AOC= 0] 


=>• tan 0= 


P+Q cos a 


. . ,/ Q sin a \ 

=>0_tan (p+gcosaj —(2) 

(I) and (2) give the magnitude and direction of the I exultant. 

Particular cases . 

Case 1, From (1), we observe that the magnitude R of the resultant 
is greatest when cos a is greatest i.e., when 

cos a = ]=>a=0. 

Hence, the resultant is greatest when the component forces act 
along the same line in the same direction, In this case, R P-\ Q, 

Case 2, R is least when cos a. is least i.e. when 
cos a = — l=>a=« 

Hence, the resultant is least when the component forces act along the 
same line but in the opposite directions. In this case, 

R =P—Q, if P> Q 
=Q—p, if Q> P. 

The direction of the resultant will be in the direction of the greater 

force. 

Case 3 If the component forces of magn dudes P and Q are peipendicular 
to each other, then a=—— ' 


In this case 


R= \/P*+G» 

Case 4. If the component forces are of equal magnitude i.e, if P- Q, then 
R~ \/2P \/1 -fcos a=2P cos—— 
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and from (2), 


tan 8— 


sm a. 
1+ cos cc 


2 sm cos 

, ct 

2 cos- -y 



a 


2 



Hence, the line of action of the resultant of two forces of equal 
magnitude bisects the angle between them. 

Case 5. If R--P—0, then from (1), 

R = V / 2-/’ 2 +2R ! cos 7 

- V2 p VT + COS a = 2 P cos ~2 

=> COS ~ =~~ =>y = 60°=>- a=120°. 

Hence, if the angle between two forces of equal magnitude is 120°, 
then the magnitude of their resultant is equal to that of each of the 
component forces. 


2.4 Resolution of a force into two components in two given directions 

In the previous section, the formulae for the resultant of two given 
foices acting at a point were obtained The converse problem of finding 
two forces acting at a point in two given directions such that their resultant 
is a given foice at that point can be discussed now. 

Let OC represent the given force of magnitude R, which makes 
angles * and (3 with the given directions OX and 0 Y. It is required to 
find out the components of the force R along OX and OY. Complete 
the pai allelogram O ACB with diagonal OC and two adjacent sides along 

—> —>• 

OX and OY (fig. 7) Then by parallelogram of forces, OA and OB repre- 

" ^ — y 

sent the components of the force OC. Let the magnitudes of OA and OB 
be P and Q respectively, measured on the same scale as the magnitude of 

the force OC is represented by R. 
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Now, since AC || OB, hence, /_OCA=p. 
From l_OCA, we have by sme formula, 

OA AC _ PC 

sin (3 — sin a ~~sin [180°—(a+p)] 

_ P _ Q _ R 

sin p sin a sin (a+p) 

• p P sin P n R sin a 
sm (a-+P) 5 ^ sin (o+P) 

Particular case: 


( 1 ) 


If the two components of the resultant aie perpendicular to each 
other, then a-'rP= — 

In this case, each of the components is called the i esolvecl part of 
the force m the corresponding direction. 

•jl 

Now, if a-bP= —j ’ then from (1), we get 


P—R sm P=il sin ( — — a) = R cos a 
and Q=R sin a. 

In other words, the resolved part of a force of magnitude R along a 
line making an angle a with the line of action of the force is R cos a and 
thatperpendicidai to this line is R sm a (Fig. 8 ) 
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It follows that the lesolved part of a force of magnitude R perpendi¬ 
cular to it is i?cos90°=0. In other words, a force of magnitude R pro¬ 
duces no tianslatory effect in a direction perpendicular to it. 

Remade I. If two forces are given, we can find their resultant in a unique 
wa y. But the reverse is not true i.e. a single force can be split up into 
tw o compoments in an infinite number of ways, for an infinite number of 
parallelograms can be constructed wiih the segment representing the 
given force as the common diagonal. However, the components of the 
given force will be unique in two specified directions. 


Remark 2 The resolved parts of the force OC m the perpendicular^ 


directions OX and OY arc also given by OC. i and OC j respectively where 


i 

to two given directions which are perpendicular to each other while the 
components are defined with reference to any two given directions. 

Remark 4: The resolved parts of a force in a pair of perpendicular 
directions are also called the resolutes of the force in these directions. 


and j are unit vectors in the directions OX and OY respectively. 


he resolvea 


varts of a force are defined with reference 


2 5 Relation between the resolved parts of the resultant and of its com¬ 
ponents 

The relation between the resolved part of the resultant and the 
resolved parts of its components is given by the following theorem : 
Theo re m : 

a cting at a point, along any direction is equal to the i e solved pan of their 
resultant in the same direction. 
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Let OA and OB represent two forces. The paiallelogiam OACB is 

completed. Then the diagonal vector OC represents the resultant of the 

foices OA and OB, by the parallelogram law of foiCes. Let us take any 
line OX through 0 and consider a unit vccton along OX By remark of 

the previous section, the resolved parts of OA, OB and OC along OX are 

-?■ -> -> 
respectively OA. i, OB. j and OC 1 . 
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Now, the sum of the resolved parts of OA and OB along OX is 

—■v ^ — y 

OA. j-\-OB ,i 

^ ^ ^ 

= (OA + OB) ? =OC 7, 

since by parallelogram law of forces, we have OA+OB=OC. 

Hence, the result follows. 

By the repeated application of the above theorm, the generalised 
theorem stated below can be proved 

Generalised theoiem 

The _ algebraic sum of t h e resolved parts of any mmbei of foices 
acting at a point, m any direction is equa l to the iesol\ed'part of tlieir 
resultant m the isame direction. 


RESULTANTS AND COMPONENTS OF FORCES 

2 6 Resultant of any number of coplanar forces acting at a point 
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Let n coplanar forces of magnitudes P v P 2 .. P n act at a point O 
and let R be their resultant. Let the forces of magnitudes Pi, P 2 , 

.... P n and P make angles 0i, 0 2 ,.0 n and 0 with OX, OY being 

perpendicular to OX. Let X and Y be the algebraic sums of the 
resolved parts of the forces with magnitudes P lt P 2 , ...Pn along X 

and Y axes respectively. Equating the algebraic sum of the 
resolved parts of the forces of magnitudes Pi, P 2 , . Pn to the 
resolved part of the force of magnitude R along OX, we get 
X=Pi cos Oi+P 2 cos 0 2 + • +Pn cos 0 n =P cos 0. ...(I) 

Similarly, equating the algebraic sum of the resolved parts of the 
forces of magnitudes Pi, P 2 ,...P n to the resolved part of the force of 
magnitude R along 0 F, we get 

F=Pi sin Oi+P 2 sin 0 2 +. +P n sin 0 n =P sin 0 
Squaring (1) and (2) and adding, we get 


..,(2) 
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/t-’ = jr 2 +Y*=-(SPr cos 0r) 2 +(5Pr sin 0,)* 

r—1 _ i = l __ 

^ z= \/ X 1 -\-Y 1 — (SPr cos 0r) 2 +(SPr sin Or)' 2 (3) 

v v i=l r=l 

and dividing (2) by (1), we get 
n 

SPr sin Or 

y 1=1 

tan 6= -y = ~ ( 4 ) 

SPr cos Or 
r=l 

(3) and (4) give the magnitude and dnection of the resultant 

Remark 1 ■ The above theoiem is the generalization of the theoiem 
of parallelogram of foices 

Remark 2 : If both X and Y are negative and R is positive, then 
the formula (4) will not give the coriect direction of the resultant. For 
example, if 

jRcos0 =—3 (i) 

and./? sin 3 (ii) 

then tan 0 = l=>0==7t/4and R—V (—3) a +(— 3) a =3\/2 But these values do 
not satisfy the equations (i) and (ii). In this case, 6 should be determined 
from (i) and (ii) by substituting the value of R in it. 

2 7 An important theorem 

The resultant of two forces acting cit a point 0 in the directions OA 
and OB and represented in magnitude by m. OA and n. OB respectively is 
representedjn magnitude by (m+n). OC acting along OC, where C is a 
point on AB such that A C . CB~ n . m 
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By triangle law of vectors, we have 

OA=OC+CA 

— 

OA— m OC+m CA 


Also OB=OC+CB 
-y -> 

=>n OB—Vl OC+n Ci? 
Adding (1) and (2), we get 


( 1 ) 

..( 2 ) 


m CM+n Off=(m+n) OC+m CV(+n C2? 


Now, 


AC n 
Cff — m 


—> —^ 

=>m AC=n CB 
-> -> —> 

CB+m CA=0 

Hence, from (3), it follows that 


(3) 


m OA+a Chfl=(m+n) OC 
This proves the theorem. 
Particular case . 

If m=n=l, then we see that 

-> -> -t 

04+05=2 OC 


— > -> 

i.e. the lesultant of two forces OA and OB is 2 OC, where C is the 
middle point of AB. 

2.8 A note on some conventional terms used in Statics 

In any book of Mechanics, we shall find a few terms or statements 
some of which seem to be mcoirect if mteipreted rigorously and some 
may give vague ideas to students These conventional terms or statements 
are used in books of Mechanics just to avoid too many repetitions of 
the same word or words and for convenience. They will appear to be 
incorrect if interpreted wrongly For example, we generally say m short 
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that “a force P acts at a point”. By this statement, we actually mean that 
a force of magnitude P acts on a particle placed at a point However, if we 
interpret strictly the scalar number P as a force which is a vector quantity, 
then the statement is definitely wrong. Henceforth, the same conventional 
terms and statements will be used in this book also for simplicity But 
the actual meaning of these terms and statements should not be misunder¬ 
stood by students. They should be very clear about the actual correct 
meaning of these terms and statements Below is given the list of a few 
such conventional terms and statements and their actual meanings and 
correct version The apparent mistakes in some conventional terms or 
statements have also been pointed out. 


Conventional teims / 
Statements 

1. Forces P and Q have 
a resultant R 


2. Two equal foices P, 
P act at an angle of 
60° with each other. 


3 Interchange of two 
forces P, Q, 


4. Turning a force 
through an angle 0. 


Appai ent 
mistakes 

Forces aie vectois. 
Hence they cannot 
be represented by 
scalar numbeis P, 

Q and R. 

Two equal forces 
have always the, same 
direction. Hence, they 
can not be inclined at 
any non-zeio angle 
with each other. 
Whenever the line of 
action of a force, say 

—V 

F, acting along a line, 
say OA, is tumed 
through an angle and 
if the new line of 
action be OB, then the 
force acting along OB 
connot be the same 

foice F. 

Same as above. 


Actual meaning and 
correct version 
Forces of magnitudes 
P and O have a 
resultant of magnitude 
R. 

Two foices each of 
magnitude P act at 
an angle of 60° with 
each other 


Intel change of the 
magnitudes P and Q 
of two forces keep¬ 
ing their directions 
unaltered. 


Turning the direction 
(or line of action) of 
a force through an 
angle 0 keeping its 
magnitude unaltered. 
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5. A force becomes n 
times as great as 
before 


6. Two forces are pro¬ 
portional to the 
areas of two given 
triangles. 

7 The moment of a 
foice P about a 
point at a distance 
p from the line of 
action of the force 
is Pp. 


Forces being vector 
quantities, their ratios 
can not be defined 

Moment being a vector 
quantity can not be 
repi esented by the 
scalar quantity Pp. 


(Obviously, the two 
foi ces in two differ¬ 
ent directions will be 
different). 

The magnitude of a 
force becomes n 
times as gieat as be¬ 
fore, its direction 
remaining unaltered. 
The magnitudes of 
two forces are pro¬ 
portional to the areas 
of two given triangles. 
The magnitude of 
the moment of a 
—> 

foice P about a point 
at a distance p from 
the line of action of 

- 4 - 

P is Pp 


2.9 Solved Examples 


Ex. 1. Two equal forces act on a particle Find the angle between 
them when the square of their lesultant is equal to three times their 
product. [P.U. 1930] 

Let the angle between two equal forces, P, P be a. and let R be their 
resultant 

Hence, B?=P 2J rP' iJ r2PxP cos a 
=>3PXP=2P~ (1+cos a) 

3 „ a 

=>■ = 1 + COS a=2 COS' -y 


^cos—= —y => -y-=30°^ a= 60°- 
Hence, the required angle is 60°. 

Ex. 2. Forces of magnitudes 2, y/3, 5, \/?> and 2 N act respectively 
at one of the angular points of a regular hexagon towards the five others 
in order. Find the magnitude and direction of the lesultant, 

Let the forces of magnitudes 2, \/ 3, 5, V3 and 2 N act at A of the 
regular haxagon ABCDEF along AB,AC,AD,AE and AF respectively. 
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Clearly, /_BAC=-- EC AD=A DAE— EEAF= 30° 

Hence, AC, AD, AE and AF make angles 30°, 60°, 90 c and 120° 
with AF. We take the perpendicular lines AB and AE as the X and Y 
axes respectively and resolve all the forces along these two lines. If X and 
Y be the sums of the resolved parts of all the forces along AX and AY 
respectively, then 

X=2+V3~cos 3o°+5 cos 60° -H/3 cos 90°-f2 cos 120" 

= 2+VT 5 X y+0-2x y = 5 

Y = vTsin 30°-h5 sin 60 a +V~sin 90°+2 sin 120° 

=VTxy-f 5 x 2LL. 4- V3 + 2X —|-=5V3 

Hence, the lesultant R of all the forces is given by 

R-V / ^+3" j ^V / 5 2 4-(5v3>=10. 

If 0 be the angle made by the resultant with A X, then 
Y S\/T 

tan 0——— = == V3 = tan 60", 

6 = 60°. 

Hence, the magnitude of the resultant is 10 JV and it will act m the 
directiou of the vertex D 
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Ex. 3 Four forces represented by AB, AD , C8 and CD where ABCD 
is a quadrilateral act at a point. Show that then resultant is represented by 

—tF 

4 FE, where E and F are the mid-points of AC and BD respectively. 



Fig u 

■—> —> •—^ 

We have AB+AD=2 AE 

—>■ — > —^ 

and CD+C5=2 CE 

Adding we get 

AB+AD+CD+CB=2 {AE+CE) 

-> -> 
—2 (£i+FC) 


=-2X2 EF 
—> 

=—4 EF 
—^ 

= 4 FE 
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Ex 4. Piove that the resultant of thiee forces represented by OA, 
—y —> ^ 

05 and 00, wheie A(, 5, C are any three non-colhnear points is 3 OG, 
where G is the centroid of the triangle ABC. 


Let D be the middle point 
of AB so that CD is a median 
of A ABC 

-> -> -4 

Now, 0.4+05=2 OD. 



F 'S 14 


- 4-4 -4 -4 

Also, 2 0Z>+0C=(2+1) 00=3 OG, 

since CG . 00=2 1, G being the centroid of A ABC. 


Hence, the resultant of three forces OA, OB and OC is represented 
by 3 OG. 

Note . The point O in the above problem need not be coplanar 
with A ABC 


Ex. 5. The angle of inclination between two forces 5 and Q is 0. If 
5 and Q be interchanged in position, show that the resultant will be turned 
through an angle 4>, where 



P-Q 

P+Q 



[C.U. 1929] 
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Let'the forces P, Q be represented by AB and AD respectively and 

the resultant R be represented by the’diagonal AC of the parallelogram 
ABCD. 



When the forces are interchanged, let AE, AG and AF iepiesent the 
forces of magnitudes Q, P and R respectively. Then 

/_GAB=d and C_FAC~<j) 

Now, AGAF= A.CAB, since &ABC= l^AFG 
But AGAF+Z_CAB=0-4>. 

.• lgaf=a.cab= 

A,FAB—<f>-{-A.CAB=6-\— Q ~- l> - — , _!+£_ • 

2 2 2 

Now, since AB || GF, 

hence, Z.GFA = AFAB= 8 -^ • 

2 

Hence, from C.AGF, we have 

GF _ AG 

sin Z.GAF sin /_GFA 
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. 0-0 


P Mn 2 


sin- 

2 

-sm 2 


6+0 

. 8—0 

sm- 

2 

+sm 2 


0 

</> 

2 cos— 

- sin 


0 (by componendo and dividendo) 


2 sin — cos —— 

+ 0 P-Q * 9 

^ * an 2 — pyg * an 2 

Alternative method of solution ■ 

—> -> 

Since the resultant of the forces P and Q represented by AB and AD 
respectively is R which is repiesented by AC, hence 

* , run 2 Sln 6 

tan / CAB=— n , ^ - 


=> tan 


P+Q cos 0 

0 — 0 _ Q sill 8 
~2 P+ 2 cos 


0 0 

tan — — tan y 

ttt r~ r 

1 +tan — tan— 


2 sin 8 
P + 2 COS 0 


=> 2 sin 0 ( 1 +tan -ytan y) = (P -|-2 cos 0 ) (tany-tan-y-) 


=>tan -y (O sin 0 tan— -\-P+Q cos 0) 


= (P+2 cos 0) tan —- Q sin 0 
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P tan4J- + 2 cos 0 tan 4!—2 sin 0 

9 _ 2 2 

^tan -0- 

P+O cos 0+2 sin 0 tan-y 

2 (cos 0 tan y—sm 0) +P tan-y 


=> tan— = 


0 


0 (cos 0+sin 0 tan -y) + P 

0 (cos 0 sm-2—cos~r sin 0) n 

° 9 —+.P tan-r- 


0 


cos 


2 (cos 0 cos-! 2 ~ + sm 0 sin ~) 


0 


cos 


+p 


0 , 0 
— 2 tany ^ tan- 2" 

= Q+P 

P-Q 0 . 

“ P+2 tan 2 

Ex 6. Forces act through the angular points of a triangle perpend i- 
culai to the opposite sides and aie pioportional to the cosines of the 
coriespondmg angles. Show that their resultant is proportional to 


V1— 8 cos A cos B cos C . 

Let the forces P, O and S act at A,£,C respectively perpendicular to 
the sides BC, CA and AB respectively 

Let R be the lesultant of these forces and let R make an angle 0 
with BC Let D, E and F be the points of intersection of the lines of 
action of the forces P, Q and S with the sides BC, CA and AB 
respectively We choose the line BC as the X-axis and a line perpendicular 
to it through B as the f-axis. 

Resolving all the foices along X and Y axes, we get, 

R cos 0=2 cos Z,EBC— S cos Z.FCB 

= 2 cos (90°—C )—S cos (90°— B) 

=0 sm C — S sin B 


0) 
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R sin 0=2 sin /_EBC-\-S sin Z_FCP — P 
= 2 sin (90°-C)+2 sin (90 °-B)-P 

= 2 cos C+S cos B—P (2) 

Squaring (1) and (2) and adding, we get 
R~ — (Q sin C —2 sin P) 2 +(2 cos C-\-S cos B—P) 1 
= 0 2 (cos 3 C+sin 2 C)+P 2 +2 2 (sin 2 P+cos 2 B) 

+ 2 SQ (cos B cos C— sin B sin 2) 

—2 PQ cos 2—2 PS cos B 

=P 2 + 2 3 +2 2 +2 SQ cos (P+2)—2 PQ cos C—2 2P cos B 
=P 2 +2 3 +2 2 -2 (22 cos /1+P2 cos 2+2P cos P) 

Now, it is given that 

P _ _ _2__ _2 

cos P 


cos A 


cos C 


= K say. 
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P=K cos A, 0=K cos B, S—K cos C 
.. E^jiFfcoshd+cos^+cos^C—6 cos A cos B cos C] 

•=^'£-2~(2+cos 2^4+cos 23)+cos 2 C— 6 cos A cos B cos C J 

= K 2 [1+cos {A-pB) cos (A— 5)+cos 2 C—6 cos A cos £ cos C] 

=K 2 [1+cos C {cos (+—3)+cos (++£)}—6 cos A cos B cos C] 

= K 2 [1—2 cos + cos B cos C— 6 cos + cos B cos C] 

=K 2 [1 — 8 cos A cos B cos C ] 

Hence, R=K -\/1 — 8 cos + cos B cos C 

i.e the resultant is proportional to \/1 — 8 cos A cos B cos C- 

Ex 7. If P be the ortho-centre and 0, the circumcentre of the 
——> —y —y 

triangle ABC, prove that (i) PA+PB+PC=2 PO 
(li) OA+OB+OC^OP 


Let G be the centroid 
of A ABC. It is known from 
Geometry that O, G, P are 
collinear. Also PG—2 GO 
i.e. OP= 3 OG. Now, from 
Ex. 4, we have 

PA + PB + PC = 3 PG= 

6 GO=2 PO and 

OA+OB+OC= 3 OG=OP 


k 



Fl S 17 


Ex. 8, A, B, C are points on the circumference of a circle. Forces 
act along AB and BC being inversely proportional to these line segments 
in magnitude. Show that their resultant acts along the tangent at B. 

[D.U. Hons. ’64] 
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Let the forces of magnitudes P and Q act along AB and BC respect! 


vcly and let R be their 
resultant acting at B malting 
an angle 0 with BC We 
denote the sides opposite to 
the angles A, B and C by a, 
b and c respectively. It is 
K K 

given that P —— and Q— -’ 

c a 

where K is a constant. 



Since the resultant R makes and angle 0 with BC, hence 
P sm LEBC 

tan0 " Q+P cos A.EBC 


-|-sin (ISO 0 — B) 

= —+—cos (180°—J?) 
ti c 

But a cos fi+b cos A =c 
c—a cos B^b cos A 


a sin B 
c—a cos B 


Also —-— t~ = -n-=>a sm B= b sm A. 

sin A sm B 

r , A b sm A 

Hence, tan 0=—-——=tan A. 

b cos A 

\ 0=A . 

But the tangent at B makes an angle A with the chord BC. 

Hence, the resultant R acts along the tangent to the circle at B 

Ex. 9, The tangent and normal at any point P of a parabola meet 
the axis of the parabola m T and TV respectively. Prove that the resultant 
-> -> 

of forces PT and PiV passes through the focus of the parabola 
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Fi'g„ ig 

Let S be the focus of the paiabola. Fiom the properties of the 
tangent and normal to a parabola, we have 

,LSPT= /_.PTS and /_SPN= LSMP 
TS=SP=SN 

1 e. S is the middle point of TN 

Hence, PT+PN= 2 PS 

i e the i esultant of PT and PN passes through S, the focus. 

Ex. 10. Two coplanar non-patallel forces act at two given points of 
a body. If they are turned through the same angle m the same sense about 
their respective points of application, prove that the resultant is constant 
in magnitude and passes through a fixed point. 

Let the two foices P and Q act at A and B and meet at O, We draw 
a circle through O, A and B Let the resultant of P and Q acting along OA 
and OB respectively pass through C, a point on the circle Let the force P 
be turned through an angle a in the anticlockwise direction and let O' A 
be the new position of the force P. Then £0'A0=a.. We join O' B. 
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Then the force Q will be turned 
through an angle O' BO. But /_0'A0 
and l_0‘BO stand on the same 
arc 00'. Hence, LO'BO—Z.O'AO= 
a This is true for all positions 
of the point O'. Also, /_AO'B and 
/_AOB he on the same arc AB. Hence, 

/_AOB— /_AO'B. Since the magni¬ 
tude of the forces P and Q and the 
angle between them remain the same, 
the magnitude of the resultant of P 
and Q also remains the same 

20 

The inclination of the resultant with the force, say P, also 
remains the same. Hence, O'C will be the new position of the resultant of 
P and Q, since l_AOC— /_AO'C 

Thus whatever be the angle through which P and Q are turned about 
A and B, their resultant remains constant in magnitude and always passes 
through the fixed point C 

Ex ll. Two forces act at an angle 0. Each force becomes n times as 
great as before, and the angle between the forces js reduced to ~ , Each 
of these latter forces again becomes n times as great as before and the 
angle between them is reduced to It is observed that in all these cases 
the magnitude of the resultant is unaltered Show that 

0= 4 m.;—| v 9 +4n J -l j 

Let P and Q be two forces and R be their resultant. Since the resultant 
R remains unaltered in the three cases when Ihe angle between (i) P and 

Q is 0, (ii) nP and n Q island (lii) n 2 P and a 2 Q is we have 

R- = P 2 + 2PQ cos 0, . (1) 

R- = n a (P s + Q- + IRQ cos^) ' (2) 

and R- = n 4 (p- + Q* + 2 PQ cos 



...(3) 
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Multiplying (I) by n 2 and subtracting from ( 2 j, we get 
R- (I —n ) =■ 2n 2 Pq( cos — cos 0 


Multiplying (2) by n 2 and subtracting from (3), we get 

0 0 
4 ~ cos T 


R- (1 — n 2 ) — 2n* PQ[ cos -7 —cos — 


From (4) and (5), we get 


n* 


0 


0 


0 


cos — —cos— )=cos — cos 0 
cos 0 


=> ir == 


0 „ 30 0 

cos —t —2 sin-T sm — 

2 4 4 


0 0 ^ 30 0 

cos — —cos— — 2 smy sin— 

A 30 30 . 0 0 

4 sin - g cos—siiiy cosy 

“ 30 0 

sin T -s,n g- 

, 30 0 / 0 . 0 

=4 cos — cos -- = 2 cos yf-cosy 

0 , . 0 

— 4 COS ~T — 2 COS- —r— — 1 

4 4 

=> 4 cos 2 - 7+2 cos- 7 ~ - 2 — n 2 — 0 

4 4 

^ cos L= ~ ^ V 4 ~f~ 16 (2-rn 2 ) 


...(4) 


...(5) 


Rejecting the negative value of cos-y, which is not physically possi¬ 


ble, we get 


cos 0 rJ + 

4 4 


=>0 = 4 cos -1 ^^9 + 4n-_lj 

Ex. 12 A quadrilatei al ABCD is insctibed in a circle of centre 0. 
Foices proportional to the areas of the traingles BCD, CDA, DAB and 
ABC act respectively along AO, OB, CO and OD. Show that the forces 
are in equilibuum. 
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Let a, p, y and S be the areas of A BCD, A CDA, A DAB and 
A ABC respectively. Then the forces of magnitudes Ka. Kfi, Ky and 
KS, where K is some non-zero constant, act along AO, OB, CO and OD 
respectively. Let r be the radius of the circle and let AC and BD meet at 
L. The unit vectors along AO, OB, CO and OD can be written as 



f i§ 21 




AO, OR, £^ anc j spectively Hence, the forces along AO, OB, CO 
r r r r 

—>■ —> —>■ —> 

K& Ky Kr 

and OD can be written as - AO, — OB, - CO and-— OD 

t r r r 

respectively. Now, we have 

Area of A ACP h x 

Area of A AOB h s ’ 

whare hi is the height of D from AC and h 2 is the height of B from 
AC 

Hence, — r 1 = ?> 

8 h 2 BL 


area of A BCD _ CL 
area of A DAB AL 


Similarly, 
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Since 


DL 

BL 


P =~1 • 

S K$ 


hence. ^—OB + — OD = — (§+S) OL 
r i r 

Ka 

CL a r , 
and since= -= Ty 


• ( 1 ) 


hence, — AO CO =— (a+y) LO ...(2) 

r r i 

Adding (1) and (2), we get 

——> —^ ^ 

—AO + ~CO -|- —OB + ~OD=~OL (B +S-«-y) 
r r r i r 

But a + y = area of A BCD + area of A BAB = area of 
quadrilateral A BCD, 

and (3 + S = area of A CDA + area of A ABC = area of 
quadrilateral ABCD. 

Hence, |3 + 8 — a. — 7 = 0. 

. . The forces acting along AO, OB, CO and OD are m equilibrium. 

Ex 13. ABCDE is a regular pentagon. Forces of magnitudes 
n 2 + 2n, n, n and 2n + 5 Newtons act along AB, AC, AD and AE res¬ 
pectively. Show that their resultant is 

Vn" + 5n 3 + 15n 2 + 25n + 25 Newton 
From the figuie, we have 

Z ABC = Z BCD = Z CDE = Z DEA = Z EAB = 108° 

-. Z BAC = Z BCA = \ (180° - 108°) = 36° 

Z DEA = 108° . . Z BAD = Z EDA = l (180° - 108°) = 36° 

. . Z DAC — 108° - 72° = 36°. 

Let R be the resultant of all the forces aud let R make an angle 0 
with AB. 

Resolving all the forces along AB and perpendiculat to AB, we 


get 
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Fig.aa 

R cos 0 = (n 2 -f 2n) -r n cos 36° + n cos 72° -f- (2n -r 5) cos 108° 

= (n 2 + 2n) + n cos 36’ -|- n cos 72° — (2n -r 5) cos 72“ 

and 

R sin 0 = n sin 36° + n sin 72° + (2n + 5) sin 108° 

- n sin 36° + n sin 72° + (2n + 5) sm 72°. 

Hence, 

7? 2 = (n 2 + 2n) : -1- n 2 (ccs J 36° -1- sin - 36°) 

+ n 2 (cos 2 72° + sin 2 72°) 

3- (2n + 5) 2 (cos 2 72° + sin 2 72°) -f 2n (n 2 + 2n) cos 36° 

+ 2n (n* + 2n) cos 72° - 2 (2n + 5) (n 2 + 2n) cos 72° 

-J- 2n a cos 36° cos 72° — 2n (2n + 5) cos 36° cos 12° 

~ 2n (2n -f 5) cos 2 72° + 2n 2 sin 36° sm 72° 

+ 2n (2n + 5) sin 36° sin 72° + 2n (2n + 5) sin 2 72° 

= (n 2 + 2n) 2 + n 2 + n 2 + (2n + 5) 2 + 2n (n 3 + 2n) cos 36° 

4- 2n (n 2 + 2n) cos 72° - 2 (2n + 5) x (n 2 + 2n) cos 72° 

+ 2n 2 cos (72° - 36°) - 2n (2n + 5) cos (36° + 72°) 

- 2n (2n + 5) cos (2 x 72°) 

= n 4 + 4n 3 + 10n 2 + 20n + 25 + 2n (n 3 + 2n) cos 36° 

-j 2n (n 2 + 2n) cos 72° - 2 (2n + 5) (n 3 + 2n) cos 72° 

+ 2n 2 cos 36° + 2n (2n + 5) cos 72° + 2n (2n + 5) cos 36° 

= n 1 + 4n 3 + 10n 2 + 20 n + 25 
+ cos 36° (2n 3 + 4rv + 2n 2 + 4n 3 + lOn) 
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+ cos 72° (2n 3 + 4n- — 4n 3 —Sir — 10ii 3 — 20u + 4ir + 10n) 

= n 4 4- 4n 3 + 10n 2 + 20n 4- 25 + 2n + cos 36° (2n 3 + 10n 2 
+ ]0n) - cos 72° (2n a +■ 10n 2 + lOn) 

= n 4 + 4n 3 + 10n 2 + 20n + 25 + 2n (n- + 5n + 5) X 
(cos 36° — cos 72°) 

= n 4 + 4n 3 + 10n 2 + 20n + 25 + 2n (n s + 5n + 5) 

x(^-4-‘) 

= n‘ + 4n 3 + 10n 2 + 20a + 25 + n 3 + 5n* + 5n 
= n 4 + 5n 3 -1- 15n 2 + 25n + 25 

Hence, R = Vn 4 + 5n J + 15n 2 + 25n 4 - 25- 

Ex. 14 Two equal weights of 5 N are attached to the ends of a 
thin string which passes over three smooth pegs in a wall arranged in 
the from of an equilateral triangle with one side horizontal. Find the 
pressure on each peg. 


A 



F.g. 23 


The pressuie at B is the resultant of two forees 5 N and 5 N inclined 
at an angle of 150° Similarly the pressure at C will be the same as that 
at B. The pressure at A will be the resultant of two foices 5 N and 5 N 
inclined at an angle of 60°. Let R be the pressure at B or C and S be the 
pressure at A. ( 

Hence, R 1 = 5 2 + 5 2 4- 2 X 5 X 5 cos 150° 

= 25 4- 25 + 50 
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= 5o(\_ 25 (2-V3) ) 

:.R = 5 V'2- VI 
and S J =5 J +5-+2x5v 5 cos 60° 

—75 

S=5\/l 

Hence, the pressures on pegs A,B,C are 5 \/2 — v'3 A' - , 5 v/2—\^3 w 
and 5 V3 A^ respectively. Since the component forces acting at each peg 
are equal, hence the resultant force at each peg will bisect the angle 
between the two parts of the stung on each side of the peg. 

EXERCISE 21 


1. In the following problems, £ is the resultant of two forces P and 
Q inclined at an angle a with each othei. Find 

(i) R if 3 N, Q=4 N and a=90° [Ans. 5W] 

(ii) P if R=15N, 10 At and <*=60° 

[Ans. 5(\/6—DA"] 

(iii) R ifP=\2 At,C= 12 iVand a=]20° [Ans. 12 A r J 

(iv) <* if P=7 At, 2=3 A' and R=5 N 

Ans cos -1 

(v) R if P=2N, Q=IN and K=tan' 1 — 


Ans - V-r N ] 

2. Show that the resultant of two forces each equal to P and 
inclined at an angle of 120° is also equal to P. 

3. Find the angle between two equal forces P, P when the square 
of their resultant is equal to (2-^3 ) times their product. 


4 With two forces acting at a point, the maximum effect is obtained 
?5“ pSndth^r " 4 * act at n 6* lt angles, their resultant is 


[Ans. (2±4v , 2) N] 
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5. The resultant of two forces P and Q is equal to P m magnitude, 
and that of two forces 2 P and Q (acting in the same direction as before) 
is also equal to P Find the magnitude of Q and prove that the direction 
of Q makes an angle of 150° with that of P, 

[Ans V3 P] 

6. Two forces act at a point and are such that if the direction of 
one is reversed, the direction of the resultant is tuined though aught 
angle. Piove that the two forces must be equal m magnitude, 

7 Two forces P and Q act at such an angle that the resultant R 
is equal to P. Show that if P is doubled, the new resultant is at right 
angles to the force Q 

8 The resultant of two forces P and Q is of magnitude R. Show 
that if P is doubled, Q remaining unaltered, then the new resultant 
S will be of magnitude 

y/2P*+2. 

9. If the resultant of two forces acting on a particle be at right 
angles to one of them, and its magnitude be half the magnitude of the 
other, show that the ratio of the larger force to the smaller is 2 . \/3 

10. The resultant of two forces P and 2 P acting at a point is per¬ 
pendicular to P Find the angle between the forces. 

[Ans 120’] 

11 Find the angle between two equal forces when their resultant 

is the third equal force P. [P.U. 1930] 

[Ans. 120°] 

12 Two forces of magnitudes 3 P and IP respectively have a result¬ 
ant R. If the first force is doubled, the magnitude of the resultant is also 
doubled. Find the angle between the forces 

[ C,U . 1932] 

[Ans. 120°] 

13. At what angle must two forces of 10 N and 10 N be inclined 
if they are balanced by a force of 5 

f)l 

14, Two forces acting on a particle are not on a line. One is halved 
and the other is decreased by 10 N. Find the latter force if the resultant 
remains unaltered m direction. 


Ans. cos' 1 


[Ans. 20 A 1 ] 
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15 The lesukant of two foices P and Q is R. If Q is doubled, the 
new resultant is prependicular to P. Piove that 0=~-R 

16 The resultant of two forces P and Q (P>0) acting at right 
angles is R. If P and Q be each descreascd by 3 N, R is decreased by 4 A r , 
and is now equal to the difference of the original values ofi 3 and Q. Find 
P and Q 

[Ans. -P--4 N, Q-3 JV] 

17. If the resultant of two equal forces inclined at an angle 20 is 
twice as great as when 1 hey are inclined at an angle 2 <f>, prove that 
cos 6=2 cos <t> 

18. Two forces P and 0 have a resultant R. If P is increased, the 
new lesultant bisects the angle between R and P. Find the increase of P. 

[Ans. U] 

19. Two forces P-\-Q and P— Q make an angle 2a with 

one another and their resultant makes an angle 0 with the bisector of 
the angle between them. Show thatF tan 6=Q tan a. [P.U. 1931] 

20. Two forces P and Q inclined at an angle of 120° have a 
resultant R. When they are inclined at an angle of 60°, the resuliant 
becomes n tunes as great as before. Piove that 


R 


=. ( V 5n - — T + V3— n 2 


2s/2 

and Q= (^/ 3n 2 —1 —\/3-ii 2 

21. Forces P and Q whose resultant is R act at a point O. If any 
transversal cut the lines of action of the forces P, Q and R at the points 
L,M,N respectively, show that 

-k + -£i = -§N- [C.U.-47.BH.U.-44J 

22. Two forces P and O acting on a particle at an angle </ have a 
resultant (2^'+l)-\/-f' 2 +2 2 . When they act at an angle 90° — a, the 
resultant becomes {2K— 1)V P 1 +Q". 

Prove that 

K -1 


tan a= 


*+1 


[BH.U. ’46] 


23. The resultant of two forces P and Q is V3 Q and makes an 
angle 30° with the direction of P Show that either P=Q or P=2Q. 
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24 If tlie resultant of the forces P and Q be equal to that of the 
foices P+S and 0 —S acting at the same angle (SyPQ-P), show that the 
magnitude of the resultant is P-\-Q. 


25, If the resultant R of two foices P and Q inclined to one another 
at any given angle make an angle 0 with the direction of P, show that 
the lesultant of the forces P+R and Q acting at the same angle will make 
an angle \ 9 with the direction of P+R. 

[B.u: 26,’29, B.E: 32] 


26. Show that the system of forces represented by the lines joining 
any point to the angular points of a triangle is equivalent to the system 
l'epiesentcd by straight lines drawn from the same point to the middle 
points of the sides of the triangle 


27 The resultant of two forces P and Q acting at a cei tain angle is 
X and that of P and R acting at the same angle is also X The resultant 
of Q and R again acting at the same angle is Y. Prove that 


P= 


VXHQR= 


QR (Q+R) 

Q*+R*~Y- 


i 


P+Q+R= 0 and Y=X. 


28 Two forces P and Q act at an angle a. and have a resultant R. 
If each force is increased by R, prove that the new resultant makes with 
R an angle whose tangent is 

(P—Q) sin a _ 

P+Q+R+{P+Q) cos a 

[P U: 43; B.H.U: 43] 

29. The resultant of two forces is the same when their directions 
are inclined at an angle 4> as when they are mclirtded at an angle 

— <f>. Prove that tan V 2 —1 


30. Two forces P and Q acting respectively along two different 
straight lines OA and OB have a resultant perpendicular to OA. If two 
forces P' and Q' acting respectively along the same two straight lines have 
a resultant perpendicular to OB, show that PP'~Q Q'. 

31. The resultant of the foices P and Q is R. If Q is doubled, R is 
doubled and if Q is reversed, R is again doubled. Show that 

P : 0 i?=V2 . V3 ' V2. ~ [Bombay ’34] 
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32. Two forces P and Q acting respectively along the straight lines 
OA and OB which are inclined at an angle a to one another (a=}=~) have 
a resultant R making an angle 0 with OA If Q be changed to O', the 
resultant changes to R‘ making an angle o' with OA. Show that 

J " R’ sin (y —0) 

R sin (» — O') 

33. Two forces given in magnitude act each thiough a fixed point 
and are inclined at a constant angle 0 with each other. Prove that their 
resultant passes thiough a fixed point 

34. Two forces P, Q act at a point along two straight lines making 
an angle y with each other and R is their resultant. Two other forces P‘, 
O' acting along the same two lines have a iesultant R 1 . Prove that the 
angle between the lines of action of the resultants is 

( F F '+Q Q'+( F 2'H-i 5 ' Q) cos * \ 

l RR' J 

35 The resultant of two foices P and Q is R, n R and (n+2) R 
according as the angles between the two forces are 90 J , 0 and 90°—0 
(04=45°) respectively. Prove that 

_ 3 cos 0+sm Q . 
sm U—cos 0 

36. Two forces R and S act at a point along two straight lines 
inclined at an angle 0 and F is their iesultant. Two other forces R‘ and 
S' acting along the same lines have a resultant F ‘. If ij> be the angle 
between the lines of action of F and F\ prove that 

. B , = (R 2 S' l -2RR' SS'+R' 2 S’) sin 3 0 . 

“ ~ fj. F'i 


[C.U. ’46]. 

37. Show that the resultant of two forces of magnitudes sec B and 
sec C acting along AB and AC respectively of any triangle ABC is a force 
of magnitude tan -4 + tan C along AD, where D is the foot of the perpendi¬ 
cular fiom A on BC 

38 Two forces, P and Q, acting along intersecting lines have a 
resultant R If the force Q is reversed in direction and changed into 

■— q —• show that the iesultant is still of magnitude R. 

39. Two forces acting at a point are represented in magnitude and 

^ ^ ^ 
direction by A 1 B 1 and A„B 2 . Show that their resultant is 2 AB, where A 
and B are the middle points of A x A i and B ± B 2 respectively. 
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40. Pisa point in the plane of the tnangle ABC, and I is the in- 
centie Show that the resultant of the forces represented by PA sm A, 
PB sin Pand PC sm C along PA, PB and PC respectively is 

ABC 

4 PI cos y cos —. cos -y along P I. 

41. ABC is an equilateral triangle and G is the centroid of the 
triangle Forces of 8, 8 and 16 N act at G along GB, GC and GA 
respectively. Find the magnitude and direction of their resultant. 

[Ans. 8 N along GA]. 

42 Show that the greater the angle between the lines of action of 
two forces acting at a point, the less will be their resultant. 

43. If 4 N be the greatest value of the resultant of two forces and 
2 N its least value, find their resultant when the forces act at right angles 
to each other 

[Ans vTo N] 

44 If two forces P, Q ( P>0 ) be inclined to each other at an angle 
150°, find the ratio between them when the resultant equals the less. 

p 

[Ans y = \/3\ 

45 Two non-zero forces acting at a point have got their resultant 
2\fl N when acting at right angles, and y /6 N when acting at an angle 
of 120° Find the magnitudes of their greatest and least resultants. 

[Ans. Greatest iesuItant=2v/3 N and 
least resultant=2 N ] 

46 Two equal forces act at a point, first at an angle of 180°— A and 
afterwards at an angle of 180° —2^4 Show that the ratio of the resultant 
m the latter case to that in the former is equal to 2 cos \ A. 

47 Three forces P, Q, R in one plane act on a particle. The angles 
between R and Q, P and R, and P and Q are a, (3 and 7 respectively. 
Show that their resultant is 

y/ P 2 + 2 s +P- + 2 QR cos a+2 RP cos P+2 PQ cos y ■ 

[Delhi ’31] 

48 If the foices of magnitudes P, Q and R act at a point parallel 
to and m the directions of the sides BC, CA and AB of a triangle ABC 
respectively, prove that the magnitude of their resultasst is 

\/ P-+O 2 +7F — 2 {QR cos A+RP cos B+TO cos C) . 

[Madras ’36] 
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49. Prove that any force in the plane of a triangle ABC can be 
resolved into three components acting along the sides of the triangle. 

In particular, if E and .Fare the feet of the perpendiculars from B 
and C upon the opposite sides of the triangle ABC, show that a iorce P 
acting along EF can be replaced by P cos A, P cos B and P cos C acting 
along the sides of the triangle. 

[B.E ’ 35]. 


50. The sides BC, CA and AB of a tnangle ABC are 2, 2\/2 and 
( 0 / 6 + \/2) cm respectively. Find the magnitude and the inclination to 
BC of the resultant of the following forces acting at a point 


1 N in the direction BC, 2 N in the direction CA and 3 N in the 
direction BA. 



V22±m,.an- 

V2 


4~H -y/ 3 

2-\~ y/ 2+ v 3 /-d 


51. Forces of magnitudes p, q and r N act at a point in the 
directions parallel to and in the direction of the sides BC, BA and CA 
respectively of an equilateral triangle Show that 

s 2 +pi =p-+q 2 + r 2 -[-pq+ qr and tan 0 = V3 (q+f )_> 

2 p rq-r 


where s is the resultant of p, q and r and 0 is the inclination of the 
resultant with B C. 


52. Forces piopoitional to cos A, cos B and cos C act at a point m 
directions parallel to the sides B C, CA and A B respectively of a triangle 
ABC. Show that the magnitude of the resultant is proportional to PO, 
where P is the ortho-centre and O is the cncum-centre of the triangle 

53 Two forces act along the sides CA and CB of a triangle ABC, 
their magnitudes being proportional to cos A and cos B Prove that their 
resultant is propoitional to sin C, and its direction divides the angle C 
into two portions { ( C+B—A ) and J (C+A—B). 

[Punjab ’ 24] 

54. Three forces P, Q and R meet at a point and the resultant of 
P and Q is 7 N acting at an angle cos" 1 - - with P. The resultant of P 

and R is also IN at an angle cos ' 1 (— —) with P and that of Q and R is 
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\/\29N at an angle tan~ 1 ( ) with P Find P, Q, R in magnitude 

,and diiection, it being given that Q and R are on the same side of the line 
of action of P. 


[Ans. P=3N, Q—5N at an angle of 60“ with P, 
R=3N at an angle of 120° with P] 

55. If 0 be the ciicum-centre of the triangle ABC and if forces 
act along OA, OB and OC respectively proportional to BC, CA and AB, 
show that their resultant passes through the in-centre. 

56. D,E,F are respectively Lhe mid-points of the sides BC , CA and 
AB of a triangle ABC and 0 is any point in its plane. Show that 

-*■ -> -> 

(0 DA+EB+FC=0 [Delhi ’37, B H.U. ’40] 

—> —> — > — >■ 

(i.) OE+OF+DO=OA 


(ni) OA+OB+OC=OD+OE+OF 
(iv) AO+BO + CO + OD+OE+OF—O. 

57 A,B,C are three fixed points and P is a point such that the 


Tesultant of forces PA and PB always passes through C Show that the 
locus of P is a straight line. 

58 The greatest resultant which two forces can have is P and the 
least is Q. Show that if they act at an angle 0, the resultant is 


(rwi+ew i-ji . 

59 If one of the two forces acting on a particle be double that of 
the other, and if 0 be the angle between the directions of the resultant and 

the gi eater force, show that 0 > —- 

6 


60. If the greatest possible resultant of two forces P and Q is n times 
the least, show that the angle a between P and Q when their resultant is 
twice the square root of their product is given by 


61 Forces of 2,1,4,5,3 and 1 N act at a point A m directions AB, 
AC, AD, AE, AF and AG where /_BAC= 30°, / CAD= 30°, £DAE=9 0°, 
/_EAF= 30° and £_FAG =120“. 
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Find the magnitude of their resultant and the inclination of its 
direction to AB . 

18+11V3 


Aus -\J 30-f-3 \/ 3 N, tan" 1 


13 


62. Six horizontal wires are attached to a telephone post and exert 
the following tensions on it - 

4iV towards east, 5 N towards north-east, 3 N towards 30' west of 
north, 10./V towards west, 3A r towards south-west and 127V towards 60° 
south of east Show that the magnitude of the resultant is 

V67-3V2-9V6 N 


63. Three forces represented by PA, PB and PC diverge from the 

-> -> -> 

point P, and three forces represented by AQ, BQ and CO converge to the 

— 

point Q. Show that the resultant of the six forces is represented by 3 PO 

64 Two equal weights of P Newton each are attached to the ends of 
a thin string which passes over three smooth pegs m a wall arranged in the 
form of an isosceles triangle with one side horizontal and vertical 
angle 90°. Show that the pressure on the top peg is ^2 P Newton and 
that on each of the other two pegs is P (2— 's/ 2 ) Newton. 

65. Five equal forces act on a particle m the directions away from 
the particle so that the angle between them m order me equal. Find their 
resultant. 

[Ans. 0] 

66 OB is a diagonal of the square OABC. D and E are the middle 
points of AB and BC respectively. Find the resultant of forces P acting 
along OB, Q acting along OD, Q acting along OD and Q acting along OE . 

^Ans P+ Vl02 along OB J 

67 The sides AB, BC, CD and DA of a quadrilateral ABCD are 
bisected at E,F, G and H respectively. Show that the resultant of the forces 
acting at a point, which are represented in magnitude and direction by 
E G and HF, is represented in magnitude and direction by AC 
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68. E and F aie the mid-points of the diagonals AC and BD of a 
quadulateral ABCD. Prove that if G is the mid-point of EF, then 

—> ■—> —> ■— y — y 

GA + GB + GC+ GD =0. 

69. ABCDE is a regular pentagon and forces aclmg at a point are 

—y —> —> —> —>■ —y ■—y —> —>■ 

represented by ^5, .4C, +£), +F, 5C, BD, BE, CD, CE and DE. Prove 

—y —> 

that their resultant is represented by 4 AE+ 2 BD. 

[CU. ’39] 

70. Four smooth pegs A,B,C,D are fixed in the same vertical plane 
so that they foim the four lower corners of a regular hexagon with the 
side BC horizontal. A string is tied to A, passes under B and C, over D 
and A and has a weight of 4 N attached to the free end so that the 
weight hangs veitically Find the pressure on the four pegs. 

[Ans 4\/ 4+ v 3 N on A; 

4N on B and C 
and 4\/3iV on D] 

71. ABCDEF is a regular hexagon. Show that the resultant of forces 


.4.5+2 AC+ 3 AD+4 AE -\-5 .4Fis ■%/ 351 AB m magnitude and the resul¬ 
tant is inclined at an angle of tan -1 ^ = ^ With AB. [M T ] 

72. ABCDEF is a regular hexagon and O is the centre of the circle 
which circumscribes it. Forces 4P, 5P, 8 P, P, 7 P and 6P act along OA, OB, 
OC, OD, OE and OF respectively Find the magnitude and direction of 
their resultant. 

[Ans P, acting along OA] 

73. Two chords, OA and OB, of a circle represent, in magnitude 
and direction, two forces acting at the point O. Show that if their resultant 
passes through the centre of the circle, either the chords are equal or they 
contain a right angle. 

74. Eight points are taken on the circumference of a cucle at equal 
distances, and from one of the points, straight lines are drawn to the 
others. If these lines represent, in magnitude and direction, forces acting 
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on a particle at the point, show that the dnection of the resultant 
coincides with the diameter through the point and its magnitude is four 
times the diameter. 

75. Two constant equal forces act at the centre C of an ellipse 
parallel to SP and PH, where P is any point on the ellipse and S and H 
are the foci Show that the end of the straight line which represents their 
resultant lies on a circle which passes through C. 



Chapter JTI 


Conditions of Equilibrium of 
Concurrent Forces 


3.1 Equilibrium of Concurrent Forces 

We shall now consider the conditions under which two or more 
forces acting at a point of a rjgid body are in equilibriu m i.e, the re sultant 
o f_the component forces is zero. 

jt j s nhviQVfi thqt ? si ngle non-zero force acting at a point of a 
rigid body can not maintian it in eq uilibnum. H ence, at le ast two 
forces are needed to maintain equilibrium. Wejhave shown that two 
forc es acting at a point of a rigicfbodv wh'Hje in equilibrium only when 
t heir magnitudes are equal and they act along the same straight line bu t 
in the opposite directions. We shall now discuss the conditions of equili- 
Tmum ofUirec forces acting at a point of a rigid body. {t _can be 
mentioned h ere that three forces acting on a body are in equilibrium only 
if they nre"co pi an ar. This has been proved in chapter VII, section 7.7. 

3 2 Triangle of forces 
» " 1 " " 

Thi s theorem stat es t hat if thiee foices acting at a point be 
represented in m agnitu de mid direction ( but riot iv po sition) by the sides 
fff’a triangle, tak en in older, then they will be in equilibrium. 

Let the three forces P, <2 and li act at a point 0 and let them be 
represented in magnitude and direction by the sides AB, BC . and CA 
of the triangle ABC respectively (fig. 24), To show that the three forces 
acting at 0 are in equilibrium. 

We complete the parallelogram ABCD. Since AD=BC, hence AD 
repiessents the force Q. Then by the parallellogram law of forces, 

AB+AD=AC, 
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Hence, the resultant of P and Q acting at O is represented by AC. 

' -> 

Since the force R acting at 0 is represented by CA, hence the resultant of 

-> 

P and Q represented by A C will balance the force R represented by CA 
Hence the three forces P,Q,R acting at O are in equilibrium. 

Note that the same result can also be derived by using the triangle 
law of vectors. Thus 

. ~S' —>■ —> 

P+Q+R=AB+BC+CA 

=AC+CA~0, 

Hence, P,Q>R are in equilibrium. 

R emcuk i 1 The above theorem implies that if the thiee forces P, Q 
and R lire proportional to the sides AB, BC and CA of A ABC, 
theiLais o t heiaicfi s P.0 and R acting at a point O'V’'" V r"lv''T-' 
Remark 2 : If the three forces P, Q 'and R . ..... 
sides-uaf—the triangl e ABC , taken in order, and ate ^pre sented m magni¬ 
tude by th ose sides, then theywill not be m equilibrium, but will form a~" 
coupIeT This has been discussed in the latter chapter VI, section 6.9. 
Obviously, the forces in this case will not be concurrent. 

3.3 Perpendicular triangle of forces 

The triangle of forces as stated above can be slightly modified and 
can be stated as follows. 
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It tin ee forces acting at,a point be such that they are proportional to 
the sides~of a triangle and their directions are perpendicular to the corres¬ 


ponding sides, all inwards or all outwar ds, then also the forces will be in 
" brium. 'inis is called perpendicular triangle of forces. 


If we rotate the triangle through one right angle m its own 
plane in the proper sense, we get a triangle whose sides, in order, are 
parallel to the given forces and the forces arc proportional to the cones- 
ponding sides of the triangle Hence, the forces are m equilibrium. 

The converse of this theorem, is also true, Thus, if three forces act¬ 


ing perpendicularly to tlie sides of a triangle are in equilibrium, they will 


b e proportio nal to th e sides to which they are perpendicular. 

Remark If the direction of the forces, instead of being perpendi¬ 
cular to the corresponding sides, make any equal angles with them, 
measured the same way round, then also the result will be true. The 
proof is exactly similar. 


3 4 The Converse of the triangle of forces 

This states that if tlvee foices acting at a point be m equihbimm, 
then they can be represented in magnitude and duection by the sides of a 
ti tangle, taken m order, drawn parallel to the forces. 

Let the three forces P, Q and R acting at O be in equilibrium 
(fig 24). Choosing a proper scale, we draw AB and AD so that they 
represent P and Q in magnitude and direction. We complete the parallelo- 

gram A BCD and join AC Now, AD=BC and so AD represents the 
forces Q. Now, by the parallelogram of forges, 

AB+AD=AC. 

Hence, the resultant of P and Q acting at 0 can be represented by 
the side AC. Since the forces, P,Q and R acting at 0 are in equilibrium, 
hence the resultant force R must be equal and opposite to the resultant 


force AC. Hence, CA must represent the force R 
Thus we get a triangle ABC whose sides AB, BC and CA, taken in 
order, represent the forces P, Q and R in this case. This proves the 
theorem. 


k Rema rk 1: If three forces acting at a point be such that the su 
of the magnitude of any two is iess~than th e magnitude of theTTiirri 
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Remark 7\ I F three forces acting at a point be in equilibrium , then 
t hey can also Be represented in magnitude- .and dire ction by any~7riangle 
sim ilar and similarly placed to A ABC, 

3.5 Polygon of forces 

If any number offorces acting at a point be repi esented in magnitude 
and direction (but not m position) by the sides of a closed polygon, taken 
m order, they will be in equilibrium 




Let the five forces Pi, P 2 , P 3 , Pi and P&, for example, act at O and let 


them be represented by AB, BC, CD, DE and EA respectively of a 
polygon ABCDE To prove that these forces are m equilibrium, we join 
AC and AD. 

We have, by vector law of addition, 

-*■—>-> 

AB+BC=AC 


ac+cd=ad 


AD+DE=AE 

Hence, adding all these equations, v e get 

A3+ BC+CD+DE=AE 
^AB+BC+ CD A- DE+ EA =AE+EA=0. 
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Hence, the system of forces is in equilibrium. This result is true for 
any number of forces. 

R emark 1. The t h eorem is tru e pven i f the system of forces does 
n ot lie in one, plane.' The proof is similat, 

Re mark 2: As in the ease of the triangle of forces, the t heorem 
does not hold if the force s-aete aHy nct -ado n g the, sides of the polygon as 
will be shown later. 

3 6 The Converse of the polygon of forces 

The converse of the polygon of forces, if stated as follows, is true. 
If any number of forces acting at a point be in equilibrium, then they can 
be represented in magnitude and direction by the sides, taken in order, of a 
closed polygon drawn parallel to the forces. 

We consider, as an example, five forces P\, P 2 , P 3 , Pi and P s acting 
at a point 0 (fig. 25). Let these forces be m equilibrium. 

—>->—> -»■ 

Let AB, BC, CD and DE represent the forces P u P 2 , P 3 and Pi. To 

—y 

show that Pa is represented by EA . 

We have shown in section 2.5 that 
—> —> “> 

AB+BC+CD+DE=AE 

But since the forces are in equilibrium, hence 

—> —y —^ > —y — y- 

AB+BC+CD+DE+P 5 =0 

—> —y ■*> —> —y 

=> AB+ BC+ CD+DE= -P s 


Hence, AE=—P$ 


*Ps=EA 

This completes the proof of the theorem. This result is true for any 
number of forces. 

Remark /: T he forqe sJ\ P z P 3j . , need not be coplanar. 

Remark 2: It should be noted here that if a number of forces acting 
at a point be in equilibrium, then they cannon necessarily be represented 
by the sides of any polygon drawn with its sides parallel to the forces, 
because polygons with their corresponding sides parallel are not necessa- 
nfy similar i.e t heir corresponding sides n ee d no be always proportional. 
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3.7 Land’s Theorem 


Father Lami gave the triangle of forces a trigonometrical form in 
1687. This is known as Lami’s Theorem which can bo stated as follows: 

If three forces acting at cipoint be in equilibrium , then each force is 
proportional to the sine of the angle between the other two forces. 


X 




Let the three forces P, Q and R acting at a point O be in equili¬ 
brium. Hence, by the converse of triangle of forces, they can be repre¬ 
sented by the sides of a triangle ABC, taken in order, whose sides are 
respectively parallel to the forces. 


Let OD, OE, and OF be respectively parallel to AB, BC and CA. 
We produce AB, BC and CA to B lt C 2 and A x respectively so that 


/.EOD= Z. CBB lt f_EOF— fACC 1 
and AFOD— l_BAA. 


Hence, = 


BC 


R 

AC 


( 1 ) 


But 


AB _ BC CA 

sin fACB ~~ sin /_CAB~ sin AABC 

_ AB _ j5C 

sin (180 °—AACC l ) ~ sm (180°- LRAAf\ 


_ CA 

sin (180 
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AB _ BC _ CA 

^ sin /_ACC 1 ~ sin l^BAA-^ sin LCBB 1 

AB _ BC _ CA 

^ sin l '_EOF sin /_FOD~~ sin f_EOD 

. From (1), 

P _ Q _ R 

sin /_EOF sin /_FOD sin /_EOD 

l.c P.Q and R are proportional to the sme of the angle_between 
the other two forces. 

Alternative Proof : 





Let the forces P, Q and R acting at a point 0 in the directions 
OD, OE and OF respectively be in equilibrium. Hence, the three forces 
are coplauar. Let O Y be perpendicular to OD and O Y' be perpendicular 
to OE. Since the resultant of the three forces P, Q and R is zero, the 
algebraic sum of their resolved parts in any direction, being equal to the 
resolved part of their resultant m the same direction, is zero. We now 
resolve these forces along O Y and O Y‘. Hence, we have 
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Q sin AEOD+R sin (360°- Z_FOD)=C> 

=s- Q sin Z.EOD—R sin g_FOD 

and P sin £EOD+R sin (360°- ^EOF)=0 

=>■ P sin ZLEOD=R sin A.EOF 


P R 

From (2), we have -— 7 ^n x?— ~— ; n 

v sm Z-EOF sin LEOD 


£ Q 

and from (1), we have -—^ 7 * 
1 sm LEOd sm A.FOD 


Hence, we get 


P _ Q 

sm /_EOF~ sm /_FOD 


R 

sm /_EOD 


3.8 The Comerse of Land's Theorem 


(1) 
• ( 2 > 


The converse of Lami’s theorem is also true This can be stated as 
follows: 

If Uvee coplanar forces acting at a point be such that each js pro- 
portional to the sine of the angle between the other two (the sense of the 
forces being such that the equilibrium is not absurd), then the forces will 
be in equilibrium. 





F,g.28 
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Let the foices P.Q and R act at 0 along OD, OE and OF. With a 
chosen scale, we cut off a length OA to represent the force P We draw 
a line AB through A parallel to OE We produce OF to meet AB at B. 
From A OAB, we have 

OA _ AB _ OB 

sin /_OBA ~~ sm ABOA ~ sm /_BAO 

P _ AB OB 

^sin (180°-Z.COF) _ sin (180° - AAOF) = s\n (180°-ZC£74) 

P _ AB _ OB 

^ sin Z.COF sin /_AOF sin /_COA 

Now, it is given that 

P Q _ R . 

sin LCOF ' sin /_AOF ~sin /_COA 

Hence, AB=Q and OB—R on the same scale as OA=P 

Also by construction, OA=P. Hence, the sides of the triangle OAB, 
taken in order, represent the forces P,Q and R in magnitude and 
direction. Hence, by the triangle of forces, these forces are in equilibrium. 

3 9 Coitditions of equilibrium of a number of a coplanar and concurrent 
forces 


We have shown in chapter II, section 2,5 that the resultant R of a 
number of forces P x , P 2 , . P n is given by 

fl=V*“+r*, 

where X is the algebraic sum of the resolved parts of all the forces 
along the x-axis and 7is that along the y-axis. If all the forces ate in 
equilibrium, then R must be zero 

Hence, 7=0 and 7=0. 

Conversely, if X=X and 7=0, then R must be zero and hence 
the system of forces will be m equilibrium. We observe that the x-axis 
can be chosen arbitrarily in the plane of the forces. Thus we have the 
following theorem on the equilibrium of a number of coplanar aud con¬ 
current forces: 

Theorem • T he necessary and sufficient conditions that a system of 
co planar forces ac ting at a point may be m equilibrium are that the 
algebraic suin'oj the tesolved pm ts af the fm tes al one any two mutually 
pe rpendicular directions o r any two arb itiaiy dueetums- sh ould be sevara- 
tely zero 
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3.10 Equilibrium of a system of particles 

When several particles are connected together and form a system 
and each particle is acted upon by special forces in addition to the forces 
pioduced upon it by its connection by strings or rods with the other 
particles, we can consider the equilibrium of any one p articl e apart from 
all the others^movided that we consider all the forces which are produced 
on it by its connection with the others, m addition to the special forces 
acting on it This is called the principle of separate equilibrium 

Thus m Example 8 of section 3 11, we can write down the equations 
for the equilibrium of the particle A s as if it were entirely disconnected with 
the other points A h A 2 , A it .., if we represent it as acted on by the 
vertically downward force W 2 and the tensions T 2 and T s of the strings by 
which it is connected with the system. 

3.11 Solved Examples 

Ex- 1 A weight of 26 N is suspended by two light inelastic strings 
of lengths 5m and 12m from two points at the same level and 14m apart 
Find the tensions in the strings. 



f <5 29 

r 

Let the weight of 26N be suspended at C by two strings CA and CB. 
AB= 14m, AC= 12m and CB=5 m. Let T x N and T 2 N be the tensions 
of the strings CA and CB. Every point of the string, say AC, is pulled by 
two equal forces T v T x in opposite directions and remains in equilibrium. 
At C, the tension T x acts along CA while at A , this acts along AC, 
Similarly, the tension T 2 of the string CB acts along CB for the point C 
and along BC for the point B 
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Let CD ±AB and let ZjDCB=0, LDCA=<},, 

The particle at C is in equilibrium undei the coplanar forces T % N 
along CA, T 2 N along CB and 26iV veitically downwaids 
Hence, by Lann’s theorem, we have 

T x T 2 _ 26 

sin O' sin <f> sin (0+^6) 

Now, sin 0 = sin (90°—B)-^cos B 
sin ^=sin (90°—X)=cos A and 
from A ABC, 

AC 2 = 4B 2 +BC 2 -2AB.BC cos B 
=>12 2 =14 2 +5 2 -2x 14 x 5 cos B 


=>140 cos B—ll =>cos B i-1- 

20 

Also, 

BC 2 =AB-+AC--2AB AC co, A 
=>5 a =14' J + 12 2 -2x 14x12 cos A 
=>336 cos -4=315 

, 15 . 

=>cos A -—rr 


\ i 

Hence, sin 0=cos ^ = ~ 2 q' 


sin <£=cos A- 


15 


16 

and sin (0+<fO = sin 0 cos </>+cos 0 sin j> 

11 


20 

11 


X 


20 

T, 




Vll-L 3 ^ 31 y-il = V31 
16" 1 " 20 16 40 


15_ 

16 


Hence, —= 


11 

20 


15 

16 


26 
7 \/3 l 
40 


. ^ 572 , ^ _ 975 

’• 1_ 7 V / n 2_ 7V3f 

Hence, the tensions of the strings are 
572 „ , 975 


7V31 


: iVand 


7\/ 31 


-N. 



elementary statics 

Ex. 2. Three forces in equilibiium act perpendiculaily to the sides 
0 3 t |' ian ^ le trough any point in their plane within the triangle. Show 
tiat the forces aie proportional to the corresponding sides of the triangle. 


A 



alone n’F' ^ ^ 3Ct ^ 3 P ° lnt ° Wllhm ,he ^iangle ABC 
IHs^eiven 't u °f rc P et;l 1 veiy where OD±BC, OE±AC and OF±AB. 

we have ** cqui!ibrium - Hencc > b ? Land’s theorem. 


sin /l FOE sin /_FOD 
P 


R 


sm EEOD 
Q 


R 


sin ( 180 °—d) sin (l80°-5) -i^TOSO^CT 

since the quadrilaterals AFOE, FODB, DOEC are cyclic. 


Hence, 


sin A 


Q 


R 


P 

=> — 

a 


_Q 

b 


sin B 
R 


sin C 


since 


,, where 


sin A sin B ~ sin C 
a.b.c, are the sides of the triangle ABC, • 

„ „ ^ * A , f0lce P actil, « ^ong a smooth inclinced plane can support 
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to 


s 



Lei R be the reaction of the plane on the body resting on the 
inclined plane [fig. 31 (i)] of inclination a, when the force P acts along 
the plane. Let S be the reaction of the same plane when the force P acts 
horizontally [fig. 31(ii)]. In both the cases the reactions of the plane on the 
bodies will be perpendicular to the plane, since the plane is smooth. 

In the first case, the body is in equilibrium under the forces R, P 
and W x which act at a point on the body Hence, by Lami’s theorem, we 
have 


P _ Wy _ R 

sin (180°—a) sin 90° “sin (90° +a) 

__P _ Wj R 

sin a 1 — cos a 


Tn the second case, the three forces P, S and W 2 acting at a point of 
the body are in equilibrium. Hence, by Lami’s theorem, we have 


P W 2 S 

sin (180°—a) sin (90°+a) s j n 90 o 

=,-_Z_ = _2 

sin a cos a 1 
From (1), we have W 1 —P cosec « 
and from (2), W 2 =P col a. 

Hence, W 2 X — W 1 i =P i (cosee’a—cot 2 a)=P 2 . 
Alternative method : 


.( 2 ) 


Resolving all the forces along the plane m the two cases, we get 

P~W 1 sin !«/,== P cosec a 

and P cos a= W z sin a,^ W 2 =P cot a. 

Hence, W’- 1 —W\=P~ (cosec 2 a—cot 2 a)=P 2 
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Note. For the equilibrium of the Ihiee forces R, P and W x in fig 31 
(i) or S, P, W 2 in fiig 32 (ii), it is necessary that they should be coplanar. 
Hence, m fig 31 (i), the three forces lie in the vertical plane containing 
R through the body. The force P lies in this vertical plane and acts along 
the line of the greatest slope. In fig. 31 (ii), the horizontal force P lies m 
the vertical plane containing S through the body. The figures as shown 
above are actually the cross-section of the inclined plane by the veitical 
plane containing R or S through the body. 

Ex. 4. Two light rings slide on a smooth vertical circular wire and 
a thin string passing through the rings has two weights tied at its extremi¬ 
ties. A third weight is attached to the middle point of the string between 
the rings, and the system is in equilibrium with the rings resting at points 
such that each of the radii through P and Q makes an angle of 30° with 
the vertical through the centre. Find the relation between the weights 
suspended Find also the pressure on the wire at one ring, if the middle 
weight be 10 N. 

Let 0 be the centre of the circular wire and AO the vertical through 
O. Let P and Q be the positions of the rings on the opposite sides of the 
vertical AO such that /_AOP= /_AOQ=30°. 

Let W x and W 2 be the weights suspended at P and Q acting verti¬ 
cally downwards and let W be the weight suspended at B, the middle 
point of the string PBQ, acting vertically downwards. Let R x and R a be 
the reactions of the wire on the rings at P and Q respectively. Since the 
wire is smooth, its reaction on the rings will be normal to the circle and 
hence the lines of action of R x and i? 2 will pass through the centre of the 
circle. Since the weight W is attached with the middle point B of the 
string, the tensions of the two portions of the strings on the two sides of 
B will be, in general, different. Let T x and 7 2 be the tensions of the strings 
passing through the rings P and Q respectively. Let U and V be any two 
points below P and Q respectively on the vertical lines through P and Q 
(not shown in the figure). Since the rings are smooth, the tension of the 
vertical portion PU of the string through P and the portion PB of the 
string will be the same i.e. T x Similarly, the tension of the portion BQ of 
the string and the remaining vertical portion QV of the stiing through 
Q will also be the same i.e. T 2 . 

Now, the load W x is balanced by the tension T x of the string. 

Hence, T x = W x , 

Similarly, considering the equiiibrium of the load W 2 , we have 

T 2 =W s . 

Now, since PB—QB, we have /_PBA= LQBA. 
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Now, the point B is in equilibrium under the forces T x along BP, T 2 
along BQ and JP acting vertically along BO, Resolving these forces hori¬ 
zontally, we get 

Tx sm £PBA=T 2 sin /_QBA 

=>Tx=T 2 

=>W X =JV 2 . 

Now, the ring at P is in equilibrium under the forces T x — W x along 
PB, W x along PU and R x along OP. 

Now, resolving the forces acting at P perpendicular to OP, we get 

W x sin /_UPO—Wx sin /_OPB 
JJPO= LOP B 
But LUPO=/_POA= 30° 

:.LUPO = LOPB= 30° 

.ZlC/P^=30 o +30 o =60 o 

;.L,ABP=/_ABQ=W. 
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Now, considering the equilibrium of the point B, and resolving all 
the foices acting at B vertically, we get 

W=2W 1 cos 60°= If i- 

Hence, W x = W . 

Now, the pressure on the wire at, say P, is the resultant of two equal 
forces W\ and W t along PU and PB Hence, the resultant pressure at P is 

yV/+ I'F-f+21'iy cos 60“ N 

=/\J 2Wf (1+i) N 

=y/JWt N JVj N=10 V 3 JV 

Similarly, the pressure at Q = 10-\/3 N - 

Ex 5. A weight is supported on a smooth plane of inclination a to 
the horizontal by a string inclined to the vertical at an angle 7. If the 
slope of the plane be increased to p and the slope of the string is unalte¬ 
red the tension of the string is doubled to support the weight. Prove that 

cot a —cot 7=2 cot p. [C.U. 194 j] 

Let W be the weight supported. Let the reactions of the plane on 
the weight be R x and P 2 when the inclinations of the plane are a and p 
respectively (fig. 32 (i) and (n)). 




h 5 33 


Since the plane is smooth, hence its reactions on the weight in the 
two cases will be perpendicular to the plane. Let ,the tensions of the 
string be T and IT m the two cases as shown in the figures. In the first 
case, the direction of T makes an angle of a+7 with the normal to the 
plane and in the second case the direction of 2Emakes an angls of P+T 
with the normal to the plane. In the first case, the body is in equilibrium 
under its weight W acting vertically downwards, the reaction R x acting 
perpendicular to the plane and the tension T of the string. In the second 
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case, the body is in equilibrium under its weight W acting vertically 
downwards, the reaction acting perpendicular to the plane and 
the tension IT. 

Resolving the forces along the plane in the two cases, we gel 
T sin (a J r y)=W sin a ...(1) 

and 2T sin $+y)—W sin (3 . (2) 

Dividing (1) by (2), we get 

sin (q+7) _ sin a 
2 sin (P+y) smP 
-■e>sin (a+y) sin (3=2 sin (P+y) sin a 
=^sin (3 (sin a cos y+cos a sin y) 

=2 sin «• (sin (3 cos y+cos p sm y) 

=>sm a sin (3 cos y+sin p cos a. sm y 
—2 sin a sin p cos y+2 sin a cos p sm y 
=^sin p cos a sin y—sm a sin p cos y=2 sm a cos p sin y 
Dividing both sides by sin a sin P sm y, 
we get 

cot a—cot y=2 cot p. 

Ex. 6. Three strings are attached to a light particle P which is in 
equilibrium. Two of them pass over pulleys and then hang vertically, 
carrying weights, while the third supports a weight WN. The inclinations 
of the upper strings are respectively 30° and 45° to the upward vertical 
through P. An additional weight of 10 N is now attached to W. Find what 
additional weights must be added to the other two strings to ensure that 
P shall remain in equilibrium in the same position. 



W CiV 

Rg. 3* 
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Let the weights suspended from the ends of three strings PA, P£ 
and PD be W Xi W 2 and IFrespectively [fig. 34 (i)]. Let xiVandyjV be 
the additional weights which are attached with the weights W x and W\ 
respectively when an additional weights of 10 N is attached to W 
[fig. 34 (u)]. Let T lt T 2 , and T 3 be the tensions of the strings PA, PB and 
PD respectively in the first case and Ti, T s> T u be those of the strings m 
the second case. In both the cases, the panicle P is in equilibrium. It is 
clear that 


T X =W X , T Z =W S , T a — W 

and T^W x +x, T 6 =W 2 +y, Te=IF+10. 


In the fiirst case, the particle P is in equilibrium under the forces 
W, W x and IF Hence, by applying Lami’s theorem, we get 


IF W x W 2 

sin (30°4-45°) — sin 45° “ sin 30° 

W W x IF, 

*1 _J, “ J 

2 X V2 + 2 X V2 \/ 2 2 


.'. W— 


( V3+1 )K , 

2^2 


w x = 

V 2 - 



(1) 


In the second case, the paiticlc P is in equilibrium under the forces 
fFi+x and W 2 + y. Hence, by applying Lami’s theorem, we get 


JF+10 


Wfj+x_ 
sin 45° 


sin 30° 


sin (30° 4-45°) 

2\/2(JF-M0) 

* -- —\ / 2 (W x +x)=2 (IFj+y) 

Putting the values of W and W x from (1) in the equation 
2\/2 (JF+10) 

l-f-y'f — V2 (I^+x), we get 


2 V 2 - rh 2 _ii^ +10 ] 


L 2 V 2 


1 +V 3 


= K+ \/2 x 
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. C\/3 +1) ^+20^/2 

-T+-7F- = K + V ' 2 X 

=> V 2 0 + ViH x = 20 ^2 

• x 10 ( ' /3 “- » 

Again, putting the values of W and W 2 from (1) in the other 
equation 

2\Jl _ 2 (WA-f-y), we get similaily 

1+V/3 

(a/3 +1) K+20 V2 

1 + \/ 3 

=> 2 (1+VT) V — 20 \/2T 

* y ”r£?j“ 5 ' /ru/r ~ 1) 

Hence^ the required additional weights aie 10 (\/3 — 1) N and 
5 V2(V3 —1) N. 

Ex. 7. If one of the two intersecting forces be given in magnitude 
and direction and only the line of action of the other force is given, prove 
that the least force which will produce equilibrium is perpendicular to 
the second force 



35 
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-> 

Let the first and the second forces be P and Q respectively and let 

-a- 

them intersect at 0. The magnitude of the force P is given but not of Q. 


Since the directions of both P and Q are known, the angle between 
the forces is also given. Let the given angle between P and Q be «. Let 
R be the resultant of P and Q inclined at an angle 0 with the direction 

-> -s- —> 

of Q. The third force which together with the forces P and Q will produce 

->■ 

equilibrium will be least only if R is least, since the resultant of P and Q 
will be balanced by the thud force for equilibrium. Hence, the direction 


of the least force which will produce equilibrium with the forces P and Q, 
will be opposite to the direction of the least value of R We, therefore, 
seek that value of 6 for which R is the least. We have 


tanO — 


P sin « 
Q-pP cos « 


and R i —P 2 +Q‘ l - J r2PQ cos a. 


From (2), we see that R is least if 
P 3 -b2 3 +2PQ cos ct is least for given P and a. 

Now, P 3 =(2+P cos gc) 2 +P 2 -P' 3 cos 2 a 
=P 3 sin 3 a.-p(Q-pP cos <x) 3 . 

The R.H S being the sum of two squares is least when 
Q+P cos a=0 for given P and a. 


(1) 

( 2 ) 


From (1) we see that as Q-pP cos a tends to zero, B tends to — * It, 


-> -*■ 

therefore, follows that the least force producing equilibrium with P and Q 


is perpendicular to the second force Q. 

Ex, 8. A string A X A S A 3 . A n1 . 2 whose weight is neglected is sus¬ 
pended from two fixed points A x and A n+a and from the points 
Azt -A,^ in the string are suspended a senes of particles of weights 
Wi> W 3t . IF,, respectively. If the inclination of the successive portions 
of the string to the horizon are 9^ 0 2 , 0, M1 , show that the horizontal 
components of the tensions of different parts of the string are all equal. 
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[f W x = W 2 = W 3 = ... = W^= W, then prove that the tangents of the 
successive inclinations of the'portions of the string form a series in A.P . 



F 'g- 36 


The tensions of different portions of the string due to the attachment 
of different weights will be different Let T v T 2 , T 3 ,. ,T t>+1 be the 
tensions of different parts of the string. 

Considering the equilibrium of the particle at A 2 , we see that it is in 
equilibrium under the forces T acting along A 2 A V T 2 acting along A 2 A 3 


and W 1 acting vertically downwards. 

Hence, resolving all the forces horizontally, we get 

T x cos 0 1 =7 1 2 cos 0 2 .. (1) 

Now, resolving the forces vertically, we get 

T x sin 0 X — T 2 sin 0 2 — W x =0 ,, (2) 

Similarly, the particle at A 3 is in equilibrium under the foices T 2 
acting along A 3 A 2 , T 3 acting along A 3 A x and W 2 acting vertically down¬ 
wards. Hence, resolving horizontally and vertically, we get 

T, cos 0 a =r 3 cos 0 3 .(3) 

and T 2 sin 9 2 —Tiisin 0 3 — W 2 =0 • .(4) 


We shall get similar pairs of equations from the equilibrium con¬ 
dition of other particles. 
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From (1), (3J and similar other equations, we get 
T x cos cos 0a—cos 0 3 =-. =7n+i cos 0 n+1 

Hence, the horizontal components of the tension of all the strings 
are equal. Let this constant horizontal component of the string be 
denoted by T. 

X T T 

‘' ^ cos 0 X ’ cos 0 2 ’ ^ n+1 cos 0 n+1 

Hence, from (2), we get 
T tan 0,-r tan 0 2 - W x —0 
W 

tan Ox = tan 0 2 + .. («j) 

Similarly, from (4) and other similar equations, we get 

If 

tan 0 2 = tan 0a 4- -j? (a 3 > 


tan 6„=tan 0 n+l + —P- («J 

If . .. = PF„= IV, say, then 

from («xl, K)„ . .(«„), we get 

tan 6i ~tan 0 s =tan fl 2 —tan 0 S - . . 

W 

= tan 0„ — tan 0 n +x = -j- 

which shows that the tangents of the successive inclinations of the 
portions of the string form a series in A.P. 

Ex. 9. A smooth tube in the form of a parabola is placed with its 
axis vertical and vertex downwards and a heavy particle is placed within 
it. Show that the particle can be kept at rest by an outward force along 
an ordinate which varies as the ordinate and that the corresponding 
reaction of the tube varies as the square root of its distance from the 
focus of the parabola. 

Let 0 be the vertex of the parabola which is chosen as the origin. 
We choose the axis of the parabola and the tangent at the vertex as the 
x and y axes respectively. Let the equation of the parabola be 

y 2 =4ax, wheie a>o 

Let P (x-x, y x ) be the position of the particle and the tangent PTat P 
intersect the x-axis at T. Let the mclincation of this tangent with the x- 
axis be 0. The norma] PG at P intersects the x-axis at G. We draw PN 
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perpendicular to the x-axis Let S be the focus of the parabola. The 
particle at P is in equilibrium under its weight W acting vertically down¬ 
wards, the noimal reaction R of the smooth tube acting along the normal 
PG and the outward force F acting along the ordinate NP. Resolving all 
these foices along the tanget PT and the normal PG, we get 

W cos 0=F sin 0 • "U) 

and R=W sin 0+F cos 6 ■ • (2) 

Now, since y 2 =4 ax, hence 


2y 



dy 2a 
* dx ~ ~ 

. The equation of the tangent to the parabola at (x 1; y a ) is 

y-yi=— 

yi 
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This tangent cuts the x-ax.s at the point wheie y= 0 . This g,ves 

x = —OT^x,- _ 4aXi 

1 2a Xl 

:.OT=xf=ON. 

cot 0 = ON+OT^ 2x,_ *• yi 

since y 1 2 =4ax 1 , (x 1( y t ) being a point on the parabola. 

Hence, from (1), we get 

F = Wcot 0 = constant Xy x 

which shows that F oc yi , the ordinate of the noint T 
Now, pt= = Vy7+4^ 2 

“ V4ax 1 +4x 1 « =- 2 V / x7Va'+^ 1 

sin 0 =^= - 77 ^= = __ VT 

2 Vx x Va+X, 2v/ Xl Va+ Xl VS+T 

cos 0 = ■—, —. — — 1 -1 _ y x, 

2Vx! Va+ Xl Va+7 


' * ~ + [from 0)1 

V a+ Xl 2a a/^+7 

- ^+—Ss- = ^a+Wx, wv^hT 

Va+>, vVfx, Va V? VT-~ -- (4) 

Nov/, since the co - ordinatp<! nf* tii* f or. 

(a,o), hence the distance PS is given by ° CUS ° tlle P ar abola are 

PS = A/(Xl ^ a)2 + yi ,s =V(x x -a)* + 4a Xl 
= VCXi+a) 2 

=x x +a, assuming that x 1 + a >0 
Hence, from (4), w e have 

R ~ ~ constant X \/PS, 

roo, of “ i,S°.« frf p'mT f “ ,he S<, “ re 
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Ex 10 Three poles PA, PB and PC, each 9m. long, form a tripod 
fiom the vertex P of 'which a weight W is hung; the feet of the poles rest 
on a horizontal plane, rough enough to prevent any slipping, and foim a 
triangle ABC, the length of whose sides aie BC=AC= 5m and AB—6 m. If 
T x , T s and T a be the thrusts of the poles PA, PB and PC respectively, 
show that 

7\ _ r 3 9W 

25 25 14 '8 a/4559 ’ 


• P 



Fig. 38 

We draw a vertical through P meeting the plane of the triangle ABC 
at 0 We join OA, OB and OC. The thrusts T x , T a and T 3 will act along 
AP, PB and CP respectively. The wnght W will act at P vertically down¬ 
wards along PO We observe that 

/_POA— jCPOB— Z LPO C= 90° 

Also, /\.POBsi /\POC= &POA . . . (1) 

Hence, OA—OB=OC. 

Hence, O is the circum-centre of A ABC. 

Let R be the radius of the circum-circle of A ABC. 

Let BC=el, CA= b and AB= c. 

.'.a=5, b=5 and c=6. 

.'.The area A of the triangle ABC is given by 

A = VS(S-a)(S-b)(S-c) 

where S = -y (5+5+6) =8 

A =V8x3x3x2 — 12 



74 


ELEMENTARY STATICS 


Now, from the properties of a tiiangle, we know that 
a b c 


sin A sin B sin C 
a 


2 R 


sin A ~ 


2 R 


Also, A =~bc sinvi = ~ 


abc 

R 


z* R = 


abc 5x5x6 


25 

8 


4A 4x12 

Now, from the right-angled triangle ROB, we have 

PO = \/ PB'—OB- = -\/P~B~R* — \ 81 — 

V 64 8 


Let L APO = 0 


cos 0 


_ OP _ \J 4559. 


AP 72 

From (1), it follows that 
/^OBP= Z_OCP= A_OAP—90°—0. 

Since all the forces acting at P are m equilibrium, the algebraic sum 
of the resolved pans of all the forces in the vertical direction will be zero. 
This gives 

W=(T l +T 2 +T a ) sin (90°—0) 


= (T^Tz+Tz) cos 0 ( T i+ T i+T s ) V*559 

72 


••■( 2 ) 


The horizontal components of the forces are T x sin 0 along AO, 
Tj sin 0 along BO and T sin 0 along CO. These three components meet¬ 
ing at O and lying m the plane of A ABC must also be in equilibrium. 
Hence, by applying LamTs theorem, we get 

_T l sin 0 _ _7\ sin 0_ T 3 sin 0 

sin L BOC sin Z AOC~ sin Z AOB 
^ T x _ T, J 3 


sin 2 A sin 2 B 
Now, AA-B-pC— t: 


sin 2 C 


^•2v4=7t— C, since A=B 
Zl _ ^2 Ta 


sin C sin C 2 sin C cos C 


T x 


TA_ 

2 cos C 


T, = 
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^ a s + b 2 - c 2 
Now ’ cos C =-- 

25 + 25 — 36 7 

- 2X5X5 25 

T s 

Hence, T x =T 2 -~ -y^- 
~25 

=>.H = ^k = Ts T i + T * + T 1 

25 25 14 64 

72 IF r -| 

64 -\/4559 [_ from 
9 W 

~"8\/4559 

EXERCISE 3.1 

1 Can a particle be evei kept in equilibrium by three foices of 
magnitudes P, Q and R if P ■ Q • R is equal to (i) 3:2 1 
(n) 10 : 4 : 5 (lii) \/2. \/~\ VToi (iv) Ay/T\ 3y/S : 7^1 ’ 

[Ans. (i) Yes (ii) No (in) Yes (iv) Yes] 

2 Forces of magnitudes 2AN, 7JV and 25N are in equilibrium. Show 
that two of them are at right angles. 

3. Four foices of magnitudes 4N, 6 N, x N and y N act at a point 
making angles of 30°, 60°, 120° and 240° with a fixed line respectively. 
If the forces are in equilibrium, find the values of x and y. 

[a„s. x = 12A,y=i!dt*VT] 

4 Three forces of magnitudes 8 N, 5 N and 4 N acting at a point are 
in equilibrium. Show that the angle between the two smaller forces 



5. Three equal forces acting at a point are in equilibrium. Show that 
they are equally inclined to one another and conversely. 

6. Three forces acting at a point are in equilibrium. If they are 
proportional to 3,5,7, show that the angles between the forces are 

60°, cos _J jy-andcos -1 ^- 
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7. A particle of weight 50 A is suspended by two strings of lengths 
3m and 4m attached to two points at the same level, whose 
distance apart is 5 in. Find the tensions in the string. 

[Ans 40A and 30JV] 

8. A weight of 20 A lests m equilibrium on a smooth plane inclined 
at an angle of 60° with the horizontal, being held by two light 
stungs, one acting upwards along the plane and the tension of 
the other is of magnitude 1 A acting along a line inclined at an 
angle of 30° with the former tension. Find the tension of the 
other string and the reaction of the plane. 

r 19 

Ans Tension = ~v 3 A, 


10 , 


L 


reaction 


HM 


Find a point within (i) a triangle, (n) a quadrilateral such that 
the forces repi esented by the lines joining it to the angular poinls 
may be m equilibrium. 

[Ans (i) The point of mteisection of the medians 
(d) The mid-pomt of the line joining the 
middle points of any pair of opposite 
sides.] 

In a simple crane, the jib is 18 m long and is connected to the 
post by a chain 14 m long, attached at a point 12 m above the 
foot of the post If the jib cannot bear a pressure moie than 10' 1 A, 
find the greatest weight that can be suspended from the end of the 
Jib. 

2 


[ 


Ans. — x 10 1 A 




(A simple crane consists of an upright post known as the king 
post, a chain known as the tie-bar and a rod known as jib at the 
end of which the weight is suspended. The chain is connected 
with the top of the post and the top of the jib One end of the 
jib is attached with the lower part of (he upright post and on 
the othei end, the weight is suspended ) 

11. A body of weight 10 A is suspended by two strings, 21 cm and 
72 cm long, their other ends being fastened to the extremities of 
a rod of length 75 cm. If the rod be so held that the body hangs 
immediately below its middle point, find the tensions of the 
strings. 


[ 


Ans. 2~— A and 9 


-A 


] 
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12. A string ABC has its extremities tied to two fixed points A and B 
m the same horizontal line. A weight W is knotted at a given 
point C in the string. Prove that the tension in the portion CA is 

Wb 

—-^-^(c 2 + a 2 '— b 2 ), where a, b, c are the sides and A the area 
of the tuangle ABC. 

13. A particle of weight W may be supported on a smooth inclined 
plane by a force P acting horizontally or by a force Q acting 
parallel to the plane along the line of greatest slope. Prove that 

J_ J_ _ J_ 

W- 0} P 2 ' 

If R and S be the piessures of the body on the plane in the two 
cases respectively, show that RS—W 1 , 

14 A particle weighing 10 A is supported by means of two strings 
attached to it. If the direction of one be at 60° to the horizontal, 
find the direction of the other in older that its tension may be as 
small as possible and the values of the tensions in the two 
strings m this case. 

[Ans. At right angles to the first string; 
5 \/3 A and 5 A] 

15 A weightless wire is stretched between two points A and B on 
the same level 4m apart. A weight of 10 A is hung at the middle 

point of the wire and causes it to drop m below the line AB. 

o 

Find the tension in the wire, 

[Ans. 60 2 A] 

16. A smooth ring of weight W can slide freely along a string which 
has its ends attached to two fixed points The ring is pulled hori¬ 
zontally with a force P. If the portions of the string aie inclined 
at angles 0 and <j> to the vertical, prove that P=W tan £ (0 —*j£>), 

17 A weight of 30 A is supported by a string fastened to a point on 
a smooth plane inclined at an angle 15° to the hoi izon and the 
string is only just strong enough to support a weight of 15 A. 
The inclination of the plane to the horizon is now gradually 
increased. Show that the string will break when the inclination 
of the plane is 30°. 

18. A string of length 2m is attached to two points A and B at the 
same level and at a distance of 1 m apart. A ring of weight 10 A, 
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slung on to the string, is acted on by a horizontal force P which 
holds it in equilibrium verlically below B. Find the tension 
in the string and the magnitude of P. 

[Ans. 6-—N, P = 5 ivj 

19 The side AB of an equilateral triangle ABC formed by three 
weightless inextensible strings A and B are tied to two fixed points 
D and E by equal weightless strings AD and BE. A weight of 
3N is attached to C. If /_DAB=/_ABE= 150°, show that the 
tensions m the strings AB, AD, BE, AC and BC are respectively 
\/TN, 3 N, 3 N, VTA and s/fH. 

20. The planes AB and AC having a common height are inclined to 
the horizon at angles a and £ respectively. Two weights, one in 
each plane, are kept in equilibrium by a string attached to the 
weights and passing over A. Show that the weights are in the 
ratio AB- AC. 

21. A particle of weight W rests against a circumference of a circular 
plate whose plane is vertical A cord attached to the particle 
passes over a pulley placed vertically above the highest point of 
the circle at a distance from the circle equal to the radius and it 
carries a weight P. Show that the paitide will rest at an angular 
distance 0 from the highest point of the circle such that 


22. A uniform plane lamina in the form of a rhombus, one of whose 
angles is 120°, is supported by two forces applied at the centre in 
the directions of the diagonals so that one side of the rhombus 
is horizontal. Show that if P and Q are the forces and P>0, 
then P 2 =3£> 2 . 

23 A small ring is placed at the centre of a regular hexagon and is 
kept in position by six strings drawn tight, all m the plane of the 
figure, and each fastened at the other end to an angular point of 
the hexagon,. If the tensions in four consecutive strings are 2 N, 
IN, 9N and 6N respectively, show that the tensions in the remain¬ 
ing strings are 3 N and 13A r . 

24. Three light equal strings aie knotted together to form an equila¬ 
teral triangle ABC and a weight W is suspended from A, If the 
funicular triangle and the weight be supported with BC horizontal 
by means of two strings of negligible weight at B and C, each 
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inclined at ail angle of 135° to BC, show that the tension in BC is 

(3 - vr ). 

25 A weight of KW hangs by a string from a fixed point. The string 
is drawn out of the vertical by applying a force of 5 N to the 
weight. In what direction must this force be applied in order 
that, in equilibrium, the deflection of the string from the veitical 
may have its greatest value? What is the amount of the gieatest 
deflection? 

[Banaras, ’41] 
[Ans. At right angles to the string, 30°.] 

26. A and B are two fixed points in the same level at a distance c 
apart. Two weightless cords AC and BC of lengths b and a 
respectively suppoit a weight at C Show that the tensions of 
the cords are in the latio b(a 2 +c 2 —b 2 ) a(b 2 -|-c 3 —a 2 ). 

27 Two beads of weights W x and W 2 slide on a smooth circular wire 
in a veitical plane, being connected by a light thread which sub¬ 
tends an angle 2 0 at the centre of the circle. When the beads are 
in equilibrium on the upper half of the wire, prove that the 
inclination <j> of the string to the horizontal is given by 

28. A particle is attracted by thiee centies of foices situated at the 
angular points of a triangle, the force of attraction being in each 
case proportional to the distance from the corresponding centre 
of force. Show that the position of rest of the particle is at the 
centroid of the triangle. 

29. Three forces P, Q and R acting along OA, OB and OC are m 
equilibrium. If O be the circum-centre of the triangle ABC, 
prove that 

(i) P _ Q * 

J, 1_ 1_, _1_b^ I | 1 c 2 [C.U ’38] 

b 2 c 2 b 3 c a c 2 a 3 c 2 a 2 a 2 b 2 a 2 b 2 

M P Q R 

U a 2 (b 2 + c 2 — a 3 ) b 2 (c 2 + a 2 — b 2 ) c 2 (a 2 + b a - c 2 ) 

30. O is the circum-centre of the triangle ABC and L , M and N are 
the feet of the perpendiculars from A, 3 and C respectively on 
the opposite sides If the forces acting along OA, OB and OC 
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are in equilibrium, show that they are proportional to the sides 
of the triangle LMN. 

31. A light string is fastened to two points A and D at the same 
level, the length of the string exceeding the distance AD, and 
particles of weights IN and IN are fastened to it at two points 
B and C respectively. If AB, BC and CD make angles a, p and y 
respectively with the horizontal, prove that 
tan a=2 tan 7±3 tan P. 

32 (a) A light string passes over three smooth pegs A,B and C which 
are m the same horizontal line. From the extremities of the 
string are suspended two weights P and P', Two other weights 
W and W aie knotted at the two points D and E of the stung, 
where D lies between A and B and E lies between B and C. 

If AB=a, BC=b, DB+BE=l, /_BAD=0, 
l_ABD—j>, and /_ECB= O' and the system is in equili¬ 

brium, prove that 



P' 

(«) w 


cas <f> 
sm (9-h</i) 
cos 


sm 


..., W cos 6 __ W' cos O' 
111 sin (0+<f0 ~sin (0 


and 


(iv) 


a sm 0 . b sin 6' 

sin (0+W + sm (04-^') 


(b) If m the above problem, the weights W and W', instead of being 
knotted to two given points in the string, are attached to two 
smooth rings which aTe capable of sliding freely along the string, 

W W‘ 

then prove that sm 0 = sin = -jp and sm’ 0' = sin <f>' = ~2~p> • 


33. (a) One end of a string is attached to a fixed point A The string 
after passing over a smooth peg B, sustains a given weight P at 
its other extremity, A particle of weight W is knotted at a given 
point C in the string. 

If AB= a, -<4C=b, /_CAB= 0, /_CBA—a> and the system is in 
equilibrium, prove that 

P _ cos 0 (a 2 — 2ab cos 6 + b 2 ) 1 ' 8 
W a sin 6 

(b) If in the above problem, the extremities A and B are fixed and 
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tlie weight W is that of a smooth and heavy ring C, which is 
capable of sliding freely along the string, show that the hori¬ 
zontal force which must be applied to the ring C in order that 
/_ CAB and L.CBA become equal to 7 and S respectively for 

y _g 

equilibrium is W tan —■ 

34 Four pegs at A, B , C and D are lying in a vertical plane forming 
a square ABCD, the horizontal line AB being above CD. A string 
attached to A and B passes through a heavy smooth ring R of 
weight W, while another stiing is attached to D and B- The ring 
is kept m equilibrium half way between H, the middle point of 
DA and O, the centre of the square. Show that the tensions in 
the strings ARB and DR aie 

W 13 {1+lEl l^ w V I +5 . yu 

32 16 

respectively. 

35. A light string DABCE passes ovei three smooth pegs A, B and C 
m a vertical plane and sustains two equal weights each equal 
to W from its extremities D and E such that /_DAB=a, 
/_ABC=$ and /_BCE—y. Find the magnitudes of the angles 
a, p and 7 when the system of pegs is least likely to break, the 
pegs being all equally strong. 



36. A series of equal weights are knotted at different points of a 
string, the two extremities of which are tied to two fixed points. 
Prove that, m the equilibrium position, the tangents of the 
inclinations to the horozontal of the successive portions of the 
string are in A.P. 

37. Forces X and Fact along the sides AB and AD respectively of a 
cyclic quadrilateral ABCD. If they are balanced by a force Z 
which acts along the diagonal CA from C to A, show that 
X: T:Z= CD: CBBD. 

38. Coplanar forces whose magnitudes are proportional to the sides 
of a closed polygon act perpendicularly to those sides at their 
middle points, all inwards or all outwards, prove that they are in 
equilibrium. 

39. A heavy triangular lamina ABC is hung from a point 0 by 
three strings attached to the vertices A , B and C. If T u T s and 
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T s be the tensions of the strings OA , OB and OC, show that 

J\ _ t 3 t 3 

OA OB OC 

40. A transversal cuts the lines of action of three forces P, Q and 21 
which act at the point 0 and are in equilibrium at the points 
A, B and C. Show that with a convention regarding sign 

P Q R 

OA. BC = OB CA = OC AB 

41. A small bead can slide on a smooth elliptic wire being acted on 
by forces towards the foci, which aie proportional to the corres¬ 
ponding focal distances. Piove that the only positions of equili¬ 
brium are the extiemities of the axes. 

42. A piaticle is placed on a square table at distances C l5 C 2 , C 3 and 
Ci from the corners and to it are attached strings oyer smooth 
pulleys at the corneis, and supporting weights P x , P 2 , P s and Pi. 
Prove that, if tlrete is equilibrium, 

P±_ 

Ci C 3 C, C 

cr -c 3 - = c/-cp 





Chapter IV 
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Parallel Forces 


4.1 Cases of failure of Parallelogram law 

We have seen in the pi ecedmg chapters tha t if two or mor e forces 
ne t on a single particle, we can always hnd their resultant either by the~ 
parallelogram law 01 by resolving the force s along two mutually perpendi¬ 
cular directions . In case two forces act at two distinct points of a rigid" 
body, they may be taken to act on a particle placed at a point where the 
lines of action of the_ forces intereset provided these lines are not parallel. 
Then their resultant can be fournTby the parallelo giam law if the point* 
of intersection lies outside the body, the magnitude and the line of action 
can still be found out if the point is rigidly connected with the body. But 
m the case of two or moie parallel forces acting on a body, we can not 
find out the resultant by the parallelogram law of forces, because the lines 
of action of these forces are parallel and so they do not meet at a 
point. We shall, therefore, discuss how the resultant of parallel foiceTcaiT 
beTound out, 

4.2 Like and Unlike parallel forces 

Parallel forces are said to be like when they act in the same d irection 
and unlike when they act in the opposite directions. 

4.3 Resultant of two like parallel forces 

Let P and Q be the magnitudes of two like parallel forces acting 
at points A and B lespectively of a rigid body and let them be represented 

by AK and BK respectively At A and B, we introduce two equal and 
opposite forces, each of magnitude F and let them be represented by AC 
and BC respectivley. The resultant of the like parallel forces P and Q will 
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K 

a 


Fig. 39 


not be affected due to the introduction of these two equal and opposite 
forces, since they balance each other. The parallelograms AC-DE and 
BGHK are completed and the diagonals AD and BH are produced to 
meet at O. Through 0, a line OL is drawn parallel to AE or BK to meet 
AB at L, Another line MON is drawn through O parallel to AB. 

The forces P and F acting at A have a resultant P x represented by 

— 

AD which inay be supposed to act at O Similary, the forces Q and F 

acting at B have a lesultant P 3 represented by BH which may also be 
supposed to act at 0 Now, the force Pj at O can be lesolved into two 
components: F along ON and P along LO Similarly, J? 2 at O can be 
resolved into the components F along OM and Q along LO. The two 
forces F acting at 0 along ON and OM are m equilibrium. Hence, the 
original like parallel forces P and Q aie equivalent to a force of magnitude 
(P+Q) acting along LO. 

Poistion of the pomt L: 

From similar A 3 ACD, and ALO we have 
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AL AC F 
LO CD ~ P 
=>P.4L=F.L0 

Similaily, from similar A s BGH and BLO we have 

BL _ BG _ F_ 

LO ~ GH~ Q 
=> Q.BL-^F.LO 
From ( 1 ) and (u), we have 
P AL=Q.BL 
AL Q 
^ BL P 


(0 


(u) 


..( 111 ) 


which shows that the point L divides AB internally in the inverse 
ratio of the given foices. 

We have thus established the following theorem 
Theorem The resultant of two like paiallel forces of magnitudes P 
and 0 acting at two dijfeient points A and B of a rigid body is a force of 
magnitude P-\-Q parallel to the lines of action of the foi ces P and Q, and 
act at a point on AB. which divides AB, internally in the inverse uitio of the 
forces P and Q. 

Rentalk • (a) From (iii): we have 

P _< 2 _ _ P+Q _ R , 

BL AL BL+AL AB ' where 


R is the resultant of the like paiallel forces P and 0. Hence, a force 
R at L is equivalent to two parallel components P at A and Q at B on 

P Q 

opposite sides of it provided ~AL,' ~~ T if f 


•and A. B, L aie colli- 


near. 

(b) we observe from (iii) that if P> Q, then AL<BL so that the 
resultant of two like parallel forces will pass through a point which is 
nearer to the greater force. If P=Q, then their resultant passes through 
the middle point of the line joining their points of application. 


4.4 Resultant of two unequal and unlike parallel forces 

Let P and Q be the magnitudes of two unlike parallel forces acting 
at points A and B respectively of a rigid body and let P>Q. Let the two 

—> —>■ 

forces be represented by AE and BK respectively At A and B , we intro¬ 
duce two equal and opposite forces, each of magnitude F and let them 
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be represented by AC and BC respectively Since the body is rigid, these 
forces will be in equilibrium, and will not distuib the action of P and Q. 
The parallelograms BGBK and ACDE are completed and the diagonals 
BH and AD are produced to meet at O. (The diagonals will always meet 
unless they are parallel, which is the case when P and Q are equal). 
Through 0, we draw a line OL parallel to AE or BK to meet-d# 
produced at L. Another line MON is drawn through O parallel to AB. 
The forces P and F acting at A ha\ e a resultant represented by 

AD which may be supposed to act O. Similarly, the forces Q and F acting 

—> 

at B have a resultant P 2 respresented by BH which rnaya Iso be supposed 
to act at O. Now, the force B 1 at 0 can be resolved into two com¬ 
ponents . F along ON and P along OL. Similarly, P 3 at O can be resolved 
into the components F along OM and Q along LO. The two forces F 
acting at 0 along OM and ON are in equilibirum. Hence, the original 
unlike parallel forces P and Q are equivalent to a force of magnitude 
(P—Q) acting along OL i.e. acting through L parallel to P m the same 
direction as P 

Position of the point L. 

From similar triangles OAL and ACD, we have 
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AL AC F 
LO ~ CD ~ P 

=>p. al=f.lo . 

Similarly, from similar triangles OBL and BGH, we have 
BL BG F 
LO ~ GH~ Q 
=?QBL=F.LO 
From (i) and (n), we have 
PAL=Q.BL 

AL _ Q 

^ BL P 

which shows that the point L divides AB externally m the inverse 
ratio of the forces. We have thus the following theorem . 

The resultant of two unlike paiallel forces , P and Q, of unequal 
magnitudes ( P>Q) acting at two points A and B of a ngid body , is a foi ce 
of magnitude P—Q acting in the direction of the greatei force P, and the 
resultant divides the line AB externally in the inverse latio of the forces 

Remark 1. The resultant of two unlike parallel forces is nearer the 
greater force. 

Remark 2■ If P—Q, then /\BGH= l\ACD and hence f_IiBG= 
f_DAC=/_LAO so that AD\\BH. In such a case, we cannot get any 
resultant force Such equal unlike parallel forces form a couple which 
will be discussed in the subsequent chapter. 

4.5 Centre of parallel forces 

(i) When all the forces are like 

Let P lf P 2 . fn be n like parallel forces acting at points A X) A 2 An 
respectively of a rigid body. The resultant of the forces P x and P 2 acting at 
A x and A 2 is equal to P^P^, and always passes through a point G x in 
A x A,, such that P v A 1 G 1 =P 2 . A 2 G t in whatever common direction the two 
forces act. Similarly, the resultant of two like parallel forces P x +P 2 at G x 
and Pa at A 3 is equal to P^P^+Ps and always passes through a fixed 
point (? 2 in G x A 3 . In this way, the final resultant R of all the forces will 
be a like parallel force and 

R=P 1 +P 2 +... +P n 

which always passes through a point whose position is fixed relative 
to A lt A 2 , etc. Its position does not depend on the common direction of 
the like parallel forces. 




(i) 

(n) 
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This point is called the centre of parallel forces. Thus we can define 
the centre of parallel forces as follows: The centre of parallel forces is a 
certain unique point through which the resultant of a given system of 
parallel forces, when it exists, passes and the position of this point depends 
on the magnitudes and the points of application of the forces and not on 
their directions. 

(it) When the foi ces are not all like 

In this case, we divide all the forces into two groups of like parallel 
forces Let B 1 and J? 2 be the resultants of the two groups of like parallel 
forces. Obviously, and i? 2 will be two unlike parallel forces. If Ryf:R? 
and R x >R 2 , then the required resultant of all the forces is J? x —I? a which 
is parallel to the system of forces and is equal to then algebriaic sum. 

If and their lines of action are coincident, then the system 

of forces will be in equilibrium. But if their lines of action are not coinci¬ 
dent, then they will form a couple. 

Rematlc The above method of finding the resultant of a system of 
parallel forces is valid even if the forces are not coplanar 

4.6 Solved Examples 

Ex. I. The resultant of two unlike parallel forces of 10 N and 18 N 
acts along a line at a distance of 12 cm from the line of action of the 
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smaller force. Find the distance between the lines of action of the two 
forces. 



Fl g- ^ 

Let the unlike forces 18 N and 10 A''act at A and B respectively and 
let C be the point through which their resultant passes 
It is given that JSC=12cm. 

Now, 18x^lC=10x5C=10xl2 



2 2 

Hence, ^fl=(12— 6—) cm=5—cm. 


Ex. 2. Two men, one stronger than the other, have to remove a 
block of stone weighing 140 N with a light pole whose length is 6m. The 
weaker man connot carry more then 40 N of weight. Where must the 
stone be fastened to the pole so as just to allow him his full share of 
weight 9 

Let C be the position of the weight of 140 N at a distance of x from 
the weaker man at A carrying a weight of 40 N. The stronger man at B 
must, therefore, carry a weight of (140—40) N —100 N. Since the resultant 
of like parallel forces 40 AT and 100 N passes thiough C, we have 
40 x= 100(6—x) 

=?-140 x=600 
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^ON 


n_ 

>' r 

>' ■ 

1^0 M 


1 


100 ^ 


Fi<§-43 


Hence, the stone must be placed at a distance of 4-=- m from the 
weaker man. 

Ex. 3, Two like parallel forces P and Q act at given points of a body. 
P2 

If Q be changed to show that the line of action of the resultant is the 
same as it would be if the forces were simply interchanged 


A D | 

D C F 


N 

V 

'i - 

i 


P 

a 


a 


p_ x 

a 

P 


Fig 4^ 


Let the resultant of two like parallel forces P at A and Q at B pass 
through C When P and Q are interchanged, let their resultant pass 

P 2 

through D' and when Q is replaced by —q, let the resultant of P at A and 

pa 

-Q- at B pass through D. To show that D and D' are coincident 

We have 
Q. AD'=P. BD' 

*Q. ( AC-CD')=P . ( BC+CD') 

=>(P+Q). CD'—Q. AC^P. BC 
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Q■ AC ~ P BC 

~ CD = —+Q ~ 

Again, P. AD= BD 

=> P. (AC-CD)=~- (BC+CD) 

* CD (^P+~-'j=P.AC-~ BC 
^ B(Q+B) B (2 V4C-P.5C) 

^ g— -g- 


(1) 


^ Q. ^C-P, BC 
* CD P+Q • 
From (1) and (2) we see that 
CD=CD’ 


( 2 ) 


i e D, and D' are coincident. 

Hence, the lines of action of the resultants in the two cases will be 
the same. 

Ex. 4. A foice P acts along A O, wheie O is the circum-centre of the 
triangle ABC. Show that the parallel components of P acting at B and 
C are in the ratio sin 2 B . sin 2C. 


A 



FiG- 45- 


Let Q and R be the parallel components of the force P. 

Let AO produced intersect BC at D. 

Since the resultant of the like parallel forces Q and R is P passing 
through B, we have 



92 


ELEMENTARY STATICS 


Q BD---R. DC 



DC 

DC 00 
BD ~ DB 
OB 


OA=OB=OC 




sin LDOC 
sin C.ODC 
sin Z.DOB 
sin /_ODB 


sin Z.DQC 
sin /_DOB 


sin £ODC= sin (180°— Z.ODB) 
=sin l_ODB 


sin (ISO 0 — LAOC) sm LAOC sin 2 B 
sin (180°— /_AOB) sin /_ AOB sin 2C 


angle at (he centre of a circle being double the angle at the circum¬ 
ference. 

Hence, the result. 

Ex. 5. The resultant of two like parallel forces P, Q passes through 
a point 0. When P is increased by R and Q by *!>, the resultant still passes 
through 0 , and also when Q, R replace P, Q respectively. Show that 


S=R- 


(Q-Rf 

R—Q 



Fie. 46 

Let the resultant of two like parallel forces P, Q or P+R, Q+S or 
Q, R acting at A and B respectively pass through 0, we then have 
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P. AO=Q. BO 
(P+R). AO=(Q+S). BO 

Q. AO = R. BO 

From (1) and (2) we have 

R. AO=S. BO 
AO S 
BO R ' 

Also, from (3), 

AO _Q 
BC R 
and from (1) 

AO 

BO P 


Hence, 


S_ 

R 



Q_ 

P 


R-S 

Q-R 


R-S Q-R 
■Q-R P-Q 


=> 




(Q-R ) 2 

P-Q 


=>S=R~ 


( Q-R ) 2 

p-Q • 


Q-R 

P-Q 


■ (0 
( 2 ) 
• (3) 


Ex. 6. A uniform rod of length 2/ and weight W is lying across two 
pegs on the same level c metre apart. If neither peg can stand a thrust 
T, find the greatest length of the rod which may project beyond either 
peg 



Fig. 47 
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Let AB be the rod and E, D be the positions of the two pegs, E 
being below the rod and D is above it. Since the rod is uniform, its weight 
will act at its middle point (see the chapter on Centre of Gravity). 

Let the weight W act at G, the middle point of the rod In order 
that the rod may be in equilibrium, the point G must be outside the pegs 
at E and D. Let R and S be the reactions of the pegs at D and E respecti¬ 
vely so that R will act vertically downwards and S vertically upwards. 

We have 

S=W+.R . (1) 

Since S>R, S will be the first to attain the maximum value T. 

Let AE=x. GE=x—l 


Now, W. GE~R. ED 
*W(x-l)=(S~fV) c [from (1)] 


Since S^.T, 


<T 


^cW-Wl+Wx^cT 

cT+lW—cW 


■ x<- 


W 


Hence, the required greatest length of the lod which can project be- 
c T 

yond the peg at E is /—c4— 

Ex. 7. A weight W is placed upon a triangular table ABC at the m- 
centre of the triangle formed by joining the mid points of the sides of the 
table. Determine the pressure upon the legs and show that they are in 
the ratio b+c: c+a: a+b, where a,b,c are the sides of the triangle ABC, 
Let D, E and F be Ihe middle points of the sides B C, CA and AB 
respectively of A ABC. We join DE, EF and FD. Then the lengths of 

EF, FD and DE are respectively y , ^-and y. Let I be the in-centre 

of £±DEF, where the weight W is placed. Letthis W be the resultant of 
three like parallel forces x, y and z at D, E and F respectively. We join 
ID, IE and IF and produce El to cut FD at M. 
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A 



Now, since the resultant of x, y and z passes through I, the resultant 
of x and z must pass through M. 

MD sin /.MID 
z MD IM __ sin LMD1 
Hence,— =• ~pM~ FM ~~ sin /_MIF 
IM sin LMFI 




z_ 

c 


z y. 

Similarly — = g"’ 

x y z_ x+y+z _ W 

Hence, _ ^= ^ c a+b+c a+b+c 

a.W b W A cW . 

x = " a-hb-hc 5 y a+b+c an a+c+b 
Now, we replace the force x at D by two equal forces^- at B and-j at 
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y . y 

C. Similarly, the force y at E can be replaced byyat + and— at 
C and the force z at F can be replaced by |-at £ and-^ at A. Hence, 


the pressure at A 


the pressure 


y+z 

W (b+c) 

2 

2 (a+b+c) 

, x+z 

W (a+c) 

2 

2 (a+b+c) 

, x+y 

W (a+b) 


Hence, the pressure at A,B,C. are m the ratio b+c : a+c a+b. 

Ex. 8. If four parallel forces are in equilibrium and any plane meets 
their lines of action in four points, show that each force is proportional 
to the area of the triangle foimed by the three points in which the other 
three forces meet the plane. 



Let the four parallel forces P,Q,R and S act at the points A,B,C and 
D respectively. We join AC, BC, AD, BD and produce BA and DC to 
meet at O. The resultant of P and Q act at some point on BA and that 
of S and R act at some point on DC. Since the forces are rn equilibrium, 
these two resultants must pass through a common point of intersection 
of BA and DC i e. through O. We have to prove that 
P- Q ■ R- S— i\BCD . AACD : A ABD . A ABC. 
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Now, since the resultant of P and Q passes through O. hence 
P. 0A=0. OP 


P OB BL BL. CD 2 &BCD &BCD 
Q U2 ~~ AM~ AM. CD ~ 2 A ACD ~ &ACD 


, Q AACD ,, 2? 
Similarly, -g— and 

Hence the result. 


AAAZ> 

A>4£C 


EXERCISE 41 


1. Two men are carrying a straight uniform bar 16 m long weighing 
80 N. One man supports it at a distance of 2 m from one end and the 
other man at a distance of 3m from the other end What weight does 
each man bear 6 7 * 9 

[Ans. 43“2V and 36~ 77 ] 

2. A horizontal light rod AB which is 4m long rests on two props 
at its extiemities. A body of weight 60 N is suspended from a point C 
such that AC— 1m. Show that the pressure at A is three times that at B. 

3. Find the magnitudes of two like parallel forces, acting at a dis¬ 
tance of 4m apart which are equivalent to a force of 20 N acting at a 
distance of 1 m from one of the forces. 

[Ans. 15 Wand 51V, 152Vforce being 1m from the resultant.] 

4. The extermities of a light pole rest on two smooth pegs A and B 
in the same horizontal line. A heavy load hangs from a point P of the 
pole. If AP= 3 PB and the pressure at B is 25 TV more than that at A , 
find the weight of the load 

[Ans 50 2V] 

5. A uniform see-saw plank, 6m long weighs 560 TV. Find the 
position of the support when two children weighing 220 N and 340 N 
respectively sit at the two ends and the plank remains horizontal 

19 

[Ans. 22g-m from the heavier child]. 

6. If the position of the resultant of two parallel forces is unaltered 
when their positions are interchanged show that they are equal. 

7. Two like parallel forces P and Q act at two points A and S of a 
rigid body, their resultant acting at C in the line AB. If Q is reversed 

(Q>P), the resultant acts at D in AB. If CD=AC, find P:Q. 

[Ans. 1:3] 
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8 A man carries a bundle at the end of a stick which is placed 
horizontally over his shoulder. If the distance between his hand and his 
shoulder be changed, prove that the pressure on his shoulder varies 
inversely as the distance between his hand and shoulder. 

9. A man carries a bundle at the end of a stick 2m long, which is 
placed on his shoulder. What should be the distance between his hand 
and shoulder in order that the pressure on the shouldei may be three 
times the weight of the bundle 9 

[Ans. — m] 

P 0 

10. Two like parallel forces ^ N and y- N have a resultant 2 N. 

Are these two forces equal 9 If R be the resultant of these forces and R' 
their resultant when they are unlike and If R. R =25:7 and P>Q, find 
the ratio P.Q 

[Ans Yes. 4:3], 

11 Three like paiallel forces R, IP and 3 P act at ihe angular points 
A,B and C respectively of a triangle ABC Show that the resultant acts at 
a point G in AD where AG-GD= 5 1 and D is a point on BC such that 
BD.DC= 3.2. 

12. Prove that the resultant of three equal like parallel forces passes 
through the centroid of the triangle if the forces act either at the angular 
points of the triangle or at the mid-points of the sides of ihe triangle. 

13. Forces of magnitudes 2N, 3 N, 4N and 5/V act along the sides of 

a square, taken in order. Find their resultant and prove that it is parallel 
to a diagonal and find where it cuts the side along which the first force 
acts. __ 

[Ans. 2^/2 A dividing the side externally in the ratio 7:9] 

14. Forces of magnitudes P, 3 P, 2 P and 5 P act along the sides AB, 
BC, CD and DA of a square ABCD, Find the magnitude and direction 
of their resultant, and prove that it meets AD produced at a point L such 
that A-L:DL=5'A, 

[Ans. ^/~ 5 ~P inclined an at angle tan -1 with DA] 

15. At the angular points of a square, taken in order, theie act like 
parallel forces in the ratio 1:3'5:7. Show that the distance from the 

centre of the square of the point at which their resultant acts is t. where 

4 

a is the length of the side of the square. 

16. A,B,C and D are the angles of a parallelogram, taken in order. 
Like parallel forces proportional to 6, 10, 14 and 10 respectively act at 
the points A,B,C and D. Show that the centre and resultant of these 
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parallel forces remain tlie same, if, instead of these foices, parallel forces 
pi oportional to 8,12,16 and 4 act at the points of bisection of the sides 
AB, BC, CD and DA respectively. 

17. Three like parallel forces P, Q and R act at the vertices A,B and 
C. of the triangle ABC and are respectively proportional to a,b,c. Show 
that their resultant passes through the in-centre of the triangle. 


18. Like parallel forces P, Q and R act at A,B and C, the vertices 
of a triangle ABC and O is any point within the triangle. Show that the 
tesultant of P,Q and R will act at 0 if P-.QR— t\OBC.p,OCA A OAB. 


19- Like parallel forces of magnitudes P,P and 2 P act at the vertices 
A,B and C respectively of a tiiangle ABC Show that their resultant passes 
through the middle point of the line joining C to the middle point of AB. 


20. A straight umfoim heavy rod of length 3m has weights 50/V 
and 100 N attached to its ends and rests in equilibrium when placed across 

a fulcrum distant i-m from the middle point Fund the weight of the rod. 

[Ans. 751V] 

21. A untfrom rod 2m long and weighing 301V is laid on a table 


with | m projecting over the edge. What weight can be hung on the end 
of the rod before it will be pulled over 1 ? 

[Ans. 30 N] 


22. Two light rods AB and BC of lengths m the ratio 1:2 are 
rigidly connected at B and meet at light angles. Weights of 8 N and 41V 
are attached at A and C. Find the inclination of either rod to the horizon 
if the system can turn about B. 

[Ans. 45°] 

23. A light rod AB, 60 cm long, rests on two pegs whose distance 
apart is 25 cm. How must it be placed so that the reactions of the pegs 
may be equal when weights 2IF and 3 W respectively are suspended from 
A and B1 

[Ans. The pegs are at distances 6.5 cm and 18.5 cm from the 

middle point of the rod.] 

24 A uniform bar 2m long and weighing 34 N is suspended by 
two vertical strings. One is attached at a point 3 cm from one end and can 
just support a weight of 18 N without breaking. Another is attached 4 cm 
from the other end and can just support a weight of 20,1V. A weight of 
2 

3^~ IVis now attached to the rod. Show that the least distance of the 
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point of suspension of the weight without breaking either string is 7 cm 
form either string. 

25. If two like parallel forces P and Q acting on a rigid body at A 
and B be interchanged m position, show that the point of application of 
the resultant will be displaced along AB through a distance d where 

d== J^ AB ^ P>Q) - 

[< C.U 54] 

26 There are two like parallel forces P and Q. If two equal and 
unlike parallel forces S, S having their lines of action parallel to those of 
P and Q and distant c from one another be introduced anywhere in the 

cS 

plane, show that the resultant is displaced through a distance Y+Q 

27 Show that if each of two unlike parallel forces P, Q (P>Q) 
acting at points A, B respectively be increased by S, their lesultant will 
not be altered in magnitude, but its point of application will be moved 
through a distance 

S. AB 

P-Q- 

28. P and Q are like parallel forces. If P is moved parallel to itself 
through a distance x, show that the resultant of P and Q moves through a 
distance 

Px 

P+Q ■ 

29. The resultant of two parallel forces P and Q at A and B 
respectively acts at C when like, and at D when unlike. Prove that if 
parallel forces whose magnitudes are equal to these resultant forces, act 
simultaneously at C and D, then A and B will be the points at which 
their resultant will act in the two cases of like and unlike directions. 

30. A line AB is divided into two.parts at C. The resultant of two 
like parallel forces P and Q acting through the mid-points of AC and CB 
passes through C. If P and Q be interchanged in position, show that 
their resultant will pass through the mid-point of AB. 

31. O is the ortho-centre of the triangle ABC. A force P acts along 
OA. This force is resolved into the like parallel forces acting at B and C. 
Show that the component at B is P sin B cos C cosec A 

32. ABC is a triangle and 0 is any point within it. Like parallel 
forces act at A, B and C, which are proportional to the areas of triangles 
BO C, CO A and AOB respectively. Show that the resultant acts at O. 
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33 Three like parallel forces P, Q and R act at the corners of a 
triangle ABC. If whatever be the common direction of the forces, the 
line of action of their resultant passes through 

a) (he centioid, show that P=Q=R 

b) the in-centre, show that—= = — 

a b c 

c) the cucum-centre, show that 

P = Q = R 

sm 2 A sin IB sin 1C 

d) the ortho-centre, show that 

P __ Q _ R 

tan A tan B tan C ’ 

where a, b, c arc the sides of the triangle. 

34. A weight W is placed upon a triangular table ABC at the 
centre of the circumscribed circle. Show that the pressure on the leg A is 
^ W cos A cosec B cosec C. 

35. A weight W is placed upon a triangular table ABC at the inter¬ 
section of the perpendiculars drawn from the angles to the sides. Show 
that the pressures at A, B and C are W cot B cot C, W cot C cot A and 
W cot A cot B respectively. 



Chapter V 


Moments 


5 1 Introduction 

We have seen that two or more concurrent forces acting at a point 
of a rigid body or a number of like or two unequal and unlike parallel 
forces acting at different points of a rigid body can always be combined 
to give a single resultant This single resultant can produce a motion of 
translation of the body, if the body is free to undergo such a motion, 
When, however, a system of forces acts on a rigid body m different 
directions, then these forces may not meet at a point and so these forces 
may produce a motion of either translation or rotation or both. If a 
single force acts on a rigid body of which one point is fixed, then, unless 
the line of action of the force passes through the fixed point, it will tend 
to rotate the body about the fixed point. The case of rotation of a body 
introduces the idea of the wrung effect or moment of a force, whose 
definition is given below 

5.2 Definition of Moment of a force about a point 

The moment of a force about a point is the product of the force and 
the perpendicular distance of the point fiom the line of action of the force 

Thus the moment of a force P whose hue of action is shown in fig 
50 about a point O is Pp, where p =ON, the length of the perpendicular 
drawn from 0 to the line AB. It is clear that the moment of the force 
about the point is zero if either the line of action of the force passes 
through 0 j.e. if p=o or the force P itself is zero, 

5.3 Physical significance of a Moment 

We observe that if the force P does not pass through a fixed point 
0 of a body, then the product Pp (fig 50) is a measure of the tendency 
of P to turn the body about O. The turning power is increased if either 
P is increased or its perpendicular distance ON from 0 is increased. 
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Fig 50 

Let us now consider a plane lamina resting on a smooth horizontal 
table. Let a point of the lamina be pinned at O about which the lamina 
can turn freely (fig. 51). 



Fis. 51 
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Let the lamina be pulled by two strings whose extiemities are fixed 
at A and B Let P and Q be the tensions of the strings at A and B 
respectively and let OM and ON be the perpendiculars drawn from 0 on 
the lines of action of the two forces We observe that the pull of the string 
at A alone will turn the body in the clockwise sense about the point O 
and that of the string at B alone will produce rotation of the lamina 
about 0 in the anticlockwise sense If both the sti mgs are pulled simul¬ 
taneously, the direction of rotation of the lamina about O due to the joint 
effect of these two forces will depend not simply on the magnitudes of P 
and Q. but also on the distances OM and ON i e. on the products PxOM 
and QxON. It can be shown experimentally that the lamina will not turn 
at all if 1 P X OM\ — | Q x ON |. On the other hand, it will rotate m the 
anticlockwise or clockwise direction due to the joint effect of the two 
forces according as | Q x ON j > [ JPx OM | or | Px OM | > | Q X ON |. 

We have thus seen that the magnitude of the tendency of rotation 
of a body about a fixed point due to a force depends on the moment of 
the force about the point and not on the magnitude of the force only. 

Hence, the physical significance of the moment of a force about a 
point is that it is a fitting measure of the tendency of lotation of the body 
about the point caused by the application of the force. 

5 4 Positive and Negative Moments 

We have seen in the previous article that the force P turns the body 
in the clockwise sense and Q in the anticlockwise sense. Hence on 
account of the position of a force with respect to a fixed point, the 
moment of a force about a fixed point may be either in the anticlockwise 
or in the clockwise sense. Although either direction of rotation of the body 
may be chosen as positive, the usual convention is that the moment is to be 
taken as positive if the force tends to rotate the body in the anticlockwise 
direction and it is to be taken as negative if the force tends to rotate the 
body in the clockwise direction. When a number of forces act on a body 
the algebraic sum of the moments of all the forces about some fixed 
point in the body is obtained by giving the value of each moment its 
proper sign and adding them together. 

5.5 Geometrical significance of a Moment 

Let AB represent the given force P is magnitude, direction and line 
of action. Let 0 be any point outside AB and p, the length of the perpe¬ 
ndicular ON from 0 on AB. We join OA and OB. Then the moment ol 
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0 



the foice P about 0 is Vp=ABx AN=twict the magnitude of the area 
of the triangle OAB. 

Tints the geometrical significance of the magnitude of the moment of 
a force about a point is that it represents twice the ai ea of the triangle 
formed by joining the point to the exti entities of the line segment represent¬ 
ing the force 

When proper sign is given to this expression, we get the moment 
completely m magnitude and sign. 

5.6 Units of a Moment 

The moment of a unit force about a point at a unit perpendicular 
distance from the line of action of the force is defined as the unit of the 
moment In F.P.S system, if the unit of force is poundal and the unit of 
distance be one foot, then the unit of moment is foot-poundal. In C.G.S. 
System, if the unit of force is dyne and the unit of distance be one 
centimetie, then the unit of moment is centimetre-dyne. In S.I. unit which 
we shall follow in this book, if the unit of force is 1 newton and the unit 
of distance is 1 metre then the unit of moment is newton-metre In 
symbol this unit is written as 2Vm 

5.7 Moment of the resultant of two forces 
Vcuignon’s Theorem : 

The algebiaic sum of the moments of any two coplanar forces (except 
two equal unlike paiallel forces) about cmy point in their plane is equal to 
the moment of their resultant about that point. 

To prove this theorem, we consider two cases as follows - 
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Case I. When the two forces meet at a point 

Let the two forces of magnitudes P and Q acting along AM and AN 
respectively have a resultant R Let O be any point in their plane about 
which moments of the forces are to be taken. 

We draw OC parallel to the line of action of P to meet the line of 
action of Q at C, Let the length AC represent the force Q and let the 
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length AB represent the force P on the same scale. We now complete 
the parallelogram ABCD and join the diagonal AD. Then AD represents 
the resultant R. 

Now, when the point O lies outside /_BAC[ fig. 53 (i)], the moments 
of the forces P, Q and R about O will be positive according to this figure. 
Hence, the algebraic sum of the moments of P and Q about O 

—2/\AOB-f2AAOC 

=2AABD+2AAOC [':AAOBtmd A ABD stand on the same base 
and between the same parallels.] 

=2AADC+2AAOC 

=2 A AOD 

=moment of R about 0. 

When the point 0 lies inside ABAC [fig, 53 (u)], the moments of 
P and R about O will be positive and that of Q about O will be negative. 

• Hence, the algebraic sum of the moments of P and Q about O in 
this case 

=2AAOB—2AAOC [y the moment of P about O is anticlockwise 

=2AADB—2AAOC and that of Q about 0 is clockwise] 

=2AADC-2AAOC 

=2A AOD 

=moment of R about O. 



MOMENTS 


107 


Case II . When the two forces cue pcnallel 
(i a ) Like parallel forces 




(*) 


r«6 s*- 




Let the like parallel forces P and Q have a resultant R~P-\-Q Let 
O be any point in their plane, about -which the moments of the forces are 
to be taken Through O, we draw a line perpendicular to the lines of 
action of the forces P, Q and P respectively to meet them at A, B and C 
respectively 

When the point O lies outside the lines of action of P and Q 
[fig 54(i)], then the algebraic sum of the moments of P and Q about O 
= P. OA+Q OB 
. -P. (OC-^C)+<2 ( OC+CB) 

= (P+Q). OC+Q. CB~P. AC 
= (P+0. OC(- P. AC=Q, CB) 

=R. OC 

=moment of the resultant about 0 

When the point O lies inside the lines of action of P and Q 
[fig. 54(ii)], then the algebraic sum of the moments of the forces P and Q 
about 0 

= 2- OB-P. AO 
= 2 (CB-CO)-P. (AC + CO) 

= ~(P+Q). CO+Q CB-P AC 
= ~(P+2) CO (•.• P ^C=2- CB) 

= -P. CO 

— moment of the resultant about O 
(b) Unlike parallel forces 

Let the unlike parallel forces P and Q (P>2) have a resultant 

P=P-2. 

Let 0 be any point m their plane. Through O, we draw a line per¬ 
pendicular to the lines of action of the forces P, Q and R to meet them at 
A, B and C respectively 
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R= P-Q 
A *P 
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When the point O lies outside the lines of action of P and Q 
[fig. 55 (h)], then the algebraic sum of the moments of Pand Q about O 

=-P. AO-Q.BO 

=P. (CO+AQ-Q. (BC-\-CO) 

= (P-Q) CO+P. AC—Q. BC 
=R. CO (• -P. AC=Q. BC) 

^moment of the resultant about 0. 

When the point 0 lies inside the lines of action of P and Q 
[fig. 55(ii)], then the algebraic sum of the moments of P and Q about O 

=-g. BO—P AO 

=— Q. (CB — CO) — P, (CO—AC) 

=— (P — Q). CO-P. CA-Q. BC 
= -R. CO [.P. AC—Q,. CB] 

=rooment of the resultant about O. 

Remark : If the point O lies on the line of action of the resultant, 
then the algebraic sum of the moments of the forces P and Q about the 
point is zero. Conversely, if the algebraic sum of the moments of two 
forces P and Q about any point O is zero, then either the resultant is zero 
m which case the forces are m equilibrium or the resultant passes 
through O. 

5.8 Generalised theorem of Moments 

Extension of Varignon's theorem 

If any number of coplanar forces acting on a body have a resultant, 
then the algebraic sum of their moments about any point in their plane is 
equal to the moment of their resultant about the same point. 

Let P lt P 2 , P s , , P n be the forces and let R be their resultant. Let 
O be any point in their plane about which the moments are to be taken. 
Let be the resultant of the two forces P x and P,. Then by section 5.7, 
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the moment of about O is equal to the algebraic sum of the moments 
of P x and P 2 about O We now combine 7? x with the third force P 3 and let 
J? 3 be their resultant. Then the moment of jR 2 about 0=the algebraic 
sum of the moments of I? x and P 3 about 0=the algebraic sum of the 
moments P lt P t and P 3 about 0. Proceeding in this manner, we finally 
arrive at the final resultant R of the system and the moment of R about 
<9=the algebraic sum of the moments of P lt P 2 P* about the same point. 
If we denote the perpendicular distances from 0 on the lines of a action 
of the forces P x , P 2 , , P n by p x , p 2 ,. .p» respectively and if d be the per¬ 
pendicular distance from O on the line of action of the final resultant R, 
then we have 

n 

2PrPr=.Kd 

r=l 

Remarks . If follows from above (bat if 5Prpr=0, then 
either J?=0 or d=0. When J?=0, the system of forces is in equilibrium 
and when d=0, the resultant passes through O. Hence, if the algebraic 
sum of the moments of any number of coplanar foi ces about any point in 
their plane be zero , then either the i esultantpasses through the point or the 
system of forces is in equilibrium 

Conversely, if R— 0, then %Pt pr=0 i e. i/a system of coplanar 
foices be m equilibrium, then the algebraic sum of their moments about any 
point in their plane is zero. 

If d=0 i.e. the point O lies on the line of action of the resultant of the 
system of forces, then also £Pr pr=0. Hence, the algebraic sum of the 
moments of any number of coplanar for ces about any point on the live of 
action of their i esultant ts also zero. 

5.9 Moment of a force about an axis 

We have so far considered the moments of forces about a point 
only in the case when all the forces together with the point are coplanar. 
In the general case, a system of forces acting on a rigid body may not be 
coplanar. In such cases, we may be required to measure the tendency of 
rotation of the rigid body due to these non-coplanar forces about some 
fixed line called the axis of rotation. This necessitates the definition of 
the moment of a force about a line when the line of action of the force 
and the given line are skew i.e. non-coplanar. 

Let P be the force acting at any point 0 of a rigid body and AB is 
the line about whifch the moment is to be found out. We can consider 
the force P to lie on one of the faces of a rectangular parallelopiped and 
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the line AB as one of its edges, which dees not lie on this face as shown 
m the figure (fig 56). 



Let p —00' be the slioitest distance between the line of action of 
P and AB. Since O'O is perpendicular to the face EOCD on which the 
force P lies, the line 00' must be perpendicular to the line of action of the 
force P. Let the angle between the line of action of P and AB be 0 We 
resolve the force P along OE, an edge of the parallelopiped, parallel to 
AB and along OC, another edge. The component parallel to AB is 
P cos 0 and that along OC is P sin 0 It is clear that P cos 0 has no 
turning effect about AB, since OE is parallel AB and the moment of 
P sin 0 about AB 

=P sin 0. P, [since OCJ_AB], 

Hence, the moment of a force about an axis is the pioduct of the 
face m a direction perpendicular to the axis and the shot test distance 
between the axis and the line of action of the foice. 

Remark 1 The moment of a force about the line AB is zero if either 
the line of action of the force is parallel to AB or if the line of action of 
the force intersects AB in which case both the lines will be coplanar. 

Remark 2 : The moment of a force about a point m its plane 
in two dimensions is, in fact, the particular case of the moment of 
the force about an axis through the point, perpendicular to the plane of 
the force 

Remark 3 : It can be shown that Varignon’s theorem is true m the 
case of moments of a system of forces about a line also, i.e. if a system of 
forces acting on a body has a lesultant, then the algebraic sum of tlieii 
moments about any Ime in the body is equal to that of then resultant . 
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It follows that if a system of forces acting on a body is m equihbuum, 
then the algebraic sum of their moments about ony line in the body is zero. 

5 10 Solved Examples 

Ex. 1. Four parallel forces 3 N, 6IV, 97Vand 121V acting at equal 
distances along a straight horizontal rod. Snow that their resultant will act 
at the same point when the thud force is removed. 
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Let the four sorces act at C, D, E and F respectively of the rod AB. 

Let CD—DE—EF— a and let the resultant of all these four forces 
pass through G 2 where DG 2 =x. When the third force i.e. 9N force is 
removed from E, let the resultant of the remaining three forces passes 
through where DG X ~ y. To show that x=y. 

Since the resultant of the forces passes through G 2 , the algebraic 
•sum of their moments about G 2 , will be zero. Hence, talcing moments 
.about G 2 , we get 

3(a+x)+6x—9 (a—x) —12 (2a—x) = 0 

=>-30x=30a=>x=a. 

Again, since the resultant of the forces 31V, 6N~ and \2N acting at 
•C, D and F respectively, passes through G v the algebraic sum of the 
moments of their resultant about G 1 will be zero. Hence, taking moment 
about G v we get 

3(a+y)+6y—12 (2a—y)=0 

=>21y=2la =5>-y=a. 

Hence, x=y. 

Hence the result. 

Ex. 2. A uniform plank 3m long weighing 400 N is supported 
horizontally by two vertical strings, attached at distances 40 cm and 2m 
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30 cm from one end. What weight should be placed on the plank at one 
end so that (i) the tension in one of the strings just vanishes, (n) the 
tension m one string is double the tension m the other. 

Let AE be the plank Its weight 400W acts at G, the middle point of 
the plank The two strings are attached to the plank at C and D respecti¬ 
vely at distances 40 cm and 20 cm respectively from the two ends. 
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Fig. 58 

In case (i), let the tension in the string at D be zero when a weight 
of W x is placed at the other end A of the plank and let T x be the tension 
of the string at C. Since the plank is in equilibrium under the forces W x , 
T x and 400, all measured in newton, the algebraic sum of the moments of 
all these forces about any point will be zero. The most convenient point 
about which the moment is to be taken is the point C, since the moment 
of the unwanted force T x about C will be zero. Hence, taking moment 
about C, we get 

1^X40= 400X110^1^=1100. 

Hence, the weight that must be placed at A in case (i) is 1100 N. 

In case (ii), let W 2 be the weight placed at A so that the tension of 
the nearest string at C becomes double the tension in the other string at 
D, Let these two tensions be 2 T and T respectively. Since, the system of 
forces is in equilibrium m this case also, the algebraic sum of the moments 
of all the forces about any point will be zero. Taking moments about C, 
we get, 

W z x 40-400x1 10 + Tx (130+110)=0 

=>■ W 2 —1100+6!T=0 ...(1), 

Also, for equilibrium, the resultant of the upward like parallel 
forces will balance the resultant of the downward like parallel forces. 
Hence, 

T+2r—400+ W 2 

=>3T=400+ W 2 

^6r=800+2W / a .. (2). 
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Eliminating T from (1) and (2), we get 
PF 3 -1100+800+2TF„=0^3J* r 2 =300=> JF 2 =100. 

Hence, the weight that must he placed at A in case (ii) is 100 N. 

Ex 3. Prove that if a passenger of weight W advances a distance along 

the top of a motor bus, a weight is transfeired from the back springs 
to the front springs, where b is the distance between the axles. 



Cl) 


F16- 59 



Fig. 59 

Let F and B be the front and back springs respectively so that 
FB= b. Let the passenger of weight W start from P and come to Q where 
Pfi=a When the passenger is at P, let the pressures at B and F be R x and 
FFi respectively [fig. 59 (i)] and when the passenger comes to Q, let the 
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pressures at these two points be R 2 and W 2 respectively [fig. 59 (ii)]. To 

W a 

prove that the pressure at F is increased by —g- when the passenger comes 

W a 

to Q from P i.e. to prove that (V 2 —W 1 = — . 

Let BP=x QB= a+x. 


Since W is the resultant of R x and W ± [fig. 59 (i)], we have, by 
Vangnon’s theorem, 

Wx=W x b [taking moments about B], . (j) 

In fig. 59(ii), W is the resultant of R 2 and W 2 and hence taking 
moments about B, we get. 

W(a+x) = W 2 b. . (2) 

From (1) and (2), we get 

„ 7 Wx j TI/ W( a+x). 

Wi= -r— and W 2 — ———— . 

L b b 


Hence, W.-W ,- ■ 

Hence the result. 

Ex. 4. A man can exert a force of 1000 N and pulls on a rope faste¬ 
ned to the top of a post, the rope being twice the length of the post. What 
horizontal force applied to the middle of the post will keep it from falling? 


A 



Fig 60 

Let AB be the post of height h, A C the rope of length 2h and C 
be the position of the man. Let a horizontal force P act at G, the middle 
point of AB. Let the reaction of the ground on the post be R. Since 
these three forces are in equilibrium, hence the algebraic sum of the 
moments of these forces about any point in their plane will be zero. 
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Taking moments about B, we get 
P —■ = 1000X-BCsm LBCA 

~1000 X y/AYP —h a * ' 2 ^ ' 

= 1000 xix.\/3~h 

=^=1000 Vf . 

Hence, the required horizontal force is 1000 y/f jv 
E x. 6. Forces y/2,y/2 and yT+l act along the sides BA, CA and 
BC of an isosceles triangle ABC whose vertical angle is 150°. Show that 
their resultant bisects BC and is parallel to one of the two equal forces 



Since ABC is an isosceles triangle and /_BAC= 150°, hence 
/_ABC= /_ACB—15°. Let the resultant intersects BC at Dand^C at 
E Hence, the algebraic sum of the moments of the forces about D and 
E will be separately zero. 

Taking moments about D, we get 
y/l BD sin 15°-"V2 DC sin 15° 

=>j5D=DC. 

Hence, D is the middle point of BC i e. the resultant bisects BC. 

Let AB=AC— a and AE=x so that EC= a—x. 

Now, taking moments about E, we get 
(\/3+l) EC sin 15°—-\/2x AE sin 30°=0 

->(V3 + D(a—x)X -V^X |=0 

[V sin 15°=sin (45°-30°) 

__ J_ X Vf _ L.X — 

V2 X 2 \/2 2 

- V3-1 I 

2\/2 J 



116 


ELEMENTARY STATICS 


— x X 

VT ~'\/i ~ 


a . 

=>a—x —x =0^ x= ~ 

Hence, AE=EC j.e the resultant passes through the middle point 
E of AC. It follows that the line of action of the resultant of the three 
given forces is parallel to AB. 

Ex. 6. Three forces P, Q and R act in the same sense along the 
sides BC, CA and AB of a triangle ABC. £how that if their resultant 
passes through 

(i) the centroid, P cosec A-\-Q cosec B-\-R cosec C= 0 
(u) the circum-centre, P cos A+Q cos B+R cos C=0 
(m) the ortho-centre, P sec A-j-Q sec B-f-R sec C=Q 
(iv) the in-centre, PpQ-j-R= 0 

(Compare these prolbems with those given in problem no 33, 
Exercise 4 1) 


(0 


Let AD be one of the medians intersecting BC at D and let G be 
the centroid of the triangle. From A and G, we draw perpendi¬ 
culars AT and GL on BC. Let AT =p [fig. 62(i)] Then from 


similar triangles ATD and GLD, we have 






0 ) 


Fig. 62 

Now, ^ ap=A, where A is the area of A ABC. 
Hence, p 

a 
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Similarly, if GM and GN be the perpendiculars from G on AC and 
AB respectively, then 


GM=- 


A a rv 2 A 

-,-and GN=-?-. —■ 
b 3 


3 ' D J c 

Since the lesultant of P, Q and 2? passes through G, the algebiatc 
sum of the moments of all these forces about G will be zero i e. 

P GL+Q GM+P. GN=0 

2.A.2.A .2 A A 

°'I V+ S T T +, 7 7 =0 


Now, since - 


sin A 


b_ 
sin B 


sm C 


-=K (say) 


we have 


and 


a =K sin A, 
h—K sin B, 
c =K sin C. 


Q 


R 


Hence ’ sm A~^ sm B sm C 0 


^>P cosec A+Q cosec B-\-R cosec C=0. 

(li) Let O be the circum-centre of A ABC. We join OA, OB and OC 
so that OA=OB~OC=R ', the circum-radius. Let D, E and F be the 
feet of the perpendiculars drawn from O on BC,CA and AB respectively, 
[fig. 62. (a)]. Since the angle at the centre of a circle subtended by an arc 
is double the angle on the circumference subteneded by the same arc, 
hence /_BOC—2A. 


A 



Fig. 62 
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:./_BOD= IDOC^A [-.-ABOD^ADOC] 

:.OD—OB. cos i'_BOD=R' cos A. 

Similarly, OE=R cos B and OF=R' cos C. 

Since (he resultant of P, Q and R passes through the circum-centre 
0, hence the moments of all the forces about O is zero. 

Thus P. OD+Q OE+R. OF= 0 
=>PR' cos A-\-QR' cos BA-RR' cos C —0 
=>P cos A-j-Q cos B+R cos C=0. 

(iii) Let AD , BE and CF be peipendiculars from A,B and C on PC, 
CA and AB respectively and let H be the ortho-centre of A ABC 
Now, the quadrilateral DCEH is a cyclic quadrilateral, since 
AHEC+A_HDC=m°. 

• Hence, Z.BHD=C :.AHBD=90 C -C 



Now ’W = tan LHBD=tan (90°-C)=cot C 

^?HD=BD cot C=AB cos B cot C=c cos B cot C 

Now, —r—r = . —p- = —= 2 R', R' being the circum-radius 
sm A sin B sin C 

of A ABC. 

Hence, a=2P f sm A, b=2 R 1 sin B and c=2 R' sin C 

Hence, HD=2R' sin C cos B cot C—2R' cot B cos C 
=2 R f cos A cos B cos C sec A. 

Similarly, HE-2R! cos A cos B cos C sec B 
and HF=2R' cos A bos B cos C sec C. 
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Now since the resultant of P, Q and R passes through H, hence the 
algebraic sum of the moments of the forces about H is zero i.e. 

P.HD+Q. HE+R, HF= 0 

=>-P. 2 R' cos A cos B cos C sec A+Q. 2R’ cos A cos B cos C 
sec B+R, 2 R' cos A cos B cos C sec C=0 

rifP sec A-j-Q sec B+R sec C=0. 

(iv) Let I be the in-centre of A ABC and let ID]_BC, IE±_AC and 
IF±AB [fig. 62 (iv)]. Clearly, ID =IF=IE=r, say. 

Since the resultant passes through /, hence the algebraic sum of the 
moments of all the forces about / will be zero, i.e. 


A 



Fig 62 


^r+2r+i?r=0 

Hence the results. 

Ex. 7. A heavy carriage wheel of weight W and radius r is to be 
dragged over an obstacle of height h by a horizontal force P applied to 
the centre of the wheel. Show that P must be slightly greater than 

w. V2hr—h 2 


r-h 
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Let C be the centre of the wheel, through which the weight W is act¬ 
ing vertically downwards. A is the point of contact of the wheel with the 
ground 0 is the obstacle of height h above the ground and ON±CA, 
where CA is vertical. 



Fi'S. 65 


To overcome the obstacle, the moment of P about O must be 
slightly greatei than that of W about the same point. In the limiting 
position of equilibrium m which the wheel is about to turn around O, 
the pressure of the ground through A will be just zero. Hence, taking 
moment of P and W about O, we get 

P. NC> W.ON 

=>P. (r-h) >W. V 0CA — CN 2 

.= W. Vr 2 —(r—h) a 

— W\/ 2Iir = 3a 5 ~ 

=^P> jliVj'hr—h 2 
r-h 

Hence the result. 
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Ex. 8 Of the four coplanar forces m equilibrium, one is given com¬ 
pletely, a second and a third, which are not parallel, have their lines of 
action given, while the fourth has its magnitude only given. Prove that 
the line of action of the fourth force must touch a fixed circle. 

[C U. 1934] 

Let the foui forces be P,Q,R and S of which P is completely given 
i.e. its magnitude, direction and sense are known, the lines of action of 
the non-parallel forces, Q and R intersecting at 0 are given and the 
magnitude only of S is given. To prove that the line of action of the force 
S touches a fixed circle Let s and p be the lengths of the perpendiculars 
drawn from 0 on the lines of action of S and P respectively. Since P is 
completely given and the lines of action of Q and R are given, P and 
p are given constants but s is unknown. Now, since the system of forces 
is m equilibrium, the algebraic sum of the moments of all the forces 
about any point m their plane is zero. 



Fi'G £>+ 
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Hence, taking moments about 0, we get, 
Pp—Ss=0 



which is a constant, since P, p and S are all given. Now, since the 
distance of the line of action of the forces S from a fixed point 0 is 
constant for all drections of the force of magnitude S, it follows that the 
line of action of S touches a fixed circle whose centre is 0 and radius is 

~ . Hence the result 

Ex. 9 If three forces represented in magnitude and direction by the 
bisectors of the angles of a triangle, all acting from the vertices, be m 
equilibrium, prove that the triangle must be equilateral. 

Let AD, BE and CF be the bisectors of the angles A,B and C of 

A ABC and let the forces be represented by the bisectors AD, BE and CF. 
Since all these forces are in equilibrium, hence the algebraic sura of the 
moments of these forces about any point is zero. Now, the moments of 
-> -?• 

CF and BE about A are respectively 2A AFC and 2A ABE . Hence, taking 
moments about A, we get t\ABE— &AFC—0 .(I) 
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Now, since BE is the bisector of the angle B, hence, 
A BCE CE BC a 

A BAE — AE ~ AB ~ c 

A BCE-+ A BAE a-fc S a-j-c , 

^ A BAE c ^ l\BAE T 

where 5 is the area of A ABC. 


Hence, A ABE — —~ S. 
' ~ a-j-c 


Similarly, A AFC = 

a-l-b 

Hence, from (1), 


a+c a+b 
=>c(a-fb) —b (a+c)=0 
=>a (b—c) = 0=>b=c [Va^O], 

Similarly, taking moments about B, we can show that a=c. 

Hence, a—b=c i e the given triangle is equilateral. 

Ex. 10. OX and OY are two straight lines at right angles, and a 
force acting m their plane at 0 has moments G and G' about the two 
points whose co-ordinates are (x,y) and (x', y') respectively with respect to 
the lines OX and Of as axes of co-ordinates. If xy'— x'y^O, prove 
that the magnitude R of the force and the angle 0 between its line of 
action and O X are given by 

(x<?' —x'G) a + (yC"—y'G) 2 
(xy'-x'y Y 


and tan 


0 = 


y <?'—y' G . 
x G'—x' G 


Let P and P f be the points (x,y) and (x', yO respectively. The two 
components of R along OX and OY are R cos 6 and R sin 6 respectively. 
Since the moments of a force about any point is equal to the algebraic sum 
of the moments of their components about the same point, we have by 
taking moments about P and P' successively, 

R cos 6. y'—R sin 6. x—G—0 
R cos 0. y —R sin 8. x'—<7=0 


• ( 1 ) 
( 2 ) 
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Solving for R cos 0 and R sin 0, we get 

R cos 0 _ R sin 0 . 1 

xG'—x'G —Gy'+G'y~ —yx'+xy' 


o n xG'—xG , „ . n 
ic cos 0 — -— 7 — 7 — and f? sin 0 
xy —x y 

Squaring and adding, we get 


yjS'-y^G 
xy'—x'y 


™ (xG'-x'G) 2 +(yG'-y'G ) 2 . 

(xy' — x'y ) 2 

Dividing the second equation by the first, we get 


tan 0 — 


yG'-y'G 
xG'-x'G ' 


Hence the result. 


Ex. 11. ABC is an isosceles right-angled triangle whose equal sides 
AB and AC are 4cm in length. The moments of a force about the points 
A,B and C are respectively 8 Nm, 8 Nm and 16 Nm in the same sense. 
Find the magnitude and the line of action of the force. 

Let the force be F. Since the moments of F about A, B and C are 
in the same sense, A, B and C must be on the same side of the line of 
action of F. If p^ and p 2 be the lengths of the perpendiculars from A and 
B respectively on the line of action of F, we have, by taking moments 
about A and B, 
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2^=8 and Fp a =8 

from which we get p 1 =p 2 . Hence, the line of action of Fis parallel to 
AB We produce CA to cut the line of action of F at N Taking 



moment about C, we get 


F. CN=16 
and F AN— 8 


Hence, 


CN 

AN 


—2=>CN=2 AN. 


Hence, AN=AC= 4, 



= 2 , 


Hence, the magnitude of the force is 2N acting parallel to AB at a 
distance of 4 cm from it on the opposite sides of C 

Ex. 12, A circular table of weight W has four legs spaced at equal 
distances round its edge Show that the least weight sufficient to over¬ 
turn the table is {\J2A- 1) W. 

Let ABCD be a circular table and let A,B,C and D be the upper 
ends of the legs attached to the rim such that ABCD is a square. Let A!, 
B', C' and D' be the points of contact of the legs with the floor. O is the 
centre of the table, through which its weight, W, acts vertically down¬ 
wards If any weight is placed within the square, there is no chance of 
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overturning, because, in this, case the moment of this weight about any 
side of the square will be of the same sign as that of the weight of the 
table about the same side. The only case m which the table has any 



chance of overturning is when the weight is placed on the table outside 
the square, say, in the portion ANB. Now, the weight placed will have 
the greatest turning effect when placed farthest away from AB i.e, at N 
where OMN is perpendicular to AB. Clearly, N is the middle point of 
the arc AB and /_OAM= 45°. Let W' be the weight placed at N. Now, 
when the table is just on the point of being overturned about AB, the 
legs at C' and D' will just lose contact with the ground and W and W' 
will have equal moments about the line A'B' i.e. about AB. Hence, 
taking moment about AB, we get 

W. OM—W MN 

=*■ W a sin 45° = W’ (a—a sin 45°), 
where a is the radius of the circular table. 

W.—Lr 

Hence, W — ±j- - W (V2 + 1) 

'“VT 
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EXERCISE 5.1 


1 A uniform rod 50 cm long and weighing 50 A rests horizontally 
on supports at its ends. If a weight of 15 IV is attached at a point 
30 cm from one end, find the pressures on the supports. 

[Ans. 31 A and 34A] 

2. Weights of 5 A, 10A, 15A and 20A are suspended from a uniform 
rod of length 2m and weight 15 A at distances 40cm, 70cm, 1m 
and lm 20 cm respectively from one end. Find the position of 
the point about which the rod will balance. 

j^Ans. 96^-cm from the end from which distances are measured.J 


3 Find the magnitude and line of action of the resultant of parallel 
forces of magnitudes 3, 6, 8 units in one direction and 12 m the 
opposite direction acting at points A, B, C and D respectively in. 
a straight line, where AB= lm, BC= 3m and Ci)=5m. 

[Ans. 5 units at 14 m from A on DA produced.] 


4. A heavy uniform beam of length 4m and weight 300 A is 
suspended in a horizontal position by two vertical strings 
attached at the ends, each of which can just sustain a tension of 
200A Within what distance from the centre can a weight of 75A 
■ be suspended without breaking either string? 



5. A uniform rod of length 2m and weight 10A rests in a horizontal 
position with its ends on two supports each of which will bear 
a weight of 60 A and no more. Find at what part of the rod a 
weight of 85 A can be placed without breaking either support. 

j^Ans. py-in on either side of the rod.^ 

6 . Forces of magnitudes 1A, 2A, 3A, 4 A, 5A and 6A act along the 
sides AB, BC, CD, DE, EF and FA of a regular hexagon. Find 
the moment of each force about A 

|^Ans. 0, a\/3, 3a \/ 3, 4a\/3, 5a and 0, where 

a=the side of the hexagon. 


] 
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7. Five parallel forces 1,6,3,4 and 8 units act on 1m apart on a 
straight horizontal rod. What force must be added to the first 
force in order that, if the rod be supported at the point where 
the third force acts, it may remain horizontal. 

[Ans. 6 units) 

8 . The horizontal roadway of a bridge AB, 12m long, weighs 
56000 N and rests on two supports at its ends. What is the 
pressure on each support when a lorry of weight 336007V starting 
from A is two-thirds of the way across the bridge 1 ? 

[Ans. 392C0JV at A and 50400IV at B] 

9. A uniform plank ABC of length 12m and weight 8007V rests on 
two supports A and B, one at the end A and the other at B, 

4^ m from the end C. A boy walks along the plank from A to C 

and just as he reaches C, the plank commences to tilt. Find the 
weight of the boy. 

£ Ans. 266-|lV^j 

10. A light rod ABCD, 2m long, has a vertical force 75 N acting at 
its middle point. It rests on two props B and C, 1m apart, and 
the pressure on C is 4 times that on B. Find the greatest 
vertical force that can act at D without overturning the rod. 

j~ Ans 18^-IV 

11. A stiff pole 4m long sticks horizontally out from a vertical wall. 
It would break if a weight of 140 IV were hung at the end. How 
far out along the pole may a boy weighing 560IV venture with, 
safety? 

[Ans. The boy can go a distance just less than lm from the wall.} 

12 A uniform beam 4m long and weighing 300 N rests on two 
props at equal distances from the ends. Find the maximum 
value of this distance so that a man weighing 700IV may stand 
anywhere on the beam without upsetting it. 



13. A uniform rod of length 3m and weight 20 N is suspended 
horizontally by two strings, one attached at a point distant lm 

from one end and the other attached at a point distant ym from 
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the other end. The maximum tension which either string can bear 
is 601V. At what part of the rod a weight of 80 N can be attached 
without either string breaking 1 ? 


Ans If xm be the requued distance from the first end, then 


14. A rod AB, 12 cm long, has a weight of 1 N hung from A and 
when a weight of 15 N is hung from B, it balances at a point 3 
cm from B while if 8 N is hung there, it balances at a point 4 cm 
from B. Find the weight of the rod and the point where it acts. 

[Ans. 12N, middle point] 


15. A non-unifrom rod of length (a+b) and weight W rests on two 
paiallel knife edges at a distance c apart in the same horizontal 
plane, so that equal portions of the rod project beyond each knife 
edge. Prove that the pressures on the knife edges are respectively 

—— W and -— 2c' C ~^ wei S' 1t of tllc r °d acts at a 
point at a distance a from A. 


16 A light hoiizontal lod, 12 cm long, is supported by two vertical 
props, each 3 cm fiom an end of the rod and is loaded with 16 N 
at each end. What weights hung from the ends will produce m 
one prop a pressure double and in the other prop a pressure 
half of that produced by the 1 6N weights? 

[Ans 26N and 141V] 

17. A horizontal beam ABCD rests on two supports at B and C 
where AB=BC=CD It is found thal the beam will just tilt when 
a weight of p N is hung from A or when a weight of q N is hung 
from D, Find the weight of the beam and prove that the point 
on the beam, where the weight acts, divides AD in the ratio 
2 p+q : p+2q 

[Ans. (p+q) A] 

18. A unifoim bar, m long and weighing 61V, rests on a horizon¬ 
tal table with one end projecting l|m over the edge. Find the 
greatest weight that can be hung on the end without making the 
bar topple over. 

19. A non-unifrom rod, 16 cm long, rests on two pegs 9 cm apart, 
with its centre midway between them The greatest weights that 
can be suspended m succession from the two ends without 
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disturbing the equilibrium are 4 N and 5JV respectively. Find the 
weight of the rod and the, position of the point at which its 
weight acts 

[Ans. 3 %N, £ cm from the mid-point] 

20. Prove that the line of action of the forces 112V acting along DA, 
IN along CB, \9N along CD and 5N along BA of a square 
ABCD bisects AD and trisects CD. 

21. Three forces, each of magnitude P, act along the sides of a 
triangle ABC in order. Prove that the resultant is at a distance of 
2PA 

—from A cutting BC externally in the ratio c - b, where R is 
a K 

the resultant of the three forces, A is the area of the triangle 
ABC and a,b,c are the lengths of BC, CA and AB respectively. 

22. ABC is an equilateral triangle. Foices4N, 2N and IN act along 
the sides AB, AC and BC respectively in the directions indicated 
by the letters, Prove that their resultant acts in a direction 
at right angles to BC and find the point in which the line of 
action meets BC. 

[Ans. The line of action divides BC in the ratio 1:2] 

23. A heavy non-uniform beam AB of length / rests across a fixed 
peg P and carries equal weights W x hung from each end. In the 
equilibrium position with the beam horizontal, the distance AB 
is x x . For another pair of equal weights W 2 , the corresponding 
distance AP is Xj. Prove that the weight of the beam, W, is given 
by (x x — x ! )W=(W 1 — PF 2 )x 2 1—2W 1 x 1 +2W 2 x 2 

24. A uniform plank of length 2a and weight W is supported honzon- 
tally on two vertical props at a distance b apart. The greatest 
weight that can be placed at the two ends in succession with¬ 
out upsetting the plank are W x and W 2 respectively. Show that 

Wi W 2 b 

W+W x ' W+W, a ' 

2 5. One end of a stout rope of length 20 m is fixed to a vertical 
telegraph post standing on the ground, and a man pulls at the 
other end with a given force. Fmd the highest point of the post 
at which the rope is to be fixed in order that the man will have 
the least chance of over-turning the post. 

[Ans. The rope is to be fixed at a height of 10 \/2 m from the 
ground.] 
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26 A smooth bamboo pole just stands vertically on the ground, and 
a horizontal rope which is once wrapped at its top has the two 
portions at right angles to one another. The pole is kept in 
position by pulling it with a rope attached at one-third the 
height of the pole. If this latter rope be inclined at an angle 45° 
with the horizon, prove that the tension in it must be six times 
that of the rope at the top. 

27. The sums of the moments of a system of forces acting at a point 
about two given points are equal in magnitude Show that their 
resultant is paiallel to a fixed line or passes through a fixed point. 

28. The moments of a force about the points (0,0), (10,0) and (0,5)n 
are 184 Nm,—A6Nm and 249 Nm. Find where the force meets 
the x-axis and find its components parallel to the co-ordinate 
axes. 

[Ans. At a distance 8m from the origin. 137V along x-axis an 
23 N along y-axis] 

29. Forces are represented m magnitude, direction and line of actiod 
by the perpendiculars drawn from the angular points of a 
triangle to the opposite sides. If their sum of moments about each 
of the angular points is zero, show that the triangle is equilateral. 

30. The wire passing round a telegraph pole is horizontal and the 
two portions attached to the pole are inclined at an angle of 60° 
to one another. The pole is supported by a wire attached to the 
middle point of the pole and inclined at 60° to the horizon. Show 
that the tension of this wire is 4t/ 3 times that of the telegraph 
wire. 

31. AB is a diameter of a circle and BP and BQ are chords at right 
angles to one another. Show that the moments of the forces 

—► -> 

represented by BP and BQ about A are equal. 

32. M 1 and M 2 are the moments of a force F about two given points 
A x and A 2 respectively, where My and M 2 are of the same sign. 
Prove that the line of action of the force is along a common 
tangent to two circles drawn with centres A ± and A 2 and radii 

and ~~ respectively. 

33. If the moments of two given intersecting forces about a point in 
their plane be equal and of the same sense, prove that the 
point must be on a certain straight line. 
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34. Forces liV, 2N, 4 N and 5N act, all in the same sense, along the 
sides of a square taken in order Prove that their resultant is 
parallel to a diagonal and find where it cuts the side along 
which the first force acts. 

[Ans. It divides the side externally m the ratio 2.3.] 

35, A letter weigher consists of a uniform plate in the form of a 

3 

right-angled isosceles triangle ABC of mass — kg, which is sus¬ 
pended by its right angle C from a fixed point to which a plumb- 
line is also attached. The letters are suspended from the angle A, 
and their masses read off by observing where the plumb-line 
intersects a scale engraved along AB, the divisions of which are 
1 2 3 

marked ~ kg, kg, — kg, etc. Show that the distance 
from A of the divisions of the scale foim a harmonic progression. 

36 ABC is a right-angled triangle, the sides BC, CA and AB being 
13m, 12m and 5m of length respectively. The moments of a force 
F about A,B and C are respectively 

(i) 0 Nm , 25 Nm and 144 Nm respectively 

(ii) 0 iVm,—25 Nm and 144 Nm respectively. 

Find in each case the magnitude, direction and the line of 
action of F. 

[Ans. ( 1 ) F=13N acting along the tangent at A to the circum- 
circle of A ABC. 

(li) F=13AT acting along the perpendicular from A on BC.) 

37 Thiee forces P, Q and R act along BC, CA and AB respectively 
of a triangle ABC If the line of action of their resultant 
passes through 

(i) the in-centre and the circum-centre of A ABC, show that 
P' Q : i?=(cos 5-cos C) : (cos C- cos A) : (cos A —cos B) 
=(b-c)(b+c-a) . (c—a)(c+a—b): (a-b)(af-b-c) 

(ii) the in-centre and the centroid of A ABC, show that 
P : Q : R= a(b—c) ■ b(c—a) c(a—b) 

(m) the in-centre and the ortho-centre of A ABC, show that 
P:fi:5=cosA (cos B- cos C) : cos B (cos C-cos A) 
• cos C(cos A—cos B) 
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(iv) the circum-centre and the ortho-centre of A ABC, show that 
P: Q : R=sia 2A sin (B— C) : sin 2 B sm ( C—A) 

: sin 2C sin (A-B)=( b 2 -c a ) cos A : 

(c 2 —a 2 ) cos B ■ (a 2 ~b 2 ) cos C 

(v) the circum-centre and the centroid ofA^P^, show that 
P : Q : R— sm 2 A sin (B—C) : sm 2B sin {C—A) 

: sin 2C sin (A—B) 

(vi) the ortho-centre and the centroid of A ABC, show that 
P. Q : i?=sin 2 A sin ( B—C ) : sin 2 B sm (C—A) : 

sm 2 C sm (A — B ), 

where a, b, c are the sides of the triangle ABC. 

38 Three forces P,Q and R act along the sides BC, CA and AB 
respectively of a triangle ABC. If their resultant passes through 
the centroid of the triangle, prove that 

-Z _l . ^ . +-^— =0 

BC + CA ^ AB 

39 Like parallel forces P, Q and R act at the vertices of a triangle 
ABC perpendicular to its plane- If the resultant passes through 

(i) the in-centre of A ABC, show that 
P.Q.R— sm A• sin B\ sin C 

(u) the circum-centre of A ABC, show that 
P:Q-R= sin 2A: sin 2 B' sin 2C 
or, P(c cos B —b cos C)+21(a cos C—c cos ^4) 

+J?(b cos A—a cos B)— 0 

(iii) the ortho-centre of A ABC, show that 
P:g:P=tan A. tan B. tan C 
or, P(b 2 +c 2 -a 2 ) = g (c 2 +a 2 -b 3 ) =P(a 2 +b a -c 2 ). 

40. Three forces P, Q and R acting at the vertices A, B and C respecti¬ 
vely of a triangle ABC, each perpendicular to the opposite side, 
keep it in equilibrium; prove that 

P.g:P=a b.c. 

41. If three forces P, Q and R acting along the bisectors of the 
angles of A ABC at the angular points A, B and C respectively, 
keep the triangle in equilibrium, show that 

P:g:P=cos \ A ' cos $ B • cos $ C 

42. Three forces P, Q and R act along the sides BC, CA and AB of 
a triangle ABC. Show that the line of action of their resultant 



134 


elementary statics 


cuts BC at a point distant x from C, and BA at a point distant 
y from A, given by 

ab R be P 

x ~ ■fic=^b ,y= 'fia->b ’ 

43. Three forces acting along the medians of a triangle, all fiom the 
vertices, are in equilibrium. Show that the forces are propor¬ 
tional to the lengths of the medians. 


44. Forces l.BC, m CA and n. AB act along the sides of a triangle 
ABC, taken in order. Show that their resultant passes through 
the centroid of the triangle if /+m+n=0. 

45. Forces P, Q and R act along the sides BC, CA and AB respectively 
of a traingle ABC, and the forces P', Q 1 and R' act along OA, OB 
and OC respectively, where O is the circum-centre of A ABC. 
Prove that, if the six forces are in equilibrium, 

P cos A+Q cos B-j-R cos C=0 


and £t: + 2g: + “_o. 

a b c 


46. Three forces act along the sides of a triangle, taken m ordei. If 
the sum of two of the forces be equal in magnitude but opposite 
m sense to the third force, prove that their resultant passes 
through the in-centre of the triangle. 


47. Three forces P, Q and R act along the sides BC,CA and AB 
respectively of a triangle ABC, taken in order. If their resultant 
touches the 


(l) circum-circle, show that 
b Q “b cR —0 

(ii) in-circle, show that 

COS 2 y- COS 2 y COS 2 -y 

y-4 q b ^ 


0 . 


48. If the four forces, each acting along a cyclic quadrilateral, be in 
equilibrium, show that each force is proportional to the opposite 
side. 


49 A square table stands on four legs placed at the mid-points of 
its sides. If the total weight of the table and legs be W, find the 
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Couple and its moment 


6 1 Definitions 

We have seen that two equal and unlike parallel forces cannot be 
combined into a single resultant. Such forces acting on a rigid body cannot, 
therefore, produce any translatory motion of the body. They can generate 
only the rotation of the body. This type of rotatory motion of a body 
due to two equal and unlike parallel forces is observed when we wind a 
clock or spin a spindle. The key or the spindle rotates due to two such 
forces which are generated by our fingers. 

Two equal and unlike parallel forces whose lines of actions me diffe¬ 
rent are said to constitute a couple. The effect of a couple on a body is to 
produce pure rotation. 

The aim of a couple is the perpendicular distance between the lines 
of action of the two forces which form the couple. 

The moment of a couple is the product of any one of the forces which 
form the couple and the perpendicular distance between their lines of action, 


P 



F-iG. 69 
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Thus in fig. 69, AB is the arm of the couple formed by two equal and 
unlike forces P,P and p is the perpendicular distance between the lines 
of action of the forces. 

The moment of a couple is regaided as positive 01 negative according 
as the couple tends to rotate the body m the anticlockwise or clockwise 
direction. Thus m fig. 69, the moment of the couple is— Pp, since the 
couple tends to lotate the body in the clockwise sense. 

Remark . A couple with forces P,P and arm length p is very often 
denoted by (P,p). 

A couple is also called Torque by some writers. Some, however, use 
the void ‘torque’ to denote the moment of the couple. 

6,2 Theorem on the moment of a couple 

The algebiaic sum of the moments of the two foreces fanning a 
couple about any point in then plane is a non-ze 10 constant and equal to 
the moment of the couple. 




Fie. 70 

Let 0 be any point in the palne of two equal and unlike forces P,P 
forming a couple of arm length p. Through 0, we draw a peipendicular 
line OAB [fig. 70(i)] or AOB [fig. 70(ii)] meeting the lines of action of the 
forces at A and B. Then AB=p. In fig. 70 (i) where the point O lies 
outside the forces, the algebiaic sum of the moments of the forces about 
0=P,0B — P.OA=P[OB — OA)=P.AB=Pp which is independent of the 
position of the point 0 and hence it is a constant. This is also equal to 
the moment of the couple. 
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In fig. 70(ii), where the point 0 lies inside the equal forces, the 
algebraic sum of the moments of the foices about 0 =P .0 A-\- P .OB 
=P. [OA-\- OB)=P.AB=Pp which is also a constant and is equal to the 
moment of the couple. 

Remaik The moment of a couple can never be zero, since both P and 
P^O, 

6.3 Converse theorem 

The converse of the above theorem is also true l e. if the algebraic 
sum of the moments of two coplanar forces acting on a body about any point 
in their plane is a non-zeio constant , then the forces form a couple. 

The two coplanar forces may be of any one of different types viz. 
(i) they may act along the same straight line, (u) they may intersect at a 
point, forming a non-zero angle, (lii) they may be like parallel foices 
(iv) they may be unequal and unlike parallel forces or (v) they may be 
equal and unlike parallel forces in which case they form a couple. Now, 
if the forces are of the type (i), then the algebraic sum of the 
moments of the two forces about any point on the line of action of the 
two forces will be zero, violating the given condition of the theorem. In 
case (ii), the algebraic sum of the moments of the two forces about the 
point of intersection of the lines of action of the two forces is clearly 
zero. Hence, the two forces cannot be of this type. In cases (lii) and (iv), 
if we take the moments of the forces about any point on the line of 
action of the resultant of the two like or unlike parallel forces, then 
by Varignon’s theorem of moments, the algebraic sum of the moments, 
of the two forces about that point is zero. So the two given forces can¬ 
not be of this type also. The only alternative left is the force in (v) 1 e. the 
two given forces under the give conditions must form a couple. 

6.4. Couples of moments equal and opposite 

Equilibrium of two couples 

If two couples have equal and opposite moments, one will produce 
as much rotation in the anticlockwise direction as the other m the clock¬ 
wise direction Hence, the two couples will cancel each other’s effect This 
theoiem of equilibrium of two couples can be stated as follows : 

If two couples whose moments are equal m magnitude and opposite 
in sign act m the same plane upon a rigid body, they balance one another. 

To prove this theorem we consider two couples ( P, p) and ( Q , q) 
such that Pp=2q (1) 

in magnitude 

There are two cases to be considered. 
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Case I When the forces foimvig the couples aie not all pautllel 

Let one of the forces of the couple (P,p) intersect one of the forces 
of the couple (Q,q) in A and the other two forces of the two couples 
intersect at B [fig. 71]. 



Pi's 71 


Now, the algebraic sum of the moments of the forces P and Q 
acting at B about the point A 
— Pp — Qq=0 [from (1)] 

Similarly, the algebraic sum of the moments of the forces P and Q 
acting at A about the point B is zero. Hence, it follows that the resultant 
of the forces P and Q acting at A passes through B and that of P and Q 
acting at B passes through A 

Now, the angle between P and Q at A is equal to that between P 
and Q at B and so the resultant of the forces P and Q at A must be equal 
in magnitude to that of P and Q at B. Since these two equal forces are 
acting along the same line m opposite directions AB and BA, they will 
balance each other. Thus the resultant of all the forces forming the two 
couples is zero and hence the two couples balance each other, 
case II. When the forces forming the couples are all parallel 

We draw a straight line perpendicular to the lines of action of the 
forces forming the two couples (P,pj and (Q,q) to meet them at A, A x , B 
and Pj. Here p=AB and q =A 1 B 1 . Let the resultant of the like parallel 
forces Q at A x and P at B pass through C such that 

Q. A X C = P.BC ..(2) 

The magnitude of this resultant is P + Q and the lme of action of 
this resultant is perpend lculai to A B x . 
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Fi'g . 72 

Now, since the moments of the two couples are equal in magnitude, 
we have Pp=<2q 

=> Q.A 1 B t = P AB. ...(3) 

Subtracting (2) from (3), we get 

Q. (A 1 B 1 —A 1 C)=P. (AB—BC) 

=>■ Q. B X C=P AC. 

This shows that the resultant of Q at B x and P at A passes through 
C. Its magnitude is also P-\-Q and its dnection is perpendicular to 
AB V 

Thus the resultant of P at B and Q at A x and that of P at A and 
Q at B x are equal in magnitude and act along the same straight line in 
the opposite directions. Hence, they balance each other. Thus the two 
given couples also balance each other. 

6.5 Equivalent couples 

Theorem ' Two couples in the same plane whose moments are equal 
and of the same sign are equivalent to one another. 

If we reverse the constituent forces of any one of the two couples, 
then this couple and the remaining couple will balance each other, since 
their moments are now equal m magnitude but opposite m sign. It 
follows that the two coplanar couples whose moments are equal and of the 
same sign must be equivalant to one another. 
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Renuuk 1 From the above theorem it follows that a couple can be 
replaced by any other couple acting in the same plane provided the two 
couples have the same moments and are of the same sign. It is immaterial 
what the direction of the constituent forces of the second couple may be 
or their magnitude or the arm. Thus a couple (P,p) can be replaced by a 

couple ^ P x , j m Lhe same plane With its constituent forces each equal 

to P x . The aim length of this couple should be such that the two moments 
are equal and of the same sign Similarly, a couple (P,p) may be replaced 

by a couple ; x J with a given arm length x anywhere in the same 

plane. 

Remark 2 : A couple has no particular position of application like a 
force, but it may be transferred anywhere in its plane without changing 
its effect on the body it acts upon. We have thus the principle of trans- 
missibility of couples just like the principle of transmissibility of forces. 

6.6 Couples in parallel planes 

Theorem • The effect of a couple remains unchanged if it is transferred to a 
parallel plane without changing its moment in magnitude and sign. 

Let the couple ( P , p) lie on the plane XY and let its arm length be 
AB so that p =AB and the constituent forces are perpendicular to AB 
Let X' Y' be a plane parallel to the plane X T We take on X' Y' any 
me A X B X such that A x B x =AB &ndA 1 B l || AB. We join AB X and A X B and let 
lthem meet at 0 [fig. 73], Clearly, 0 is the middle point of both AB X and 
A X B. At each of the points A 1 and B x , we introduce two equal and opposite 
forces, each being equal to P and parallel to its line of action. We can 
combine the equal and like parallel forces P, P acting at A and B x to a 
single resultant of- magnitude 2 P, acting at 0 along OC parallel to each 
of the components. Similarly, the equal and like parallel foices P,P acting 
at A x and B can be replaced by their resultant 2P, acting at 0 along OD 
parallel to the components. These two resultant forces of the same 
magnitude 2 P act at 0 along the same line but in the opposite directions. 
Hence, they balance each othei. We are now left with two equal and 
unlike parallel forcea P ,p acting at A x and B x , m the same sense and 
direction as those of the constituent forces of the couple (P, p) in the XY 
plane. 

Thus the given couple (P, p) in the XY plane is equivalent to the 
couple (P,p) of the same moment in the parallel plane X' Y' with arm 
A x B x , Since the couple in the X'Y' plane can be replaced m its plane by 
any other couple of the same moment and sign, it follows that a couple 
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Fig. 73 

in any plane can be replaced by any other couple in a parallel plane 
provided its moment remains unchanged in magnitude and sign. 

Remaik , A couple is completely specified if we know the direction of the 
set of parallel planes, ihe magnitude of its moment and the sense in which 
it acts We can, therefore, represent a couple by a line segment drawn 
perpendicular to tbe set of parallel planes to indicate the direction, the 
length of the line segment will indicate the magnitude of its moment and 
the definite sense of the line segment will indicate the sense of the 
moment. 
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6.7 Resultant of a number of coplanar couples 

We shall now prove the following theorem • 

Theorem : Any number of coplanar couples acting on a body is equivalent 
to a single couple whose moment is equal to the algebraic sum of the 
moments of the couples. 



Fig. 74 

Let the coplanar couples be [P lt pj (-Pg,pa) (P 3 , p 3 ), (An pj 
acting on a rigid body [fig 70], We replace all the couples by equivalent 
couples {X lt p), (X 2 , p), (W 3 , p) .. ( X n , p) respectively all having a com¬ 
mon arm say, AB— p, where 

y _ TjPl Y -^*2 Pa Y _ 4 P 3 _ V _ 4 Pn 

P P P P 

The forces X x , X 2 ,.. ,.X n of these couples act at the extremities of 
the arm AB and perpendicular to AB The resultant of the forces acting 
at A is their algebraic sum i.e, X-^+X^ + X n in one direction and that 
of the forces acting at B is Xj+Xa . ,.+X„ in the opposite direction. 
These two resultants being equal, unlike and parallel form a couple whose 
moment is equal to 



144 


ELEMENTARY STATICS 


“= -PiPl H - Sp2 + ■■ "F-^nPn 

•= algebiaic sum of the moments of the separate couples. 


6.8 Resultant of a force and a couple 


Theorem ■ A force and a couple acting m the same plane upon a ngid body 
cannot produce equilibrium but aie equivalent to a single force, equal and 
parallel to the given single force. 
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Let (P,p) be the couple with arm length AB =p and let F be the 
given force acting at G. We shall show that the couple (P,p) and the 
single force F at G are equivalent to a force. We can replace the given 
couple by another couple whose constituent forces are F, F and the length 
of the arm is x where 


x = 


Pp 

F' 


We place this couple such that one of its component forces F acts 
at G along the line of action of the given force F but in the opposite 
sense along GD. Now, the two equal and opposite forces F, F acting at 
C? along the same line will balance each other having a single force F at 
E, which is in the direction of the original force and at a distance of 

^■fromG Thus a force and a couple in the same plane are equivalent 
F 

to a single force and hence they cannot produce equilibrium 
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6.9 Forces represented by the side of a triangle 

We now prove a very important theorem which states as follows: 
Theorem : If three forces acting on a rigid body be represented in magni¬ 
tude, direction, and line of action by the sides of a triangle, taken in order, 
then they are equivalent to a couple whose moment is equal to twice the 
a 1 ea of the triangle. 



—> —>- —> 

Let the three forces BC, CA and AB of magnitudes P, Q and R 
respectively act along the sides BC, CA and AB of the traingle ABC 
[fig. 76] 

Now, by triangle law of vectors, we have 
->->-> 

CA + AB = CB 

i.e. the resultant of the forces Q and R actjng along AC and AB respec¬ 
tively is of magnitude P and will act at A in the direction AD parallel 
to CB. The force of magnitude P acting at A and another force of 
magnitude P acting along BC will form a couple of moment 

■ P x AN = BC X AN = twice the area of A ABC, where 
AN _L BC. Thus the three forces represented by the sides of the triangle 
ABC form a couple of moment equal to twice the area of the triangle. 

6,10 Forces represented by the sides of a polygon 

As a generalisation of the above theorem, we now prove the follow¬ 
ing theorem : 

Theorem If a system of coplanai fo/ces acting on a rigid body be re¬ 
presented in magnitude, direction and line of action by the sides of a poly¬ 
gon, taken in order, then they are equivalent to a couple whose moment is 
represented by twice the area of the polygon. 
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Let the forces be represented in magnitude, direction and line of 
action by the sides AB, BC, CD, DE and EA of the polygon ABCDE. We 
join AC and AD [fig. 77]. We now introduce two pairs of equal and oppo- 

site forces AC, CA and AD, DA acting along these lines Since these forces 
balance each other, they will have no effect on the system. Now, forces 
—> —> —*• 

AB, BC and CA will form a couple of moment equal to twice the area of 

—> —y 

A ABC, Similarly, forces AC, CD and DA will form a couple of moment 

-> -> —>■ 

equal to twice the atea of A ADC and forces AD, DE and EA will form 
a couple of moment equal to twice the area of A ADE. Now, these 
three couples are equivalent to a single couple whose moment is equal 
to twice the area of (A ABC + A ACD + A ADE) = twice the area 
of the polygon ABCDE, Hence the result. 

6.11 Replacement of a force by the force and a couple 

Theorem : A force P acting at any point A of a body is equivalent to an 
equal and parallel force acting at any other arbitrary point B of the body 
together with a couple. 

Let the foice P at A acting along AE be the given force and B is 
any arbitrary point. Let p be the length of perpendicular distance from B 
to the line of action of P at A. We apply equal and opposite forces at B, 
each equal and parallel to the force P at A. Let these two equal forces 
act along BC and BD along the same line. Since these two forces balance 
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each other, they will have no effect on the given system. The given force 
P at A can now be regarded as P along AE and P along BD forming a 
couple of moment Pp and a force P at B along BC, parallel to the original 
force and in the same sense. 

6.12 Moment of a system of forces forming a couple 

Theorem : If a system of coplanar forces reduces to a couple, then the 
algebraic sum of the moments of the forces about any point in their plane 
is constant and equal to the moment of the couple. 

Let Pi,P 2 - —B n be a system of coplanar forces acting at A X ,A 2 . ...A n 
respectively of a rigid body and let O be any arbitrary point in their plane 
[fig. 79]. Let the perpendicular distances of the lines of action of the forces 
P ± , P 2 ... P„ from O be p lf p 3 ,.. . ,p„ respectively. Then as in Section 6.11, 
we can replace the force P x by an equal and parallel force P x acting at 
0 together with a couple of moment .F^pj. Dealing with each of the 
other forces in the same manner, we find that the given system of forces 
is equivalent to a system of concurrent forces P x , P 2 , P 3> . Pn at O, 
together with a number of couples. These couples can be combined into 
a single couple whose moment is 

Pi Pi + B 2p g + .. -f P n p„ 

= algebraic sum of the moments of the couples 
(Pi.Pi), (Pa.Pa). • (P.i.Pn) about 0. 

= algebraic sum of the moments of the given forces about O. 

The set of concurrent forces at 0 must be in equilibrium, for, otherwise 
they would combine into a single resultant which, along with the resultant 
couple, would give us a single force as our resultant and not a couple. 
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Fig. 79 

Thus if a system of coplanar forces reduces to a couple, then the 
algebraic sum of the moments of the forces about any arbitrary point in 
their plane is constant and is equal to the moment of the resultant 
couple, 

Remaik 1 : The converse of the above theorem can be stated as follows : 
If three forces acting along the sides of a triangle be equivalent to a couple, 
they must be proportional to the sides along which they act in the same 
order. This has been proved in Ex. 2 of Section 6.13, 

Remark 2 : The above theorem can be extended to any number of forces 
as stated below. 

If any number of coplanar forces acting on a rigid body be represented 
in magnitude and direction and line of action by the sides of a polygon, 
taken m order, they are equivalent to a couple whose moment is represented 
by twice the area of the polygon. 

6.13 Solved Examples 

Ex. 1. Forces P, 2P,—P and 2 P act along the sides AB, BC, CD and DA 
of the square ABCD , and a forces P y /~acts along eaah of BD and CA. 
Show that the forces reduce to a couple of moment 2a P, where a is the 
side of the square. 
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We resolve the force P \/ 2 acting along CA into two components, 
one P y/ 2 cos 45° i.e. P along CD and another P V~sin 45° i e. P along 
CB. Similarly, we^ resolve the force P\/ T acting along BD into two 
components, Py'i cos 45° i.e, P olong BA and P V 2 sing 45° 1 e. P 
along BC. The two forces P,—P acting along CD will balance each other 
and the two forces P, P acting along AB and BA balance each other. The 
three forces 2 P, P and P acting along BC, BC and CB respectively will 
have a resultant IP along BC. Hence, the given system of forces is equi¬ 
valent to two equal and parallel forces IP, IP acting along BC and DA. 
Hence, they form a couple of moment 2a P. Hence the result. 

Ex. 2. Three forces acting along the sides of a triangle, taken in order, 
are equivalent to a couple. Show that they are proportional to the sides 
of the triangle. 


A 



Fi'&. 81 

Let the forces P, Q and R act along BC, CA and AB. Let AD]_BC. 
Let a, b, c be the lengths of the sides BC, CA and AB respectively of 
A ABC and let A be the area of A ABC. Then AD x a = 2A. 
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AD = —, Since the forces aie equivalent to a couple, the algebraic 

cl 

sum of the moments of the forces about any point in their plane will be the 
same. Hence, the algebraic sum of the moments of P, Q and R about A,B 
and C must be equal. Now, the algebraic sum of the moments of P, Q and 

2A 

R about A is P. AD — P. - . Similarly, the algebraic sums of the 

cl 

moments of the forces about B and C are respectively 

n 2A , D 2A 

Hence, p.— = 2.-^ = 

a b c 


1 . 6 , the forces are proportional to the sides of the triangle ABC. 

Ex 3. Two systems of three forces P, Q, R and P', O', R’ act along the 
sides of a triangle, taken in order If they produce paiallel resultants, 
prove that 

P Q R 
P 1 Q' R' = 0 , 

P q r 

where p, q, r are a system of concurrent forces which , 1 acting paralelJf to 
the sides of the triangle, will be in equilibrium. 
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Let the forces P, Q, R and P', Q\ R' act along BC, CA and AB 
respectively of a triangle ABC. Let S'be the resultant of P, Q and R and 
S' be that of P\ Q' and R 1 . Sihce these two resultants are given to be 
parallel, we can write 
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S'=KS, wheie K is a constant. 

Since S is the resultant of P, Q and R, hence KS is the resultant of 
PK, QK and RK which will act along BC, CA and AB of A ABC. Now, 
S' and— KS being unlike, equal and parallel forces, will form a couple. 
Hence, P', Q', R and— KP, — KQ,—KR acting along the sides BC, CA and 
AB of A ABC will form a couple. 

In other vvoids, the forces P'—KP,Q’—KQ and R' — KR acting along 
BC, CA and AB of A ABC will form a couple. Hence, the algebraic 
sums of the moments of these forces about A, B and C will be equal. If 
AD]_BC, a, b, c be the lengths of the sides BC, CA and AB of A ABC 
and A is the aiea of A ABC, then 

AD X a — 2 A 

an 2 A. 

=> AD = — 


The algebraic sum of the moments of the forces P' — KP, Q'—KQ 
and R'—KR about A is 


[P'-KP) AD^{P'—KP)X 


2A 


Similarly, the algebraic sums of the moments of these forces about 
B and C are respectively 

(Q'-KQ) ~^nd ( R'~KR ) ^ 
b c 

Now, since the forces p, q, r act at a point, ark parallel to the sides 
of A ABC and are in equilibrium, they must be proportional to the sides 
of the triangle ABC i,e. 


P.= -l= JL =-.K' 

a b c 1 


say. 


■ a = b =-9- c =— 

K' ’ K ’ K' 


Hence, the algebraic sum of the moments of the forces about 
A becomes {P '~ > 


that about B is 
(Q r ~KQy 


2A K 


and about C is 
(R'-RK) 
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Each of these moments must be equal to the moment m of the 
couple formed by these three forces. Hence, 

(p'—kp) 2 -ML = m 

p 

=> P'—KP — A p = 0, where A = ' 

Similarly, Q' — KQ — A q = 0 

and R' - KR — A r = 0. 

Eliminating K and A, we get 

P' P p 

Q' Q q =0 

R' R r 

P Q R 

=* P' Q' R' = o. 

p q r 

Hence the result. 

Ex. 4. A system of forces in the plane of rectangular plate ABCD 
( AB — a, BC — b) have the moments G lt G 2 and G 3 about the points 
A, B, C respectively. Show that the magnitude of the resultant is : 

-V(¥N¥)' 

and find the distance from A of the point where its line of action intersects 
AB. Discuss the case = G 2 = G 3 . 

Since the moment of the system of forces about A and B are not 
zeroes, the resultant of the forces does not pass through A and B. Let the 
resultant R cut AB at E, where AE—x. 

Let A' and 7 be the components of R along AB and perpendicular 
to it through E. Now, taking moments of the forces X and Y about A, 
we get 


xY - G x 

■ .(1) 

Taking moments about B, we get 


p 

1 

i* 

>< 

II 

1 

o 

to 

...(2) 

Taking moments about C, we get 


bA 1 —(a—x) y = G s 

• (3) 
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From (1), y 



and from (2), y 


Hence, 


_ _J?* . 

x x—a 


=> G x (x—a) = GoX 
=> x (<?x— G s ) — a Gj 


=> x — 


a G x 

g^g 2 - 



Hence, the line of action of the resultant cuts AB at a distance 

a<?! - A 

—7r-from A, 

Cj x Cj 2 

From (2) and (3), we get 


b X + G 2 = G s => X = 


G n — G, 


Also, Y = —= 

x at?! a 

and R = t/FT? 2 

=V(¥H¥I. 

If G x = <j 2 = G s , then i? = 0, but Gx ^ 0. 


The system of forces reduces to a couple. 

Ex. 5, X, F, Z are the points on the sides BC, CA and AB of 
A j 4BC such that BX:XC — CY.YA = AZ'.ZB = p.q. Prove that the 
forces represented by AX, BY, CZ reduce to a couple of moment 



154 


ELEMENTARY STATICS 


2 A (p—q) . 

p _j_ ■, where A is the area of the tnangle ABC. We join AX, BY 

and CZ. 

Since BX . XC = p • q, hence 


p AC + q AB = (p+q) AX 
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Ex 6 Three parallel forces P, Q and R acting at the angular points 
of a triangle ABC are in equilibrium when they are perpendicular to the 
side BC , If their lines of action are turned through a given angle in the 
same sense, show that they are equivalent to a couple 





Let the three parallel forces P, Q and R act at A, B and C respec¬ 
tively in the directions as shown m the figure. Let the line of action of 
the force P cut BC at D. When the lines of action of these forces are 
perpendicular to BC, then the forces are given to be in equilibrium. 
Hence, the direction of one of the forces, say, P will be opposite to those 
of the othet two. 

It P acts downwards and Q and R act upwards, then P—Q+R and 
the resultant force Q+R of like parallel forces Q and R must be along 
DA for equilibrium. Let all the forces be now rotated through an angle 
0 in the clockwise directions (shown by dotted lines in the figure). Then 
the resultant of Q and R is now a force Q+R acting upwards at D making 
an angle of 90°—0 with BC and the force P will now cut CB produced at 
D' such that it is parallel to Q+R and at a distance AD sin 0 from the 
line of action of the force Q -|-jR. Since the forces P and Q+R are equal, 
unlike and parallel, they form a couple. 

Ex 7. Show that the forces represented by the sides AB, BC, CD, DA of 
a quadrilateral can not be m equilibrium but are equivalent to a couple 
whose moment is equal to four times the area of the parallelogram 
whose vertices are the middle points of the sides. 

Let P, O, R and £ be the middle points of the sides AB, BC, CD 

-*■ -> —>■ 

and DA respectively. We join AC and BD. Now, AB + BC = AC and 

the resultant of the forces AB and BC will act at B parallel to AC. Similarly, 
—s- —s- 

CD +■ DA = CA and hence the resultant of the force CD and DA will 
act at D parallel to CA. 
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f I Gy, 86 

These two equal, unlike and parallel forces will from a"couple of 
moment AC x BN, where BN is the perpendicular drawn form B to the 
line of action of the resultant force at D. 

Let the diagonals AC and BD of the quadrilateral ABCD intersect 
at O and let /_ AOD— 0. Now, since P, Q, R and S are the middle points 
of AB, BC, CD and DA respectively, 

PQ = SR = ~ AC, PQ || AC and SR || AC 
z 

and SP^QR = ~ BD, SP || BD and QR || BD. 

Since AC || DN , ,/ BDN = AOD = 0 

BN ~ BD sin 0 = 2 SP sin 6 
and AC = 2 PQ. 

Hence, the moment of the couple is 
AC X BN = 2 PQ. 2SP sin 0 
== 4 PQ X SP sin 0 
== 4 PQ X SP sin (180° — L SPQ ) 

= 4 PQ X SP sin L SPQ 

== 4x area of the parallelogram PQRS. 

Hence the result. 

Ex. 8. ABCD is a rectangle such that AB=CD= a and BC=DA—b. 
Forces P act along AD and CB and forces Q act along AB and CD. 
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Prove that ihat the perpendicular distance between the resultant of the 
forces P, Q at A and the resultant of the forces P, Q at C is 

-Pa—Qb . 

■\Ap 2 + Q 2 



Let the resultant of P and Q at A act along AM and that of P and 
Q at C act along CN. The magnitude of the resultant at each of the 
points A and C is qI 


If Z. MAD = 0* then 


tan 


6 sm 90° 
P+Q cos 90° 


Q. 

p 


Similarly, if L BCN = 0 2 , then 

Q sin 90° Q 

an 2 "PM-2 cos 90° P 

Hence Q x = 0 2 and so AM 1! CN. 

Hence, these forces form a couple of moment 

di yp* -f Q 2 , where d is the distance between these two resultant 
forces. Originally, we had two couples ( Q, AD) and [P, AB). The algeb¬ 
raic sum of the moments of these two couples — Pa — Qb — the moment 
of the resultant couple. 

.'. d V-P 4 + ~Q 2 = Pa - Qb 


. __ Pa — Qb 

’ + 2 2 
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EXERCISE 61 

1. Forces P, 5P, 9P and 5P act along the sides AB, BC, CD and DA 
respectively of a rectangle ABCD where AB = 8 cm and BC = 6 
cm. Find the magnitude and line of action of the resultant 

[Ans. 8P, The line of action of the resultant is parallel to CD and at 
3 

a distance of 5 cm from C] . 

2. Forces equal to 3 AT, 5 N, 3 N and 5N respectively act along the sides 
of a square, taken in order. Fmd their resultant. 

[Ans. The resultant is a couple of moment 8a, where a is a side of the 
square.] 

3. Ox and Oy are rectangular axes and P is a point whose co-ordinates 
are (5, 12). Find the intercepts made on Ox and Oy by the line of 
action of the resultant of a force of 13 units along OP and a couple 
of moment 65 units in the sense from Ox to Oy. 

[a„,. 5 4-13] 

4. Forces of magnitudes 1,2,3,4 2^2 act respectively along the sides 
AB, BC, CD, DA and the diagonal AC of the square ABCD. 
Show that their resultant is a couple and find its moment. 

[C.u: 47] 

[Ans. 5a, where a is the side of the square] 

5. ABCDEF is a regular hexagon. Forces of magnitudes P, 2P, 3 P, 5 P 
and 6 P act along AB, BC, CD, EF and AF respectively, Show that 
a force can be determined to act along ED so that, the six forces are 
equivalent to a couple. 

6. ABC is an equilateral triangle of side a. D, E and F divide the 
sides BC, CA and AB respectively in the ratio 2:1. Three forces 
each equal to P act at D, E and F perpendicularly to the sides and 
directed away from the triangle Prove that they are equivalent to 
a couple of moment | Pa. 

7. Four forces are completely represented by the sides AB, AD , CB 
and DC of a quadrilateral ABCD, Show that they are equivalent 
to a couple consisting of two forces through A and C, each equal 
and parallel to other diagonal BD. 

8. Forces 3P, 4P and 5P respectively act along the sides of a right- 
angled triangle of sides 3, 4 and 5 in order. Find the forces acting 
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at the ends of the greatest side which will equilibriate the system. 

i 12 

[Ans Two forces each —forming a couple of moment 12P] 

9 Unlike parallel forces each equal to 4 N act along a pair of opposite 
sides of length 2m of a rectangle. Find the magnitude of the forces 

which acting along the other sides of length ~~ m will form with 
these a system in equihrbium. 

[Ans. 1 N] 

10. Four forces are completely represented by the sides BA, AD, DC 
and CB of a quadrilateral ABCD. Show that they are equivalent 
to a couple consisting of the two forces through A and C each equal 
and parallel to the diagonal BD. 

11. Two couples with forces acting along the sides of a parallelogram 
are in equilnibum. Find the ratio of the forces of the couples. 

[Ans. These are proportional to the sides of the parallelogram] 

12. Four forces acting along the sides of a parallelogram are equivalent to 
a couple. Show that the forces along the opposite sides are equal 
in magnitude and opposite in sense. 

13 ABCDEF is a regular hexagon. If three forces are represented in all 
respects by AC, CE and EA, show that they are equivalent to a 
couple whose moment is equal to the area of the hexagon. 

14. Forces of 12V. 2 N, 3 N, 4 N, 5 N and 6 N act along the sides AB, 
BC, CD, DE, EF and FA of a regular hexagon, taken in order. Find 
the single force acting at A and the moment of the couple which 

‘ together are equivalent to the system. 

21 — 

, , , [Ans. 6N along DA produced, — V 3 times ^4-B] 

15. If the algebraic sum of the moments of two given coplanar forces 
about any point in their plane is a non-zero constant, show that the 
given forces form a couple. 

16. Three forces proportional to the sides of a trinagle act perpendicular 
to these sides, all inwards. Show that either they are in equilibrium 
or they form a couple. 

17. Forces of magnitudes 1,2,3,4,6,5 and 4 units act respectively along 
the sides AB, CB, CD, ED, EF and AF of a regular hexagon, the 
sense of each force being indicated by the order of the letters. Prove 

3 _ 

. that the six forces are equivalent to a couple of moment y V l a, 
where a is the side of the hexagon. 
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18. ABCDEF is a regular hexagon. Forces P, 2 P, 3 P, 5P and 6P act 
along AB, BC, DC, EF and AF respectively. Show that a force can 
be determined to act along ED so that the six forces are equivalent 
to a couple and find its moment. 

[Ans — 3 VI a P wheie 2a is the side of the hexagon] 

19. ABCD is a square whose side is 2 units in length. Forces a,b,c,d 
act along the sides AB, BC, CD, DA, taken in order, and forces 
p VT, q VT along AC and DB respectively. Show that if p + q 
=c—a and p—q=d—b, the forces are equivalent to a couple of 
moment a+b+c+d. 

20. ABCD is a rectangle in which AB— 4a and -6(7= 3a, Forces of 
magnitudes P, 2P, 3 P, 4P and SP act respectively along AB, BC, CD, 
AD and DB. Reduce the set of forces to 

(i) a force at A and a couple 
(ii) a force at B and a couple. 

[Ans. (i) VlT-P, 5aP(u) VlTP,-7aP] 

21 Prove that the forces represented in magnitude and line of action 
by the sides of two triangles, taken opposite ways round, are in 
equilibrium, provided the triangles are of equal area. 

22. D, E and F divide the sides BC, CA and AB respectively of an 

equilateral triangle ABC of side a m the ratio 5' 1. Three forces each 
equal to P act at D, E and F perpendicular to the sides and outward 
from the triangle. Show that they are equivalent to a couple of 
moment Pa. [C.U.’ 43] 

23. Show that the forces 1,5,3,4,2 and 6 units acting in order round 
the sides of a regular hexagon, which touch a circle of radius a, 
are equivalent to a couple. Find its moment and' show that if the 
forces 2 and 5 units be replaced by forces 8i and 5£ units acting 
along the same sides but in directions opposite to the forces 2 and 5 
respectively, the system will be in equilibrium. 

[Ans. 2la] 

24. If three forces P, Q and P acting at the angulai points of a triangle 
ABC along the tangents to the circum-circle are equivalent to a 
couple, show that 

P:Q :R = sin 2 A : sin IB ; sin 2C. 

25. Two unlike parallel forces P, Q act on a body. If two equal and 
opposite forces S in any two parallel lines at a distance b appart 
are combined with them, show that the resultant is displaced by a 

distancep^— 
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26 


X, Y and Z are points on the sides BC, CA and of A ABC 
BX CY AZ 3 

such that ~yA = "ZB~ ~T' ^ree f° rces are represented in 


magnitude and direction by the sides AX, BY and CZ, Show that 
they are equivalent to a couple whose moment is equal to the area 
of A ABC. 


27. P and Q are two like parallel forces. If a couple each of whose forces 
is F, and whose arm is a, m the plane of P and Q, is combined with 
them, show that the resultant is displaced through a distance 

Fa 

PT'Q- 

28. A system of forces m the plane of a square plate ABCD has the 
moments G lt G 2 and (7 3 about A, B and C respectively Show that 
the moment of the system about D is equal to G 1 A r G i — G v 

29 The constituents of a couple G act at A and B. If their lines of 
action are turned through a right angle in the same sense, they will 
form a couple of moment H. When they both act at right angles to 
AB, show that they form a couple of moment \Zg* ~+ H\ 

30. Forces ,'a, Ab, Ac parallel to the sides of a triangle act at A', B', C’, 
the centres of the escribed circles Show that they are equivalent to 
a couple of moment 2\ (a+b-hc) R, where R is the radius of the 
circumscribed circle. 


31. ABCD and A’ B' C'D' are any two coplanar parallelograms. If 
forces act along A A', B'B, CC' and D'D represented by these res¬ 
pective lengths, show that they reduce to a couple. 

32 Three forces Aa, Ab and Ac act along AO, BO and CO respectively, 
where O is the ortho-centre of A ABC. If they are rotated through 
the same angle 0 about A, B and C lespectively, show that they are 
equivalent to a couple of moment 4 a A sin 0, where A is the t,rea 
of A ABC. 

33. If the forces completely represented by the sides of a triangle, taken 
in order, are in equilibrium with three equal forces acting at the 
vertices of the triangle along the tangents to the circumcircle, the 
same way round, prove that the triangle must be equilateral. 

34. A uniform bar of weight W and length 2a is suspended by two 
equal strings of length / from two points in the same horizontal 
plane and at a distance 2b apart. Show that the moment of the couple 
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required to keep the bar twisted through an angle 0 about the verti¬ 
cal axis is 
Wa" sin 6 

4 ** ‘-‘■I)*' 

35 A circular disc of weight 4 units and radius IV unit is suspendeds 
horizontally by four equal vertical strings of length 3 units, 
attached symmetrically to points on its circumference. What is the 
magnitude of the horizontal couple required to keep the disc 
twisted through an angle of 60° ? 


[Ans. 3 units] 



Chapter VII 


Resultant of Coplanar Forces acting 
on a Rigid Body and General 
Conditions of Equilibrium 


7.1 Reduction of a system ot coplanar forces acting on a rigid body 

Theorem 1, A system of coplanar forces acting 071 a rigid body can be 
reduced to a single force acting at any arbitrary point in their plane together 
with a couple in the plane 

Let Pi, P 0 , P 3 ,. Pn be the system of forces acting at the points 
A 1 , (Xi.yi), A 2 . (x 2 , y 2 ), . A n : ( x n , y„) respectively with reference to two 
perpendicular lines Ox and Oy through an arbitrarily chosen point 0 in 
the plane of the fotces Let the directions of P x , P 2 , P n make angles 
o'!, a a , a„ respectively with Ox. If X r , Y t be the components of P r 
(r=l, 2, n) along Ox and Oy respectively, then 

X r —P T cos a f , 

y,=P r sin v r (r=l, 2,, . n). 

We now introduce at 0 a pair of equal and opposite forces X v Xi 
acting along Ox and Ox' and a pair of equal and opposite forces Y v Y x 
acting along Oy and Oy' These forces which balance one another will 
have no effect on the given system of forces Now, the components X x at 
A x and X x at 0 in the direction Ox' will form a couple of moment 
—y x X x , Similarly, the components Y t at A x and Y x at 0 along Oy' form a 
couple of moment x x Y x . The forces which are left now are X x along Ox 
and T x along Oy at 0 Thus the force P x at A x is equivalent to the 
components X x and Y x along Ox and Oy respectively together with a 
couple of moment equal to the algebraic sum of these two moments 1 e. 
(x x Yx~ y x ZJ, Similarly, the force P 2 at A 2 can be replaced by the com¬ 
ponents X 2 and Y 2 along Ox and Oy respectively at 0 together with a 
couple of moment x t Y 2 — y 2 X 2 and similarly for every force of the 
system, Combining all the components along Ox and Oy separately and 
all the couples, we can reduce the given system of forces as 
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n n 

(i) a component force=2Xr=2 P r cos a r along Ox 
r=l r=l 


n n 

(ii) a component force=2 X r =2 Pr sin oc r along Oy 
r~l r-1 

and (iii) a single couple of moment G given by 
<7=2 (x r Yt-y, Xt) 

r—1 
n 

=2 (x r P r cos « r —y r P r sin « r ). .(1) 

r=l 

The two component forces along Ox and Oy can be combined to 
give a single resultant force R acting at 0 in a direction making an 
angle 0 with Ox such that 
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and 

n 

R cos 0=5 X 
t=l 
n 

R sm 0= 5 Y r . 
r=l 


••• 0 ) 


Tlius the given system of forces reduces to a single force 7? at an 
arbitrary point 0 together with a couple of moment G. 

We also observe that R cos 0=5^’r and R sm 6=5 T f) so that the 
algebraic sums of the resolved parts of the given forces along any two 
mutually perpendicular directions are respectively equal to the resolved 
parts of the single resultant in the same direction Also from (1), we see 
that the moment of the couple is equal to the algebraic sum of the 
moments of the given forces about the arbitrarily chosen point 0. 

Remark: For different choices of the point 0, the single force R 
will always be the same in magnitude and direction, for its resolved part 
in any direction is always equal to the sum of the resolved parts of the 
given forces. The moment of the couple will, however, be different for 
different choices of the point O. 

Theorem 2: A system of coplanar forces acting on a rigid body 
can be reduced either to a single force or to a single couple unless it is in 
equilibrium, 

By theorem 1, the given system of coplanar forces can be reduced 
to a single force R acting at any arbitrary point together with a couple of 
moment G in the plane. There may be several cases to be considered. 


(i) Let Rf^O and G^tO. 

In this case, the resultant of the force R and the couple G is a force 


R acting parallel to the original direction at a distance -g from 


its 


original line of action. 

(ii) Let G=0 but Rj^ 0. 


In this case, the system of forces clearly reduces to the force R at 
the arbitrary point 0. 

(lii) Let i?=0 but G^O, 

In this case, the given system of forces reduces to a couple only. 
The case i?=0 and (7=0 is not to be considered, since the given system 
of forces is not in equilibrium. 
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Hence, we see that if the system of coplanar foices be not in 
equilibrium, the system reduces to a single foice or a single couple in all 
cases 

Remark. We have seen that the algebiaic sum of the moments of a 
systme of coplanar forces about the origin is given by 

n 

G=S (Xr 17 yr if) 
r=l 

If we need to find the algebraic sum of the moments of the same 
system of forces about any other point, say (h, k), then this moment G' is 
given by 

n 

(Xp—h) Y f -(y r -k) i>-G-h 2I7+k %X, 

r=l 

-G-hF+kX, 

where, X=H,X r and Y—%Y r . 

7.2 Equation of the line of action of the resultant of coplanar forces 
acting on a rigid body 

W e have seen in section 7,1 that a system of coplanar forces acting 
on a rigid body can be reduced to a single force R with components 



Fig. 89 
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n n 

,Y— S X r along x-axis and Y -XY r along y-axis 
r— 1 i— 1 

together with a couple of moment G given by 

G=S(x, Y r —y, X r ) 

r=l 

Now, this single force R and the couple G can again be combined 
into a single resultant force whose magnitude and direction will be the 
same as those of R at 0 To get the position of the line of action of this 
single resu'tant R, we assume that (x, y) are the co-ordinates of any point 
on its line of action Hence, the algebraic sum of the moments of the 
given forces X along Ox and Y along 0 y about the point (x, y) together 
with the couple of moment G must be zero. Hence, taking moments 
about (x, y), wegetkX—*7-t-(7=0, which is the required equation of the 
line of action of the resultant 

7 3 Conditions for a single resultant force or a single couple 

We have seen that a system of coplanar forces acting on a rigid 
body is equivalent to a single force R acting at an arbitrary point O with 
components X and Y along two mutually perpendicular lines Ox and 
Oy respectively together with a couple of moment G which is equal to 
the algebraic sum of the moments of all the forces about 0. 
Since R 2 <= X 2 -\-Y 2 ', it is clear that R=0 if and only if both A'=0 and 
Y=0. Thus we get the following results : 

(i) A system of coplanac forces acting on a i igid body will reduce 
to a single force only if (?—0 i.e, if the algebraic sum of the 
moments of the forces about any point in their plane is zero, but 
the algebraic sum of the resolved parts in at least one of two 
mutually perpendicular directions through any arbitrary point in 
their plane is not equal to zero. 

(ii) The above system of forces will reduce to a single couple only if 
the algebraic sum of the resolved paits of the forces in each of 
two mutually perpendicular directions through any arbitrary point 
in their plane is separately zero. 

Since the moment of a couple which is equal to the algebraic sum of 
the moments of two forces, forming the couple, about any point in their 
plane is a constant, we can also say that the system of forces will reduce to 
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ci couple if the algebiau: sum of the moments of all the forces about any 
point m their plane is a non-zeio constant. 

7.4 General conditions of equilibrium of a system of coplanar forces 
acting on a rigid body 

Theorem T. The necessaiy and sufficient conditions that a system of 
coplanar forces acting on a rigid body may be in equilibrium are that 

(i) the algebraic sum of the resolyed patts of the foi ces in any two 
mutually perpendicular directions should be separately zeio and 

(ii) the algebraic sum of the moments of the forces about any point 
in their plane should also be zero. 

Let the system of coplanar forces be reduced to a single resultant 
force R acting at any arbitrary point O and a couple of moment G which 
is equal to the algebraic sum of the moments of the forces about O Let X 
and Y be the components of R along two mutually perpendicular lines 
Ox and Oy through O respectively so that X and Y are the algebraic 
sums of the resolved parts of the forces along OX and Oy respectively. 
R?=X*+Y-. 

To prove that the conditions are necessary for equilibrium, we 
assume that the system of forces is in equilibrium. Now, since a couple 
and a force cannot maintain equilibrium, hence, for equilibrium, both R 
and G should be zero. Now, R—Q=>X=0 and 7=0. 

Hence, X— 7= G=0, which proves that the force system being m 
equilibrium, the conditions 7=7=G=0 are necessary. 

Now, to prove that the conditions 7=7=G=0 are sufficient for 
equilibrium, let the system of forces be such that the conditions 
7= 7=G=0 are satisfied. "We shall prove that the system of forces is in 
equilibrium. We show that if any one of X, Y and G is non-zero, then 
the, equilibrium is not possible. 

Let 17=0, 7=0 but G^£0. 

In this case, the forces will be reduced to a couple and so the 
equilibrium is not possible. 

Let 7=0, G=0, but Y^t 0; or 7=0, G=0, but 7^0. In either of 
the cases, the system will be reduced to a single force and so the equili¬ 
brium is not possible. Hence, the only case for equilibrium is 
7=7= G=0, 

Hence, the given conditions are both necessary and sufficient 
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Another set ot necessary and sufficient conditions of equilibrium 
of a given system of coplanar forces acting on a rigid body is given by 
the following theorem 


Theorem 2-A system of coplanai foi ces acting on a rigid body is m 
equilibrium if the algebraic sum of thetr moments about any three non- 
collinear points in their plane is sepmately zero. 


Let the three points in the plane of the foices be the origin O, the 
points A x \ (*!, yj) and Aq. (x 2 , y 2 ), where O, A x and A 2 are not collinear. 
Let the algebraic sums of the moments of the forces about O, A x and A s 
be G, G x and G 2 respectively. If if and Y be the algebraic sums of the 
resolved parts of the forces along Ox and Oy, the two mutually perpendi¬ 
cular lines respectively, then taking moments about A x and A 2 , we get 


G 1 =G-x 1 Y+X 
and G«—G—Xi Y+ y s X. 

But it is given that G=G x =G 2 =0. 

Hence, we have 

Y-y x X^0 ( 1 ) 

and x 3 Y— y 2 X~0. ...(2) 

Multiplying (1) by x a and (2) by x x and subtracting, we get 

(xj y 2 -x 2 y x ) 7=0. ...(3) 

Multiplying (1) by y a and (2) by y x and subtracting, we get 

(xj y a -x a y 3 ) r=0. ,..(4) 

Now, since the points (0, 0), (x 1( and (x 2 , y 2 ) are not collinear, 
hence the slope of the line joining (0, 0) and (x lf y x ) and that of the line 
joining (xj, yj and (x 2 , yj will be unequal. 


Hence, 


x 3 x 2 —x a 


x 2 ^X! y 2 . 

Hence, x x y 2 —x 2 Yi^O. 


The equations (3) and (4) are, therefore, true only when 


7= 7=0. 


Also it is given that <5=0. 

Hence, by theorem 1, the system of forces is in equilibrium. 

There is still a third form of the conditions of equilibrium of a 
system of forces which can be stated as follows: 

Theorem 3 : A system of coplanar forces acting on a rigid body is in 
equiltbiium if the algebraic sum of the moments of the forces about each 
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of two different points is separately zero, and the algebiaic sum of the 
resolved paits of the forces in a direction,not perpendicular to the join of 
the two points is also zero. 

Let the two points be the origin O and A x : (x lt yj. Let G and G 1 be 
the algebraic sum of the moments of the forces about O and A x 
respectively. Let the given direction be that of Ox. According to the 
given condition x^O. 

Taking moment about A lt we have G 1 =G—x 1 7+yj X, where X 
and Y have the same meaning as stated in theorem 2. 

It is given that G x =G~X— 0. 

Hence, it follows that x x 7=0, 

But since x^O, Y must be zero 

Thus we have X— Y=G— 0. 

Hence, the system of forces is in equilibrium. 

Remark l: We have seen that for equilibrium of a particle acted 
upon by a number of forces, it is both necessary and sufficient that X=0 
and 7=0 and no other conditions arc needed, whereas in the case of 
equilibrium of a rigid body acted upon by a number of coplanar forces, 
only these two conditions cannot be both necessary and sufficient. This is 
because the only motion of a particle is its translation which can be 
stopped by putting X—0 and 7=0 But a rigid body possesses not only 
a motion of translation, but also a motion of rotation and this latter 
motion can be stopped by imposing the third condition viz C?=0, since 
a couple causes the motion of n tation of a body. 

Remark 2: One of the conditions of equilibrium as stated in 
Theorem 1 is that the algebraic sum of the resolved parts of the forces in 
any two mutually perpendicular directions should be separately zero. The 
theorem is still true if we take any two different directions m the plane 
instead of two mutually perpendicular directions. 

7.5 Equilibrium of a constrained body 

If one point of a rigid body is fixed, the body can turn about that 
point without having any motion of translation If two points of a body 
are fixed, then the body can turn about the line joining the two points. 
In this case also, the body can not have any translatory motion. If three 
non-collinear points of a body are fixed, then the body cannot have any 
rotatory or translatory motion and so the body cannot move at all. If 
one or more points of a body are hxed, then such a body is called a 
constrained body. When a point in a body acted upon by external forces 
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becomes fixed, an unknown force passes tlnough this point Such an 
unknown force is called the force of constraint. Suppose that one point O 
of a rigid body under the action of a system of forces in a plane through 
0 is fixed and let the body be in equilibrium. The system of coplanar 
forces can be reduced to a single force R acting at O together with a 
couple of moment G which is equal to the algebraic sum of the moments 
of all the forces about O. Let F be the force of constraint at O. Hence, 
the body is in equilibrium under the forces R, F and the couple G. Hence, 
R and F acling at O must be equal and opposite and G must be zero. 

Thus when a constrained body has only one point fixed and is acted 
upon by a system of forces m a plane passing through the point, it will be 
m equilibrium if the algebraic sum of the moments of the forces about the 
fixed point is zero. 

Now, let the body instead of having one point fixed have two fixed 
paints 1 e. a fixed axis joining these two fixed points. Since the moments 
of the forces of constraints about this axis are all zeros because of the fact 
that all the forces meet the axis, the moments of the resultant of the 
system of forces about the axis must be zero for the equilibrium of the 
body. Hence, when such a body is m equilibrium, the algebraic sum of 
the moments of the forces about the axis must be zero. 

7.6 Astatic Equilibrium 

When a system of coplanar forces acts on a particle and keeps it at 
rest, then the equilibrium will not be disturbed if we turn each force 
about its point of application through the same angle in the same 
direction. 

But when a number of forces, P v R 2 , . P n act at given points A x , A 2 , 
A n of a rigid body and keep it in equilibrium, then these forces will 
not, in general, continue to preserve equilibrium when the body is dis¬ 
placed in any manner, each force still retaining its magnitude, direction 
and point of application in the body. If for all displacements of the body, 
the forces continue to preserve equilibrium, then the body is said to be 
in astatic equilibrium. 

The simplest example of astatic equilibrium is furnished by a heavy 
body suspended by a vertical string attachad at its centre of gravity. Here 
the system of forces is the weights of the particles of the body and the 
tension of the string. In whatever manner this body may be displaced 
about its centre of gravity, all these forces will retain their individual 
magnitudes, directions and points of application and the body will remain 
at rest. 
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When a system of forces applied to a body is not in equilibrium, 
then this system can sometimes be equilibrated astatically by a single 
applied force of constant magnitude, direction and point of applicotion. 

This is always the case for a system of parallel forces. A single 
force equal and opposite to their resultant applied at the centre of the 
forces will astatically equilibrate them. 

We now prove an important iheorem which can be stated as follows. 
Theorem: If all the fotces in a coplanai system are rotated in the 
same sense, through the same angle in their plane round their points of 
application , then their resultant passes through a fixed point in the body. 
This fixed point is called the astatic centre 

Let the coplanar forces P v P 2 , P n act at the points (x lt y^, 
(x s , y s ) (x„, y„) of a body and be inclined to the x-axis at angles 
«i, a 2 , ,o n respectively. Let X and Y be respectively the algebraic sums of 
the resolved parts of all the forces along x and y axes respectively. 

n n 

Then P r cos a r and T=S P r sm o. T . 
r=l r=l 

If G be the algebraic sum of the moments of all the forces about the 
n n 

point O , then (x r Y r —y T X T )=2 P r (x r sin a r —y r cos a r ). .(1) 

r=l r—1 

If (x, y) be the co-ordinates of any point on the line of action of 
the resultant of the forces, then the equation of the line of action of the 
resultant is given by 

y *-x y+G=0. 

Let all the forces be turned through an angle a about their points 
of application in the same plane and in the same direction so that oc r 
becomes a r +« (r—1, 2,. n) and the equation of the line of action of the 
new resultant becomes 

yX'-xY'+G'=Q, . (2) 

where 

n n n 

X'—% P r cos (a r + a ) = S P T cos <x r cos a —S P r sin a r sin a 
r=l r=l r=l 

=X cos a —Y sin a, 

n n n 

Y'=X P r sin (a T -i-a )=5 P r sin «, cos a-*-S P r cos a r sin a 
r=l r=l r=l 

sin a + T cos « 
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and G'=S .P,£(x r sin (« r -ha)—y, cos (« r -f-a) jj 

n r 

—S P r (x r (sin n r cos acos u-t sir a ) 

1=1 L 

—y r (cos y- r cos a—sin v. r sin =0 J 


—S cos a P r (x r sin a,—y r cos a,3 
r=l 


n 

+2 sin a P T (x r cos a r -f~y r sin z r ) 
r=l 

•=G cos a+F sin a, 
n 

where F=2 P, (x f cos a r +y r stn a r ) 
r=] 


=S (X r x r +Y r y r ), 
r—I 

-S’, and F r being the components of P T on the x and y-axes 
respectively. 

V is called the Virial of the system. Substituting the values of X r , 
Y' and G' in (2), we obtain the equation of the new resultant as 
y (X cos a.— Y sin a)—x (F sin a+F cos «)+(? cos oc+F sin <t=0 

s>cos a (yX—x F+G) —sin « (xA'+yF— F)=0. 

This shows that for all values of «, the new resultant passes through 
the point of intersection of the lines given by 
xF-yF-(?=0 
andxZ+yF—F=0. 

Solving these equations for x and y, we. get 

x y I 

FF+GF ~ —GF+ VY~~ F 2 +F 2 

FF+GF . VY-GX 

*** F 2 +F 2 andy - F 2 +F 3 ' 

Hence, the new resultant always passes through the point whose 
co-ordinates are 

r FF+GF, VY-GX \ 

[ F a +F 2 ’ F 2 +Fa J 
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which is a fixed point, since it is independent of a These are , there¬ 
fore, the co-ordinates of the astatic centre. 

We note that if the forces are in equilibrium onginally then Y=0, 
Y=0 and <5=0 and after rotation of the forces through an angle a, we 
have 

X'^Q, r=0 but G'=V sin «. 

Hence, if the system of coplanar forces which are in equilibrium are 
rotated through the same angle a in the same plane round their points of 
application, the new system of forces is equivalent to a couple whose 
moment is V sin a, where V is a constant independent of «. 

It follows that if the system of forces is in equilibrium both before 
and after rotatory displacement, then we get four conditions of equili¬ 
brium instead of three. These four conditions are X=0, Y— 0, G -0 and 
V=0- These are, therefore, the conditions of astatic equilibrium of a 
rigid body. 

7.7 Equilibrium of three forces acting on a rigid body 

Theorem : Jf three coplanar forces acting on a rigid body are m 
equilibrium, they must either be concurrent or be all parallel to one another. 

Let JP, Q and R be three coplanar forces which act on a rigid body 
and are in equilibrium. Since the forces are in equilibrium, one of the 
forces, say R, must balance the resultant of the other two forces P and Q. 
Now, since P and Q are coplanar, either P and Q will intersect or they 
will be parallel to each other When P and Q intersect at a point, say O, 
then the algebraic sum of the moments of P, Q and R about O must be 
zero, since the forces are in equilibrium. But since P and Q meet at O, the 
moments of P and Q about 0 will be separately zero and hence the 
moment of R about 0 will also be zero. Hence, R must pass through the 
same point 0 i.e. P, Q and R must be concurrent. 

If P and Q are parrallel to each other, their resultant R must he a 
parallel force balancing the resultant of P and Q. Hence, R must act m the 
same line as the line of action of the resultant of P and Q but in the 
opposite direction. Hence, in this case P, Q and R are all parallel to one 
another. 

Remark 1 : P and Q can never form a couple in this case, for then 
P, Q and R can not be in equilibrium 

Remark 2: The above theorem gives a necessary condition of equili¬ 
brium of three coplanar forces, but not sufficient. For sufficient condition, 
when the forces meet at a point, they must also satisfy Lami’s theorem 
or converse of the triangle of forces. When all the three forces are para¬ 
llel to one another, one being equal and opposite to the resultant of the 



GENERAL CONDITIONS OF EQUILIBRIUM 


175 


other two, their algebraic sum must be zero and the moments of any two 
forces about a point on the line of action of the third force must be 
equal and opposite. 

7.8 Important Trigonometrical Theorems 

In many problems of Statics, it is sometimes necessary to find the 
geometrical configuration of a body in equilibrium under the action of a 
system of coplanar forces. In such cases, the following two important 
theorems of Trigonometry are very helpful in deriving the result at once 
from the geometry of the forces acting on the body. 

Theorems: If a straight line CD drawn from the vertex C of a triangle 
ABC divides the opposite side AB mto two segments in the ratio m: n, 
then 

(i) (m+n) cot G=m cot a—n cot (3 

and (n) (m+n) cot 9~n cot A —m cot B, 

where «, (3 are the angles which CD makes with CA and CB 
respectively and 0 is the angle which CD makes with AB. 



We have from fig. 90, 

AD sin a 

m _ AD CD sin A 

n DB DB "sin P 

CD sin B 

_ s in a sm B 
sin A sin fi 

Now, to prove (i), we write 
D=180°-(j3+6) 
and A=Q —a in (I). 


-fl) 
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Hence, from (1), we get 

m _ sin « sin (ft-)-6) _ sin a (sin ft cos 6-(-cos (3 sin 8) 
n ~ sin j3 sin (0—a) — sm f> (sin 6 cos a—cos 0 sin a) 

cot 0+cot g [Dividing both numerator and denominator by 
cot a—cot 0 sin a sin p sin 6] 

=>m cot a—m cot 0=n cot 6-fn cot (5 
^•(m+n) cot 0=m cot a—n cot (3. 

Now, to prove (ii), we write 
a=0-— A 

and P= 180°-(0+5) 

Hence, from (1), we get 

m _ sin (6—^4) sin B 
n sin (0-1--8) sin A 

__ (sin 9 cos A —cos 6 sin A) sin B 
(sin 0 cos 2?-f cos 0 sin B) sm A 

_ cot A cot 6 [Dividing both numerator and denominator 
cot -B+cot G by sin 0 sin A sin B] 

=>m cot .B-i-m cot 0=n cot A—a cot 6 
=>(m-)-n) cot 0=n cot A—m cot B. 

Hence the results 

79 Action of a smooth hinge of a joint in a framework 

A hinge or a joint in a framework made of uniform bars in the 
same plane is a cylindrical or a round pin called an axis passing through a 
small cylindrical hole made at the ends of the bars. If the pin is smooth, 
the reaction between the two bars or beams connected by it consists of a 
single force passing through its centre. For, let FQS represent a section of 
the joint connecting two beams [fig. 91]. Then since their surfaces are in 
contact, either throughout the whole of the circumference or a part of it, 
there will be normal reactions at the points of contact, P,Q,R,. ..." Now, 
since all these forces pass through the centre O of the circle, they have a 
single resultant through this point. Consequently, the reaction in this 
case consists of a single force through the centre of the joint. By symmetry, 
the resultant is the same for every section and we get a system of like 
equal parallel forces acting at every point of the central axis of the 
cylindrical pin. These like parallel forces give rise to a single resultant 
acting through the centre of the pin. 



GENERAL CONDITIONS OF EQUILIBRIUM 


177 



In a smooth joint connecting two bars, the forces of reaction acting 
on one bar are equal and opposite to the forces of reaction acting on the 
other bar for equilibrium. The direction of the reaction on a bar depends on 
the other forces acting on it. 

To find the reaction at a smooth joint in a framework, it is con¬ 
venient to draw the connected bars separated or disjointed from one 
another and to draw the forces acting on each bar, the forces of reaction 
at each joint being resolved in two suitable perpendicular directions. Then 
we should consider the separate equilibrium of each bar and write down 
the equations of resolution and the equation of moment for each bar. 
This method is called the method of separation of bars. 

In solving problems of framework, we should remember that if the 
framework and the forces acting on it are both symmetrical about any line 
passing through a joint, then the reaction at that joint is perpendicular to 
the line of symmetry. 

Remark : If a joint be rough, the reactions at the points of contact 
will not be normal to the cylindrical surface and all the forces at the 
points of contact will not meet at a point. Therefore, the reactions may 
reduce to a couple or a single force- 

7.10 Working principles of solving problems of equilibrium of a 
rigid body 

In solving problems of equilibrium of a rigid body acted upon by a 
system of coplanar forces, we should first of all obtain three equations 
connecting the unknown foices and the angles as follows: 

(i) We should first of all equate to zero the algebraic sum of the 
resolved parts of all the forces in some convenient direction. 
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(ii) We should next equate to zero the algebraic sum of the resolved 
parts of all the forces in some other direction usually perpendi¬ 
cular to the direction as mentioned m (i) 

(iii) We should finally equate to zero the algebraic sum of the 
moments of the forces about any point m the plane of the forces. 

The point about which we should take moments is usually chosen 
so as to exclude as many forces as possible i.e the point through which 
most ot the forces pass. In some cases there exist geometrical relauons 
between lengths or angles involved, which give additional equations to 
those obtained by resolving and taking moments. In many problems, 
the difficulties are not really in the mechanical principles of the problem, 
but in the geometrical and trigonometrical knowledge required to obtain 
the result asked for. 

When a body is m equilibrium under the action of three forces only, 
we should first of all see whether two of the forces meet or not. If two 
forces are parallel, then the third force must be parallel to them. On the 
other hand, if two forces meet at a point, the third force will also pass 
through the same point. In the latter case, Lami’s theorem or converse 
of Triangle of Forces is often helpful. In many cases, equating to zero 
the algebraic sum of the moments of the forces about a convenient point 
is also helpful. Drawing of an incorrect figure according to the specifica¬ 
tions of a problem sometimes leads to an absurd conclusion In addition 
to the above, the following points should also be remembered. 

(a) The tension of the same string is the same throughout its length. 
If there is a knot in a string, the tensions of the string on the 
two sides of the knot will be, in general, different- 

(b) When two smooth bodies are in contact, the reaction of one 
on the other will be along the common normal to the two 
bodies 

(c) When two bodies (usually rods) are connected by a smooth 
joint or hinge at a point and are freely movable about it, 
reactions on them will be equal and opposite, but the direction 
of the reaction depends on the other forces acting on the body 
c ncerned. 

(d) If two bodies are rigidly joined together by a hinge and if we 
consider the equ'librium of the whole system, then the internal 
reactions at the joint should not be considered, since they 
balance one another. But if we consider the equilibrium of 
each body separately, then the internal reactions must be con- 
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sidered All these points Will be clear from the solved examples given 
below. 

711 Solved Examples 

(a) Reduction of coplanar forces acting on a rigid body 

Ex. 1. Forces P, Q and R act along the sides BC, CA and AB of the 
triangle ABC in the directions indicated by the order of the letters. If F 
be the magnitude of their resultant, show that 
F i =P- + Q}-2QR cos A- 2RP cos B-2 PQ cos C 

Let 0 be the angle made by the resultant F with BC. Then resolving 
along BC and perpendicular to it, we have 



Fcos 0 ~=P—Q cos C—R cos B .. (1) 

and F sin 6 — Q sin C—R sin B • (2) 

Hence, squaring (1) and (2) and adding, we get 

cos 2 C-t-i? 2 cos 2 B-2PQ cos C-2PR cos B 
+2 QR cos C cos B^Q 2 sm 2 C+P 3 sm 2 B-2QR sin B sra C 

=P 2 +Q 2 + R 2 -2PQ cos C—2PR cos B+2QR cos (. B+Q 
^pz+Q'+Ri-lQR cos A-2RP cos B-2PQ cos C 
Ex. 2. ABCDEF is a regular hexagon of which O is the centre. 
Forces of magnitude 1, 2, 3, 4, 5 and 6 act along AB, CB, CD, ED, EF 
and AF respectively in the directions indicated by the order of the letter*. 
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Reduce the system to a force at O and a couple and find the point in AB 
through which the single resultant passes 

[1 C.s 1938] 
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We observe that in a Tegular hexagon ABCDEF, AD, BE and 
CF will pass through O. Also BC and FE are parallel to AD, CD and AF 
are parallel to BE, and ED and AB are parallel to FC. We can now 
replace each force by a parallel force at O together with a couple- Thus 
the forces 3 and 6 along CD and AF respectively are equivalent to a force 
(6+3)=9 along OE together with a couple of moment 3P—6p=—3p, 
where p is the perpendicular distance of any side from O. Similarly, the 
forces 1 along AB and 4 along ED are equivalent to a force (4+l)=5 
along OC together with a couple of moment p—4p=—3p, and forces 2 
along CB and 5 along EF are equivalent to a single force (2-1-5)=7 along 
OA together with a couple of moment 5p—2p=3p. The algebraic sum of 
the moments of all these couples=G=--3p—3p-|-3p= —3p. 

We have now three forces 5 acting along OC, 9 along OE and 7 
along OA. 

We now take OC as the x-axis and a lme perpendicular to OC as 
the y-axis. Resolving these three forces along x and y axes, we get 

algebraic sum of the resolved parts of the forces along OX 

= 5—9 cos 60°—7 cos 60°=5————3 
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and Y= algebraic sum of the resolved parts of the forces along Oy 

—9 sm 60°—7 sin 60° =2 X ^-=V3 ■ 

Hence, the resultant R=\/ X i +Y I ‘ B = \/12 =2-\/3. 

If (x, y) be any point on the line of action of the resultant, then its 
equation is 

x7-yZ-G=0 

=>\/3 x+3y+3p=0. ...(1) 

Also the equation of the line AB is y=— p. Putting y= — p in (1), 
we get x=Q. , 

But (0,—p) are the co-ordinates of the middle point of AB. Hence, 
the single resultant obtained by the combination of the resultant and the 
couple passes through the middle point of AB. 

Ex 3 A system of forces in the plane of a triangle ABC is equiva¬ 
lent to a single force at A, acting along the internal bisector of the triangle 
ABC, and a couple of moment G v If the moment of the system about B 
and C are G 2 and G a , respectively, prove that (b+c) G x — bG 2 +cG a , where 
a, b and c are the length, of the sides BC, CA and 4.5 respectively of the 
triangle ABC. 

Let us choose the point A as the origin. AB as the x-axis and a line 
perpendicular to it as the y-axis. Let the single force be R, and X and 
Y its components alongx^and y-axes respectively. 


X 



Fig 94 
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Taking moments about B and C, we get 
<r 2 = <?! — cF 

and (r 3 = Ctjl + b sin A X — b cos A. Y 
Also X = R cos-y- 

and Y = if sin ' 

AY A 

From (3) and (4), we have tan -r~— X = Fcot — • 

JL JL 2 

From (1), F — — and hence from (5), 


-u> 
- ( 2 ) 

(3) 

(4) 

(5) 


G x —G t . A . 

z= "V cot T 

Substituting the values of X and Y in (2), we get 


(<?i ~ <? 2 )b| 
c 


G 3 = G 1 + 

= G± +^--^l b | 


C- 


sin A cot —— cos A 


] 


2 sin ~ cos 2 ^ 

7~A 

sm "2 


■ cos A 


= G x + 1 -j- cos A — cos A ] 

(G 1 - G 2 ) b 


= G x + 


=> c<7 3 = c G x -f- bt?! — b(7 2 
d? (b+c) G x — b G s + cG 3 . 

Ex 4, Three forces P, Q and if act along the sides of the triangle, 
taken in order, formed by the lines x+y=l, y-x=l and y=2. Find the 

equation of the line of action of their single resultant- [Nagpur ’1954} 

Let the three given equations be those of the sides AB, BC and CA 
of the triangle ABC Let the forces P, Q and if act along the sides AB> 
BC and CA respectively of the triangle. 
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Resolving all the forces along x and y-axes, we get 
X = algebraic sura of the resolved parts along Ok 
= P cos 45° + Q cos 45° — R 

_£_j_2_ R 

“VT + VT _S - 

Y ~ algebraic sum of the resolved parts along 0 y 
= - P sin 45° + Q sin 45° --£=. + -|L 

V 2 V 2 

Taking moments of all the forces about O , we get 
G = algebraic sum of the moments of the forces about O 
= — P-1 sin 45° — Q. 1 sin 45° +2 R 
P Q 

Hence, the equation of the line of action of the resultant force is 
x7 — yZ — <? — 0 
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=> X 


Q-P 

V2 




1 




v 


V 2 

T x +V?) 


P+Q 

+ 77=— 2R= 0 . 


+ <vT x -vT y + 7f)+^- 2 > =° 

=> P (x-fy—1) + 2 (y - x — 1) - i? V 2 (y — 2) = 0. 


Ex. 5. Two systems of forces P, Q, R and P', Q', R' act along the 
sides BC, CA and AB of a triangle ABC. Prove that their resultant will 
be parallel if 


(QR’ — Q'R) sin A-7 {RP’—R'P) sin B+{PQ'—P'Q) sin C=0. 


We take BC as the x-axis and a line perpendicular to it as the y- 
axis. Let F be the resultant of P, Q and R and letF' be that of P\ Q' and 
R f . Since the two resultants are parallel, they will make the same annle 
say 0, with BC. *- * 



FlG. 90 

Resolving the first system of forces along x and y-axes, we get 
P cos 6 = P — Q cos C — R cos B along Bx 
and F sin 8 = Q sin C ~ R s i D B along By. 
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Hence, 


Q sin C — R sin B . 
P—Q cos C—R cos B 


■ • (1) 


Similarly, for the second system of forces, we get 

a Q! sin C — R! sin B 
Un P'-Q' cos C-R ' cos B • 

From (1) and (2), we get 

(P — Q cos C — R cos B) [Q! sin C — R' sin B) 

= (Q sin C - R sin B) (P 1 - Q’ cos C-R’ cos B) 

=>■ PQ ' sin C — PP' sin B — QQ’ cos C sin C 
+ QR' cos C sin i - RQ' cos B sm C + iLR' cos B sin B 
= £>P' sin C — QQ r sin C cos C — QR' sin C cos B 
— RP' sin B + RQ' sin B cos C + RR’ sin B cos B 


-( 2 ) 


* ( PQ' - QP') sm C + (. RP' — R'P ) sin B 
+ QR' (cos C sin B + sm C cos B) 

— RQ' (cos B sin C + sin B cos C) *= 0 
=> [PQ' - QP') sin C + ( RP' — R'P) sin B 
+ ( QR’ - RQ') sin (B + C) = 0 

=> {QR' — Q'R ) sin A + (RP' — R'P) sin B + (PQ' - P'Q) 

Xsin C = 0. 


[ V P+C=7r- J 4] 


Ex. 6. The sum of the moments of a system of coplanar forces 
about each of three non-collmear points in the same plane as that of the 
forces is equal to the sum of the moments of another system about the 
same points. Prove that the two systems are equivalent. 

Hence show that any system of coplanar forces may be replaced 
by three forces acting round the three sides of a given triangle ABC in 
the same plane as that of the forces. [Allahabad 1957] 


First Part: 

Let X and Y be the algebraic sums of the resolved parts of one 
system of forces along two mutually perpendicular directions Ox and Oy 
respectively and let G be the algebraic sum of the moments of the 
forces about O. Let X lt and be the corresponding quantities for 
the second system of forces. 



186 


ELEMENTARY STATICS 


Let the co-ordinates of three non-collinear points be (x x , yj, (x 2) y 2 ) 
and (x s , y 3 ). 

Then the algebraic sum of the moments of the forces in the first 
system about (x x , y a ) is G — Xj Y + y l X and that for the second system 

is G x + y^i- 

According to the given condition, we have 

G — XjT -f y x X = Gj — XiTi 4- y^ 

G x - x, (K- Y t ) + y x (X- X x ) = 0. (1) 

Similarly, taking moments about (x 2 , y 2 ) and (x 8 , y 3 ), we get 

G-G.-x^Y- YJ+ y,(X-X 1 ) = 0 (2) 

and G — G, — x 3 {Y — Y x ) + y a (X X x ) = 0 . (3) 

Solving for G — G x , Y — Y x and X — X x from (2) and (3), we get 

0 - G t Y-Y x X-X, „ 

-— ~--- = a, say. 

x 3 y 2 — x 2 y 3 y 2 - y 3 x 2 - x 3 

■' G — G x = K (x 3 y 2 x 2 y a ), Y — Y x = K (y 2 — y 3 ) ) .(A) 

and X — X x — K (x 2 — x 3 ). J 

Substituting these values of G — G Xi Y—Y x and X — X x in (1), 
we get 

K [xj (y 2 —y 3 ) - yi (x 2 — x 3 ) + (x 2 y 3 - * 3 yjM = o 

y x 1 

X x 2 y 2 1 —0 

x 3 y 3 i 

But since the points (x x , yj, (x 2 , yj and (x 3l yj are non-collinear, 

hence 

Xi yi 1 

x 2 y 2 1 0. 

x 3 y 3 l 

Hence, K must be zero. 

Henbe, from {A), we get G = G lt X = X x and Y = Y x 
In other words, the two systems of forces are equivalent. 

Second part : 

Let ABC be a triangle and let the algebraic sums of the moments 
of a system of coplanar forces about A, B and C be G lt G t and G a res¬ 
pectively. We consider another system of three forces P, Q and R acting 
along the sides BC, CA and AB respectively of a triangle ABC and let 
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<j/, G 2 and GJ be the algebraic sums of the moments of P, Q and R 
about A, B and C respectively If these two systems of forces are equiva¬ 
lent, then as in the first part, 

G 1 = Gi, G„ --- GA and G s = G a '. 

But G x ' = PiP, G 2 ' = p 2 Q and G a ' = p 3 P, 


where p ls p 2 and p 3 are respectively the lengths of the perpendi 
culars drawn from A, B and C to the opposite sides. 

Hence, p x P — G\, p 2 Q = G 2 and p 3 P = G 3 


* P = 


— — and R 

Pi P 2 Pa 


Thus G 1; G 2 and G s of one system of forces being known and p x , p z 
and p a being known, we can determine another system of forces P, Q and 
R acting along the sides of a triangle. 

Ex. 7. Moments of the resultant R of a system of coplanar forces 
about three points O, A and B lying in the plane of the forces are G, 
G-\-J t aQ d GArJ 2 respectively, ff, referred to O as origin, the polar co¬ 
ordinates of A and B be (r x , 0j) and (r a , 0 2 ) respectively, show that 


R 3 sin 3 (0i—0*) = Q+Q- 2 - lJ °- C ° S - ° x 6a) . [C.H. 1954] 
v fa 3 r 2 2 1^2 

We take O as the origin and any two perpendicular lines Ox and 
Oy as the co-ordmate axes. Since the polar co-ordmates of A and B are 
given to be (r lf 0J and (r 2 , 0 2 ) respectively, their rectangular co-ordinates 


* 






o 


X 



Fig- ST 
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are A : (r x cos 0!, r x sin 0 X ) and B : (r 2 cos 0 2 , r 2 sin 0 2 ). Since the algeb¬ 
raic sum of the moments of the system of forces about A is G + J Xt 
hence 

G — Xr x sm 0 X 4- Yt x cos 0 X = G + J x 

Xr x sin 6 X — Fri cos 0 X + J x = 0, (1) 

where X and Y are the algebraic sums of the resolved parts of the 
forces along x and y axes respectively. 

Similarly, taking moments about B, we have 

G — X\\ sin 0 2 + Yr 2 cos 0 2 = G -j- 7 a 
=> sm G a — Yi a cos 0 2 + J 2 = 0 . . (2) 

Solving for X and Y from (1) and (2), we get 


X 


— Va sin (0 X — 0 2 ) 


J 2 r 2 cos 0 2 — JjjTj cos Gi J x r 2 sm 0 2 — / 2 r 2 sin 6 X 

_ _ 1 __ __ 1 

r x r 2 (cos 0i sin 0 a — sin 0 2 cos 0 2 ) 

Hence, * _ •'.r. c°» 8, - J,r, co, 8, 

— rir 2 sin (0 X — 0 2 ) 

and y = y i r a sin ~ ^ r i sin e i . 

- rjr a sm (0! - 0^ 

Hence, R* = X s + Y 2 


(J x t., cos 0 a — J z r i cos 6i) a + sm 0 2 — 7 a r x sin 0]) 2 
r i 2 r 2 2 sin 2 (0 2 -0i) 


R 2 sin 2 (0 2 — Qj) 


~4 * Ji r x 2 2/; / a r a r x cos (0 x 6^ 

•Y*Y 


±L . , Jih cos (0i-0 a ) 

T i r 3 2 • rir 2 


Ex 8. A plane system of forces is equivalent to a couple of 
moment M, and if the forces are turned through a right angle about the 
respective points of application in the same sense, they are equivalent to 
a couple N. Prove that when each fofee is turned about its point of appli¬ 
cation through an angle « in the same sense, the system will be in 

M 

equilibrium if tan a = — -y . [C.H, 1959] 

Show that if the forces be turned through an angle 2 tan" 1 -^- the 

M 

system is equivalent to a couple of moment M 
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Let P x , Pi ■ P n be the system of forces acting at the points (xi, yi) 
(x 2 , y 2 ),- . (x n , y„) and making angles 0 1( 0 2 0* with the x-axis. Let X r 
and Y r be the components of P r (r= 1,2 ..n) along x and y-axes respectively 
and X and Y be the algebraic sums of the resolved parts of the forces 
along x and y axes respectively. Let G be the algebraic sum of the mo¬ 
ments of the forces about the origin O. 

Let X, Y, G become X', Y\ G' and X", Y“, G", when all the forces 
are turned through a right angle and any angle a respectively. 

Then we have 


X r — P r cos 

9r, Y r = 

P r sin 0 T 

so that 


n 

n 


n n 


>< 

11 

M 

& 

— r} p 

cos 0 r , Y 

= % Y r = 2 

P T sin Or 

r=l 

r=l 


r=l r= 

1 

n 



n 

- y r cos 6 r ) P r . 

and G = 2 

(Xr Y r - 

- Yr X,) = 

= 2 (x r sin 0 r - 

r— 

1 


r=l 



Since the system of forces reduces to a couple of moment M only, 
hence we have 

n n 


X = Y = 0 => X Pr cos 0 r = 2 Pr SID 0, = 0 

..(1) 

r=l 

r=l 


n 

and G — M =>■ 5 (x r 

sin 0 r — y r cos 0 r ) P T — M 

(2) 

r=I 

n 

n 


Now, X' ~ 2 Pr COS 

(M- -2 i\ sin 0 r = 0 [by(l)j 


r=l 

r=l 


n 

n 

\ r -i 


r = s p, sm (0r+ 

J )= X p r cos0 r = 0 j^by (1)J 


r=l 

r=l 


n 

and G' = 2 sin^ 

6f+ T / Yr co s V 6r+ T) J Pr 



r=l 


n 

= S (x r cos 0 r + y r sin 0 r ) P r - 

r=l 
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Hence, when all the forces are turned through a light angle, then the 
system of forces, reduces to a couple of moment G' = N so that 


3 (x, cos 0 f + y r sin 0 r ) P r ~ N. . (3> 


When the forces are turned through an angle a, we have 
n 

X"= 3 P f cos (0 r + a) 
r=l 

n n 

= cos a 3 Pt cos 0 r — sin a 3 Pr sin 6 r = 0 [by (1)] 
r=l r=l 

n 

Y'—3 P f sin (0 r -fa) 
r=l 

n n 

=sin a %P T cos 0 T +cos a 3 P T sin 0 f =O [by (1)J 

r=l r—1 

and n 

G'=S-P r [Xr sin (6,+a)—y r cos (0 r +a)] 
r=l 

n 

= S-Pf [x r (sin 0 T cos a+cos 0 r sin a) 
r= 1 

—y, (cos 0, cos «—sin 0 r sin a)] 
n 

=cos aXP r (x r sin 0 r ~y r cos 0 T ) 
r=l 

n 

+sin a.XP r (x r cos 0 r +y r sin 0 r ) 
r= 1 

=M cos a+JV sin a. [by (2) and (3)1 

Now if the system of forces be in equilibrium when turned through 
an angle a, we must have G"=0 

cos a -\-N sin a=0 => tan a=—^ 

N 

If «=2 tan' 1 tan then 

1—tan s -f 2 tan 4 

G'—M cos a+JV sin a.=M. , ■ ( jy. z 

H-tan s ~ 1+tan 3 ~ 
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1 M' 1 

s>G"=M. -rrr+lV. 

1+ w 




M (M 2 —IV 2 ) + 2N 2 M 


=M. 


M 2 +N 2 
M-+N- M ' 


Hence, in this case the system reduces to a couple of moment M. 


Ex. 9. A system of coplanar forces has the total moments H, 2H 
respectively about the points whose co-ordinates are (2a, 0) and (0, a) 
referred to fixed rectangular axes. The total resolved parts of the forces 
along the line y=x vanishes. Find the points in which the line of action 
of the resultant meets the co-ordinate axes. [C.H. 1961] 


Let the resultant of the system of forces be R whose line of action 
meets the x-axis at (b, 0). 

Let —X and Y be its components along x and y-axes respectively. 
Taking moments of the forces about the point (0, a), we get 

7b- Xa-2 H. (1) 



Fig. 38 
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Taking moments of the forces about the point (2a, 0), we have, 
— Y (2 a—b)=H. . (2) 

Resolving the components X and Y along the line y=x, we get 
Y cos 45° — X cos 45°=0 => Y=X, . (3) 

From (!) and (3), we have 

Y (b—a)=2H. . (4) 

Dividing (2) by (4), we get 

~ 2a =i-^2b-4a-b+a=0 =>b=3a. 
b—a 2 

Hence, the line of action of the resultant intersects the x-axis at 
the point (3a, 0). 

Since Y—X, hence the angle 0 made by the line of action of the 

Y 

resultant with negative x-axis is given by tan 6=-^ =1 =>0=45°. 

Hence, the intercepts made by the line of action of the resultant on 
the x and y-axes will be equal Hence, the line of action of the resultant 
R will cut the y-axis at the point (0, 3a). 

Ex. 10. The algebraic sum of the moments of a system of forces 
about the points whose co-ordinates are ( Xl , y a ), (x a , y 2 ), (x a , x 3 ) and 
(x 4 , y 4 ) referred to Ox and Oy as axes are G u G 2 , G s and G 4 respectively. 
Show that 


1 

*1 

Yi 

Or 

1 

X 2 

y 2 

g 2 

1 

x 3 

y 3 

g 3 

1 

x« 

y* 

G4 


[Allahabad 1938 ; Bombay 1954 ; Delhi Hons. 1958, 1962], 

If X and Y are the algebraic sums of the resolved parts of the system 
of forces along Ox and Oy respectively, and G is the algebraic sum of 
the moments of the forces about the origin, then 

0 1 ==algebraic sum of the moments about ( Xl , y*) 

=0-xi Y+y x X 
=>G- Xl F+ yi X-G t =0 
Similarly, G— x 2 F+y^’’—G a =0 
0-x 3 F+y 3 2f-O 3 =0 
and <?—X 4 r+y«A'—G 4 =0 





Eliminating & X, Y from these four equations, we get 
\| |1 x x y x GU 


Ex. 11. The all 
three vertices A, ] 
long are 10, 20 ai 
the points where 
Let X and 
system of force! 
origin and axes / 
be the algebraic^ 


lebram sihqs of the moments of a system of forces about 
1, C o^ian e^qlagral triangle whose sides are 2 units 
d 10 un\s; find IS magnitude of the resultant force and 
ts line of action int^Kects AB and AC, 
r be the ajgebr: ic sumSsof the resolved parts of the 
along resp^tta]v, A beingvchosen as the 

y -a n d-g. > ^ / e p« pea di cu la l r -t o 8*ch ot he i ag. 99]. Let G 
4m of the momer tCof the force About A. Then G=10. 


^ - w Fie.ioo 

Since the rod is n equilibrium under three forces meeting at C, we 
have, by Lami’s theorem, 

,E 

w idl A°s' 1 


sin Z.ACB in /_ACD /sin Cifi0°—</>) 2 sin (90°T4>) 

£=2 cqs </>. 

Since </> cannot be eqnjrflto so long jh^JrltS'norizontal force 

exists, we have A ^ x, \ 

Zt 2 / «m~ x 

..a, 

Now sin^tTis the middle point 1 of ^HJgnd GC || AO, hence OC=CB 
so that 010=20 C. HS-STlf 

Hence, from (1) 

60°, 2 sin 60°) 

Heti££(,l]h^35i(dlfifi%5isfe>fcrh®' f2>, 0)? vertical is 45°. 

Takin^momen1;s%1louf B, we have ...... f , , Anr 

Smce me three forces are parallel to the sides of the triangle AOC, 

we haviPbyjtfie^cfiru^s^ofiftre InialyglSiff forces, 

^V3^r-io=o. ...(i) 

Takingitporflfn^bf we have 

^^?©=42°Sf=>r=10. 
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Hence, from (I), . 

If R be the resultant force, then 

R=i\J x*+y-= y ' 100 + =10 \J ~ • 

The equation of the line of action of the resultant is 
x 7-yJf-G=0 

20 2 

=>10x- r= y—10—0=*x-- y-l=0 . .(2) 

V3 V3 

Putting y=0, we get x=l. Hence, the resultant passes through the 
middle point of AC. Again, the equation of the lme AB is 

y=tan 60°. x = v'3x 

Putting y=V? x in (2), we get x—~ 1 . 

Hence, y=~ \ / 3. 

Hence, the point where the resultant cuts AB is (—1,-~ a/T) which is 
at a distance of Vj+l =2 units from A in the direction BA produced. 

(b) Equilibrium of a body acted upon by three forces : 

Ex. 12. A uniform rod can turn freely about a smooth hinge at one 
of its ends and is pulled aside from the vertical by a horizontal force acting 
at the olher end of the rod and equal to half the weight of the rod. Find 
the inclination of the rod to the vertical at which it will rest. 

Let AB be the rod of weight W acting at the middle point C of the 
rod. A is ihe position of the hinge and the end B is pulled horizontally by 
W 

a force ——. Let R be the reaction of the hinge at A. Since the rod is in 

equilibrium under the action of these three forces only, the reaction of the 
hinge must pass through C, the point of intersection of the lines of action 

W 

of the horizontal force — and the vertical force W. Let the vertical 

through A intersect BC produced at O so that /_AOB= 90°. 

Let /_ABO=Q and Z ACO=<f>. 
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have, by Lami’s theorem, 

W_ 

W 2 1 1 

sin LACB sin LACJ) sin (180 °—</>) 2 sin (90°4-^) 

=>sin ^=2 cos <f>. 

Since <f> cannot be equal to -j- so long as the horizontal force 

exists, we have 
tan i—2 
AO 

=> ~^j=2=>A0~20C. ... (1 ) 

Now since G is the middle point of AB and GC || AO, hence OC=C£ 
so that 0B=20C. 

Hence, from (1) 

AO^OB and ^£0=8=45°. 

Hence, the inclination of the rod to the vertical is 45°. 

Alternative method : 

Since the three Forces are parallel to the sides of the triangle AOC, 
we have, by the converse of the triangle of forces, 

W 

~SC ^AO-WC-OB 
Z_ABO= 45°. 


m 


HiWW 

Ex. 13. If a unifrom heavy rod be supported by a string fastened 

a smooth P eg> sllow tliat ** can on >y rest ,n a 

horizontal or vertical poison. 

If R tetb^dselJiuitrfdraf, wbcght W supported by the string AOB passing 
over the smoo/h-peg-at O. Sin c e th e- sani e string passes-over the smooth 
peg, ift 0 ^an4^-vvtfllBedcqiifii Let T be the ten¬ 

sion of the idring acting along AO and BO The wetght W of the rod passes 
The equation of the line of action of the resultant is 


%Y-yX~G=0 


=> l0x —rr y- l0= ^ 
J . /.a., 


7T y-i=o 


Putting y=0, we ■Jet^=l. H :nce, thtwlisultant passes through the 
middle point of AC. Agaiwthe equat on of the line AB is 

y=tan 60°. x^\f2x. 0 'S. 

Putting y= VJ "x we get -r— — 1 , j _ Q 


Hence 


,y>=-A 


Hence, the point where the resultant cuts AB is (— 1 ,—a/ 3 ) which is 
at a distance <jf j\^rji0^units from A in the direction BA produced. 

(b) Equilibrium of a body acted upo y by three forces : 


the inclination of the rod to the vertical at which it will rest. 


ef"R be the reaction of the hinge at A. Since the rod is in 

We have 

equilibrium under the action of these three forces only, the reaction of the 

hinge-t h£*H b fh u ofadterseclion of the lines of action 
sin «. sin A OU sin (6—a) 


of the jteDrizonflt# foreand the sferhcal force ffP. Let the vffltt 
sin a “ smB ^ ~OG^ " sin [18O°-(0+a)] -AG=BG j 
through A intersect BC produced at O so that /_ACTB=9 0°. 

=>-sin « [ sin {180° — (0+oc)j—sin (0—a)l=0. 

. Let Z_ABO=d and ZAto==<j>. 

. . Either sin a=0 whence a=0 


or, sin [180°- (0+a)]=sin (6—a) 




m 


^l8O°-(0+a)=0- a =>20== 180° =*0=90°. 

When 0=90f, tt^ rod AB is horizontal and when </.= 0, the rod is 
vertical. Hence th 5 rejmlt. 

Ex. 14. A i nifornyrod > of weight W and length 2/has one end 
against a smootl vertica 
vertical upon a ai ooth rail 
rail from the wnrl 5 


and rests at an inclination of 45° with the 
r^el to the Tall Eindfr the distance of the 


[g^readi 

Let AB be tfregtfj3 oNt^lght^ 


0 

acting verticall^fown rards through 
simply praised aga nst a smooth 
if thrall on the r d will be per- 
rea R must be 1 irizontal. Let 
!&s mfeet at O The osition of the 
action of the rail on th< rod may pass 
through O. Let IC be the pome'of contact of the rail with i ie rod so that 
the reaction R x onthe0ad{ii / perpendicular to AB and it pas es through O. 

[Note that theN^fddibrium of the rod is not possible i the point of 
contact of the raiL^ith the md lies be.yoqd AG or if the nil AB remains 
below the horizQtal through A.] 

F»e. 103 a. 


G, its middle pi inf. The 
vertical wall so that the re ictLo 
pendicular to the vail and hen ;e 
these two horizc ntal and ve "tical 
rail will be such that the no^*i\tf 


Hence, using the cotangent formula 
(1+1) cot ZO£^|cot AAOG 
=>2 coH^ S |h° t ) =:c | , ^Q 0 -t>ot 


; triangle OAB, we have 


lei 


=*-£ 


vertical wajll, to 
point on it 


W(l 4r) 

V/- 


Let 

acting verti 
smooth, t 


tan a4=—tan | 
a=^ tpn 0. 


ps| r and weight W rests against a smooth 
by a string of length /. fasten ed to a 

efrintt ic _ 


surlabc. Shovi th^the tQsion of the string is ^ 


yiHxTe of tHe sphere through which its weight W is 
uvpurwiiwards. AB W .the vertical wall. Since the wall is 
reaction R of the Wll on the sph|sej^U JtQ£?mal to the 
wall and hence it will pass through C. BD is the string attached at a point 
D of 1 '^’ s£l$^^if^ < ^fte = {w forces R and W meet at C, hence the 
tensiotolsiT, ^tft3^«h»(*dIhafBmT^<^su4h a C - .4<G i a<i<9at®&-=^ and 
CD= r. Applying Lami’s theorem, we get 


W 


W 


sm (180°—/LACB) sin 90° sin AACB 


-= T. 
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Now, if CL be drawn perpendicular to AO, then 

AL—LO, since C is the middle point of AG 

1 1 1 

Hence, AL=AC cos 45°= ~Z~AG X ~r — ■ 

2 V2 V2 

Hence, the distance of the rail from the wall = 

To find' the^reactions, R\ and R, we apply 
Lami's theorem, we have 

R x R W 

sin 90° sin (90°+45°)^~ sin (90°+45°) 

Ri J? 2 W , _ 

^ T = cos' 45°~ cos" 45°^ Ri=V2R=V2W 

whence \/2 W and R=W~ 

Ex. 15. A heavy uniform rod is in equilibrium with one end resting 
against a smooth vertical wall and the other against a smooth plane 
inclined to the wall at an angle 0. Prove that if a be the inclination of the 
rod to the horizon, then tan a=£ tan 0. 

[P.U 1932] 

Let AB be the rod of weight W acting vertically downwards through 
its middle point G. Let R x and R 2 be the normal reactions of the inclined 
plane and the vertical wall AD respectively acting along BO and AO so 
that BO is perpendicular to the inclined plane and AO is perpendicular to 
AD. Since the rod AB is m equilibrium under the action of these three 
forces only, they must meet at the point 0. It is given that LOAB—& 
and /_ADB=§, 

\ 

Now, the quadrilateral OADB is cyclic, 

since /_OAD+/_OBD= 90°4-90°=180°. 

Hence, LTOB= 0. 

;./,BOG=90°-Q Also, LAOG= 90°. 

Now, Z.OGB=x+/_AOG=%°-i-<x. 


1 

2s/2 ' 

Lami’s theorem. By 
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Hence, using the cotangent formula in the triangle OAB, we have 
(1 + 1) cot /_OGB= cot /_AOG— cot /_GOB 
=>2 cot (90° + a) = cot 90°—cot (90° —0) 

^>--2 tan a=—tan 0 
=s»tan a=4 tan 0. 

Ex 16. A sphere of radius r and weight W rests against a smooth 
vertical wall, to which it is attached by a string of length /, fastened to a 
point on its surface. Show that the tension of the string is 
r) 

y/1 +2/r 

Let C be the centre of the sphere through which its weight W is 
acting vertically downwards. AB is the veriical wall. Since the wall is 
smooth, the reaction R of the wall on the sphere will be normal to the 
wall and hence it will pass through C. BD is the string attached at a point 
D of the sphere. Since the two forces R and W meet at C, hence the 
tension T of the string will also pass through C. Given that BD=l and 
CD=r. Applying Lami’s theorem, we get 

W T W _ T 

sin (180 °-l_ACB) sin 90° ^ sin /_ACB 


Now, if CL be drawn perpendicular to AO, then 



ffffltHflve ight W acting vertically downwards through 
its middle point G. h/tf 2 -%2fcd 3? 2 be the normal reactions of the inclined 



llSll'Ptfre^ji^hfferal OADB is cyclic, 

mAm+6 0 my’W°‘teW-U» pent a, which „ s weight 
may lfei»«utheQ^S=a^fe.] 

' L4t £ J¥m%Cl^ l 6?’\K4i0^ l W^itjg through G vertically down- 
wardNowptt <ftafi^£i=4^d^^ K .The ends of the beam rest on the 
sphere at A and B. The normal reactions at A and B will pass through 
the centre 0 of the sphere. Hence, the line of action of the weight W will 
pass through 0 for equilibrium. AB makes an angle 6 with the horizon¬ 
tal AMD so that LBAD=%. Let OC±AB. 
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Hence, C is the middle point of AB. 

Now, A_COG=90°— l_OGC—90°~/_AGM= /_GAM=Q, 
Also, GC=AC—AG=% (a+b) —a=| (b—a) and 
OC=AC cot /_AOC=\ (a+b) cot « {:/LAOC^\ /_AOB=u.] 



Hence, from A GOC, 

A GC i (b- 

*■" 0 “ oc~ — 


-a)__ 


b—a 


tan a. 


i(a + b) cot a b+a 
Ex 18. A solid cone of height h and semi-vertical angle « is placed 
with its base against a smooth vertical wall and is supported by a string of 
length / attached to the vertex and to a point in the wall. Show that the 


greatest possible length of the string is 


[The 


h /sj 


1 + 


16 


tan 2 a 


centre of gravity of a solid right 
3 

axis at a distance — h from the vertex.] 


[Lucknow 1957] 
circular cone is on the 


Let A be the vertex of the cone, BC, the base in contact with the 
wall, and X, the centre of the base so that AX is the altitude. Given that 
AX— h, AP=l and /_BAX= /_CAX—o. so that 
BX=CX— h tan a. 

The weight W of the cone will pass through G vertically downwards 
so that GX=i h. Let AP be the string attached to a point P of the 
vertical wall PC. Let T be the tension of the string. The reaction of 
the smooth wall on the cone will be normal to the wall Since the cone 
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is in equilibrium under these three forces, they must meet at a point, say 
°. OD is drawn perpendicular to the wall so that the normal reaction R 
will pass through O. 

Here D is some point within the base SC. Hence, DX^BX. 

&OG ^h tan a /j\ 

[■ •OGXD is a rectangle]. 

Now, AO AG and A PAX are similar. 

px 4^^= fv/~ 

Hence, from (1), we have ^ h tan a 

9 r 

=> "jg (l 2 —h 2 ) <h 2 tan 3 a I V each term on both sides of the 


inequality is positive J 

l+^tan 2 « ^ 

tan 2 « £ V l is always positive 1 

Hence, the greatest possible length of the string is 
h \J l+~ tan ! «. 
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Ex. 19 A fixed smooth hemispherical bowl of radius a is placed 
with its axis vertical, and a umfoim rod of length I rests with one end 
inside the bowl and the other projecting over the rim. Prove that the 

length of the road outside the bowl is ^ 71— \J h-f- 128o 2 j , 

and hence deduce the shortest length of a rod that can rest in this manner. 



Fie. 107 

Let AB be the rod, G its middle point through which the weight of 
the rod acts vertically downwards. A and C are the points of contact of 
the rod wirh the hemisphere. The reaction of the smooth bowl at A will 
be normal to the hemisphere at A and hence the reaction at A will pass 
through O, the centre of the bowl. The reaction at C of the rim on the 
rod will be normal to the rod and the rim. Since the rod is m equilibrium 
under the action of three forces only, they must meet at a point D. Let 
DG produced intersect the hemisphere at E. We jom AE, Mow, since AD 
is a diameter of the sphere and /_ACD*=90°, the point D must be the 
other extremity of the diameter AD. Hence, A,AED= 90° and so AE is 
horizontal. Let 0 be the inclination of the rod to the horizon. 
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,/_EAC=0. Also A_OAC= /_OCA=/_EAC [', OA—OC and 

OC11 AE] 

Now, OA=OC—a and AB=l 

From IE ABE, we have AE=AD cos 20=2 a cos 20. 

Also, from A AGE, AE=AG cos 0 = -^- cos 0. 

/ 

Hence, 2« cos 20= — cos 0=>8i a cos- 0—/ cos 0—4«=0. 
z 

z^cos 0 =]±Vl l±128£l . 

16 a 

Now, <o and so 0 becomes obtuse which is 

lu a 

absurd. Hence, rejecting this negative value of cos 0, we get. 

cos 0 = J+y / l±jjSgg a . 

16« 

Now, the length of the rod outside the bowl 
=BC~AB—AC—l~AD cos 0=/— 2a cos 0 


= l ~ HV/*+128a») (7/-V/' + 128fl a • 

Now, m order that the rod may be in equilibrium with its end B 
just touching the rim, BC ^0 

=>7/>\// 2 +l28a a =>49F>/ 2 +128fl 3 =>/>2ci/y / | • 


Hence, the required shortest length of the rod is 



Ex. 20. A smooth rod of length 2 a has one end resting on a smooth 
plane of inclination « to the horizon and is supported hy a horizontal rail 
which is parallel to the plane at a dislance c from it. Show that the incli¬ 
nation 6 of the rod to the inclined plane is given by the equation 

c sin «=a sin-0 cos (0—a) [Allahabad 1939, 1957; Lucknow, 1953] 
Let AB be the rod and G be its middle point through which its 
weight W acts vertically downwards. The end A of the rod rests on an 
inclined plane of inclination «. Since the plane is smooth, its reaction on the 
end A of the rod will be along AO, the normal to lhe inclined plane QR. 
The point M of the rod is its point of contact with the rail. (The rail may 
be considered as a horizontal straight line through M parallel to the plane 
QR, which is not shown in the figure). Since the distance of the rail from 
the plane is given to be c, the length of perpendicular from the point of 
contact M to the inclined plane QR must be c. Let MN be the length of 
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this perpendicular so that MN=c. The reaction of the rail on the rod ■will 
be perdendicular to the rod. Let' this reaction act along MO so that 
LOMA— 90°. Since the rod is in equilibrium under the action of these 
forces only, they must meet at a point, say O. It is given that 

/_MAQ=% and AAQP—a.. 

Now, /_OAM~90° —9. 

Let the vertical through G intersect QR at S and the horizontal QP 

atT. 

Then /_GOA=90°-£OSA=90°~/.QST 

=90®-~(90°—a)=a 

ZAfO J 4=9O o -ZO J 4M=9O o -(9O°-0) = 0. 

AMOG= Z_MOA—/_GOA=§—o.. 
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/_0GA=-9Q o -\-/1M0G=9Q°+%- « 

£_ OAG=90°— Z Af04=90° - 6. 

Now, from A MNA, we have 

. A MN c . Alif c 
sm 9 “ AM ~ AM AM "sin 6 


But AG=GB=a. 


GM=AM-AG=—- - a. 

SID 0 

Now, using the cotangent formula in A OMA, we get 
(AG+GM) cot AOGA=AG cot LOMG-MG cot LOAG 

=>—g- cot (9O°+0~«)=tf cot 90“ — ( - L—a ) cot (90°-B) 

sin 0 l sin 0 / 


=>•- ~-x- tan (0—«) = —/ —r-^-Q- a ) tan 0 

sin 0 \ sin 0 ) 

c sin (0—a) c—a sin 0 sin 9 

^ sin 0 cos (0—a) sin 0 * cos 0 

=>c cos 6 sin (0—a)=(c— a sin 0) cos (0—a) sin 0 

=>■<? [cos (0—«) sm0—sin (6—a) cos 0]=a sin 3 6 cos (0—a) 

=>c sin a=a sin 2 6 cos (0—a). 

Hence the result. 

Ex. 21- A uniform rod 4m long is free to turn in a vertical plane 
about its upper end which is hinged. To a point of the rod 3m from the 
hinge is attached a string which, running perpendicular to the rod, passes 
over a pulley and supports a weight P The rod is in equilibrium at an 
angle of 60° to the horizontal. Prove that P is one-third of the weight of 

the rod* and the reaction at the hinge makes an angle tan -1 

with the horizontal. Find also the reaction at the hinge. 

Let AB be the rod hinged at A and G, its middle point through 
which its weight IF acts vertically downwards. C is the point where the 
string CT is attached so that Z.TCA=90°. M is the pulley over which 
the string passes. The weight Pis attached at the extremity of the string 
so that the tension of the string CT is P acting along CT. The weight W of 
the rod and the lension P of the string meet at O. Hence, the reaction R of 
the hinge at A must pass through O along OA for equilibrium of the rod. 
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FI 6 100 

Let BS and AN be horizontal lines through B and A respectively. Let the 
vertical through G intersect AN and BS at E and F respectively [fig. 109], 
Itjis given that AC= 3m, AB= 4m and AABS=6 0°. 

Hence, ANAB=60°. Let AOAE=0. 

Now, /_OGC= Z.EGA=90°-6Q°=30°, 

Z_OCG= 90°, Z.OAG=6-60°, 

AG=2m, GC= AC-AG =(3-2) m=lm. 

Hence, using the cotangent formula in A CO A, 
we have 

(AG~\~GC) cot AOGC=GC cot AGO A—AG cot AOCG 
=>3 cot 30°=cot (0—60°)—2 cot 90° 

1 -}-tan 6 tan 60° 

=>3 V / 3 =cot (8—60°) = tan e—tan 60° 

_ 1 + V3 tan 6 
tan 6 — \/3 
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^3\/3 tan 6 —9=1 +\/3 tan 6 
=*2 vT tan 6=10 

=>e “ ^ 

To find P and R in terms of W, we apply LamTs theorem and get 

P R W 

sm Z.AOF sin Z COF sin A.COA ' •• (A) 

Now, /LAOF=180°—/.AOG= 180°—(90°—6)—90°-\-6, 
/_COF=180°—/_COG=180°—(90°~/ CGO), 
=90 o +Z-E&4=90°-f-30 o = 120° and 
/_COA=9(f—Z.OAC=90°~(d-60°)~ 150°~6. 



Hence, sin Z^<22 ? = sm(90°-f 6)=cos 6=— 

V84 5 

[■■■“ -¥] 

sin ZCOF=sin 120° =^- 3 , 

sm Z CCM=sin (150°—6)=-- cos 8+ —^- sin 0 

1 2 

= ix >+4^ 

2 V84 2 y/ 34 

18_ _9_ 

~2y/84 V84 

Hence, from (A), 

P R _JV 

Jt _ = VJ ' 9 

V 84 2 •s/ 84 

=> P=? and J?= Vl W. 

3 3 


(c) Equilibrium of any number of forces' 

Ex. 22. A bar AB of weight 40N and length 8 m is hinged at A to a 
point in a vertical wall, and is maintained in a horizontal position by 
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means of a chain attached to B and to a point in the wall 5m 
above A. If the bar carries a load of 20 N at a point 6 m from A, 
calculate the tension m the chain, and the magnitude and direction of 
the reaction at A between the bar and the wall. 

Let AB be the horizontal rod higned at A to the vertical wall AC. 
The weight 40 N of the rod acts at B, the middle point of AB, vertically 



downwards. BC is the string attached to the end B of the rod and a point 
C of the wall such that +C=5m. Let T be the tension of the string 
inclined at an angle <f> with the horizontal BA and let R be the reaction at 
the hinge A, making an angle 0 with AB. 

Now, BC=\/AO r +AB r =\/5 2 + 8 2 =V89~ 


sin i = - 7 = . and cos <j> 
Y V 89 


_ 8 _ 

V89 


Resolving all the forces horizontally and vertically, we get 
[cf. section 7.10 (i) and (ii)] 

8T 

R cos 0=7’ cos j>= ^/g^' 
and R sin 0+T 7 sin <£ = 20+40 = 60 


■ R sin 0=60— 


5 T 


\/89 

Let AM be perpendicular to BC. Then 
5 40 


...( 1 ) 


• ••( 2 ) 
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Taking moments of all the forces about A, 
we get [cf, section 7.10 (iii)] 
r.8 sin $—40X4—20x6=0 

=> 8 Tx -4==280 =>r=7\/89 • 

V 89 

Putting the value of T in (1) and (2), we get 
8 _ 

R cos 6 = xl\/&9 =56 

and R sin 0=60— •—x7\/8?=25. 

Squaring (3) and (4) and adding, we get 

^-V / 56 2 +25 2 =V , 376f. 

Dividing (4) by (3), we get 

. 25 . , - 25 

tan 0 = -r> =>0—tan . 


• (3) 
(4) 


Hence, the tension of the string is 7 y/ 89 N and the reaction at the 

_ 25 

hinge is -y/3761 TV, making an angle tan -1 55 " Wltl1 the horizon. 


- Ex. 23. A ladder of length 2 / and weight W rests against a smooth 
vertical wall. Its lower end is in contact with the floor which is smooth 
and is prevented from slipping by a string of length a connecting it with 
the junction of the wall and the floor. «f a person of weight 2 W stands 
on the rung of the ladder distant £/ from its lower end, determine the 
reactions at the two ends of the ladder and the tension of the string. 

[C.U. 1941] 

Let AB be the ladder of length 2/ and G be its middle point through 
which its weight acts vertically downwards. The end B of the ladder rests 
on the vertical wall OB. OA is the horizontal string connected with the 
end A of the ladder and the junction O of the floor and the wall. C is the 
position of the man on the ladder and his weight 2 W acts vertically down¬ 
wards through C. it is given that AC—\l and AB=2l Let T be the tension 
of the string AO and R x , R a be the reactions of the floor and the wall 
respectively. Since the floor and the wall are smooth, the direction of J?! 
and R 2 will be normal to AO and OB respectively. Let the lines of action 
of W and 2 W intersect OA at E and D respectively [fig. ill]. 
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Let ^OAB=d 



Fie. Ill 

Resolving all the forces horizontally and vertically, we get 

T=R t ...( 1 ) 

and R^iW. (2) 

Taking moments of all the forces about O, we get 

-W. OE-lW.OD-Ri.DB+R^AO^O .(3) 

Now, OE= ~ . OA . 

OD=AO—AD=a — cos 9 —a — ~ = , 
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0B= s/ABt—OA^VW—a*- and 

AO=-a. 

Hence, from (3), we get 

-W. ~~2W. ~ -R 2 . 

=>- 2 a W+3a W=R 2 </W-cP [Vi? 1 =30'] 
aW m T 1 

**’ = ~ T L fr ° m (1) _ 

andi? 1 =31F [from (2)]. 

Ex. 24. A gate is supported by two hinges in such a way that the 
action of the upper hinge is entirely horizontal. The distance between 
the hinges is 3m and the weight of the gate, 60 N, acts along a vertical line 
3J m from the line of the hinges. Find the force exerted by each hinge. 

Let A and B be the two hinges such that AB— 3m and let G be the 
point through which the weight of the gate acts vertically downwards. The 



Fig. 112 
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line of action of this weight is given to be at a distance of 3$ m from AB. 
Let R x be the leaction of the upper hinge, which is given to be horizontal. 
Let be the reaction of lower hinge [fig. 112] making an angle 9 with 
the horizontal and let X and Y be its horizonial and vertical components. 
Resolving all the forces horizontally and vertically, we get 

. ( 1 ) 

and 7=60. ( 2 ) 

Taking moments about B, we get 
7 

60 X =-& 1 X3=>i? 1 =70. 

From (1), 7=70. 

Hence, the reaction at the lower hinge=,y;p_i_ 

= 10 ^85 N and that at the upper hinge is 70 N. 

Ex. 25. Forces, P, Q and R act along the sides BC, CA and AB 
respectively of a triangle ABC and forces P', Q' and R' act along AG, 
BG and CG respectively, where G is the centroid of the triangle ABC. If 
the six forces are in equilibrium, prove that 

pp' , QQ' , _ n 

AG.BC "*■ BG.CA ^ CG.AB ~ u ' 


A 



FiG. 113 

Le the medians AD, BE and CF intersect at G, the centroid of the 
triangle ABC. Let pi be the length of the perpendicular from A to BC 
and A be the area of IS ABC. 

Then -jBC. px=A=>Pi = ~~^r . 



214 


ELEMENTARY STATICS 


If p 2 ' be the length of the perpendicular from A to BE, then 
\BE, p a '=area of [\ABE—\l\ 

= T^~ i'ABO-.GE^ 2.1] 

i BG 

_2 __A_ 

3 ’ BG 

Similarly, if p 3 ' be the length of the perpendicular from A to CF, 
then we have 



Now, since the six forces are in equilibrium, hence taking moments 
about A, we have 


fpi+fi'p'r-K'Pa^O 


=>P. 


J Q 'JL. 
BC 3 ■ 


_A_ 

BG 


»' 2 A 

R - T- "cc 


=0 


, _1_/ 'i 

BC + 3 [ BG CG y 


( 1 ) 


Similarly, taking moments about B and C, we get 

Q 


%h 


R 


and is + T 


IL 

AG BG 


-(3) 


pt Qf nr 

Multiplying (1), (2) and (3) by and respectively and 

adding, we get 

PP '_ , QQ ' , ihR' , 1 ( P'Q' P'R' 

AG.BC 1 BG.CA + CG.AB + 3 ^ BG.AG CGjG 

, *'8' ^'2' ex \ 

CGJG AG.BG AG.CG~~ BGXJgT 

, jX , _ gg' i?J' 

=► AG.BC ^ BG.CA + CGAB 


= 0 . 
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Ex, 25. Forces P, Q , R and S act along the sides AC, BC , CD and 
DA of a quadrilateral which is inscribed in a circle whose centre is on 
AB, If they keep a rigid body in equilibrium, prove that 

rz = P* + q*+S*+ _ £c.U. 1945 

Let O be the centre of the circle, lying on AB, Since the four 
forces are in equilibrium, the resultant of P and Q must be equal in magni¬ 
tude to that of R and S. 



Hence, 

pi +Q > +2 PQ cos (180°— B)=R'+S i +2RS cos (180°— D) 
=>P i +Q 1 —2PQ cos B=R'+S*-2RS cos B 
Z.D+/.B= 180°, the quadrilateral being cyclic] 
*P>+Q 2 -R 2 -S 2 —2(PQ+RS) cos 5=0. . (1) 

Now, taking moments of the forces about B, we get 
R.BC sin ABCD+S AB sin A_BAD= 0 

3fR.BC sin (180° — /_BAD)+S. AB sin A_BAD=0 
3rR.BC sm ABAD+S.AB sin /_BAD=0 
3 -R.ABcos B+S.A3=0 [-;£ACB=W] 

3rC0SB= - "(2) 

Hence, from (1) and (2), we have 

P z + Q 3 —R?—S 2 — 2(PQ+RS) (—^-) =0 
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^p^Qi-R^-S^l 2S 2 =0 

J\ 

=> J R 2 =i ,2 +fi 2 +S 2 +2. . 

K 

Ex- 26. Two equal uniform heavy lods are connected at one 
extremity by a thin string and the system is placed symmetrically m a 
vertical plane with the rods resting on two smooth pegs in the same 
horizontal line. If a be the length of each rod, b the distance between 
the pegs and (/<b) is the length of the connecting string, show that in 
equilibrium position, the inclination of each rod to the horizon is 

cos_1 ( V^r-) ' 

Let AB and CD be the equal uniform rods and G x and G z be their 
middle points through each of whieh the weight W of each rod acts 
vertically downwards. Let E and F be the position of the two pegs and 
R be the normal reaction of each peg on each of the rods. The extremi¬ 
ties A and C of the two rods are connected by a string having tension T. 
From symmetry, AC is horizontal. We draw AM±EF, CNA.EF and let 
LAEM= LCFN=§. 



Fig 115 

It is given that 

AB—CD=a, EF—b and AC=l 
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We can consider the equilibrium of any one of the rods due to the 
symmetry of the system. 

Considering the equilibrium of the rod AB and resolving vertically, 
we get ...(1) 

R cos 0 — W. 

Now, EM = EF — MF= EF-{MN-\-NF)=EF—MN—EM 
=b -l-EM 

*2EM=b—l*EM=Ub -/). 

Hence, AE—-EM sec 6=| (b —I) sec 0. 


Now, taking moments of the forces acting on AB about A, we get 
WAG t cos 0=R.AE=R.$ (b-/) sec 6=>i?(b-/) sec 2 0=lFa. ,..(2) 

Dividing (1) by (2), we get 


cos 3 0 

~b-T 



=cos' 




Ex. 27. Two equal smooth spheres, each of weight W and radius r 
are placed within a thin hollow vertical cylinder of radius a (<2r), open 
at both ends, and resting on a horizontal table. Prove that the least 

weight of the cylinder so that it may not be upset is 2 W 

Let 0 1 and 0 2 be the centres of the two spheres each of radius r. 
The sum of the diameters of the two spheres is 4r and the diameter of 
the cylinder is 2a. Since 2a <4r, hence the spheres when placed within 
the cylinder will rest one above the other in an inclined position as shown 
in the figure [fig 116]. The lower sphere with centre 0 1 is in contact 
with the horizontal table and let A be tne point of contact of this sphere 
with the table. Both the spheres are in contact with the open cylinder as 
as well as with each other. Let B and C be the points of con act of the 
two spheres with the cylinder. The lower sphere is acted upon by its 
weight W acting vertically downwards through its centre 0 lt the normal 
reaction R of the table on ihis sphere, acting through O v the sideways 
normal reaction of the cylinder at the point of contact B acting horizon¬ 
tally through O x and the normal reaction of the sphere with centre O t 
acting through O Similarly, the sphere wiih centre 0 2 will be acted on 
by its weight W acting vertically downwards through its centre 0 2 the 
sideways normal reaction of the cylinder at the point of contact C acting 
horizontally through O s and the normal reaction of the lower sphere 
acting through 0 2 . The mutual action and reaction of the two spheres 
must be equal in magnitude but t pposite in sige and hence they will 
balance each other. Considering the equilibrium of the whole system 
together and resolving the forces vertically, we get R=^2W 
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G. 1J6 

Hence, the resultant vertical force at 0, is 2W—W—W acting in the 
vertically upward direction. This force together with the vertically down¬ 
ward force W acting through will form a couple of moment 

Wx the horizontal distance between O x and 0 2 = !Tx2(a—r). 
The horizontal reactions of the cylinder on the spheres,will, therefore, 
form a couple neutralising the above couple. Hence, the sideways pressures 
on the cylinder exerted by the spheres at their points of contact with it 
must be equivalent to a couple of moment 2W(a— r) and this tends to turn 
about an extremity, say E, of the base. If W' be the weight of the cylinder, 
then its moment about E is W' a. 

(The weight of a cylinder acts vertically downwards along its axis). 
This moment tends the cylinder to rotate in the opposite direction so as to 
prevent the cylinder to become upset about E. Thus in order that the 
cylinder may not be upset 

JF'a<2IT(a—r) 

=* W'^IW ^ !___L j 

i. e. the least wdight of the cylinder must be 

2W (y \— L j in order that it may not be upset. 
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Ex. 28. Inside a fixed hollow cylinder of radius b, whose axis is 
horizontal are placed symmetrically and longitudinally two equal smooth 
cylinders, each of radius a. A third cylinder of equal radius but double 
the weight is placed symmetrically on tlie first two, all the axes being 
parallel. Prove that the third cylinder will force the other two apart if 
b> a (l+\/13) 

Fig. 117 represents the vertical section of the four cylinders through 
the middle points of their equal axes O x , 0 3 , 0 3 and O 4 are centres 
of the circular sections of the cylinders. Weight W, IF and 2IF of the 
three cylinders act through 0 1 , 0 2 and O a respectively in the vertically 
downward direction Let the mutual actions and reactions between the 
lower and the upper cylinders be R, R acting along 0 1 0 3 and 0 2 0 3 and 
those between the two lower cylinders be R", R’ acting along 0 1 0 2 . Let 
R', R' be the reactions of the fixed cylinder on the two lower cylinders, 
AO x <3 4 and B0 2 O it A and B being the points of contact of the fixed 
cylinder with the two lower cylinders 

Let LO x OiP 3 — l_0 3 0 x 0 2 —b. 

Considering the three cylinders as one body, we observe that the 
system is m equilibrium under R', 2?' acting along AOi and BO t and the 
three vertical weights W, W and 2 W acting at O it O a and 0 3 respectively. 
Resolving these forces vertically, we get 

2 R'cos 0=4^ =>R' cos 9=2JF .( 1 ) 

We now consider the equilibrium of the upper cylinder which is 
acted upon by the forces R , R along 0 X 0 3 and 0 2 O a and the weight 2W 
acting at 0 3 in the vertically downward direction. Let C be the point of 
contact of the two lower cylinders Hence, resolving these forces verti¬ 
cally, we have 

2J?cos LO x O a C=2W . -(A) 

Now, since 0 x 0 % —0 x 0 3 =0 3 0 3 =2z. 

and O a C 2 ± 0 X 0 2 , hence Z0 1 0 a C=ZC0 3 0 2 = 30°. 

Hence, we have from (A), 

2R cos 10°—2W =^V3J?=2JF. •‘■(2) 

We now consider the equilibrium of any one of the two lower 
cylinders. It is in equilibrium under the ferces W, R, R' and R” Resolv¬ 
ing these forces horizontally, we get 

R”+R cos 60°=i?' sin 6 

&R"=R' sin 6 -£R . - 
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Fig. 117 

Substituting the values of R r and R from (1) and (2) ra (3), we get 

R'= — .sin • ~= 2 W (tan 0 -r-yLJ) . 

cosfl 2 V3 2 V 3 ) 

Now, the upper cylinder will force the two lower cylinders only 
vhen R’<0 

i.e. when tan 0< —— . 

2V3 

Now, 0 j 04 =b—a, 0 1 C=a . 

Hence, 0 4 C=\/(b _ u)" i -a =\/b ,,! —2ab 

. 4 Q O x C a 

/.tan 0 =/r 7 r=— = === . 

OiC Vb — 2ub 

Hence, the upper cylinder will force the two lower cylinders 

jf a __1_ 

Vb'-—2ab < 2y/3 


' ,e,lf b 2 —2ab < 


— £b 2 —2ab>(9, b being greater than 2a .J 
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i. e. if 12a 2 —b 2 +2ab<0 
i. c. if b 2 —2ab —12a 2 >0 


l. e. if b> Jy this implies that 


i. e. if b>a(l+, v /i 3 ). 
Hence the result. 


b>2a—V4a 2 +48a 2 
2 


3 


Ex. 29. A triangular lamina of weight W is supported by three 
vertical strings attached to its angular points so that the plane of the 
triangle is horizontal. A particle of weight W is placed on the triangle at 
its ortho-centre. Prove that i f T u T 2 and T 2 be the tensions in the three 
strings, then 

t 2 t 3 

l+3cotfl, cot C 1 +3cot C. cot A l+3cot A. cot 3 

[The weight of a triangular lamina acts at the centroid of the 
triangle in the vertically downward direction.] 



F«g. m 

Letj4.SC be the triangular lamina, AD±_BC, AE is a median and 
G is |the centroid of the triangle. Let O be the ortho-centre of A ABC. 
Then weights W, W act at G and 0 in the vertically downward direction. 



222 


ELEMENTARY STATICS 


Let T lt T, and T a be the tensions of the strings attached with A, B and C 
respectively If GM±BC, then GM— ~■ AD 

We join BO and produce it to meet AC at F. Then A.BFC—90° t 

OD=BD tan LOBD—BD cot C [, LBFC=- 90 Q ] 

—AD cot B cot C. 

Now, the triangle is m equilibnum under the tensions T 1: T s and r s 
acting vertically upwards and the weights W, W acting at G and O in the 
vertically downward direction, Taking moments of all these vertical forces 
about the side BC which is horizontal, we get 

T. AD= JV.GM-i~W.OD 

= W , -y- AD-j-W. AD cot B cot C 

= -i- W AD (1 +3 col B cot C) 

=?■- II -- — W 

1+3 cot B cot C 3 

Similarly, taking moments of the forces about CA and AB. we get 

___ _ 1 ri/ ,_ T s _ 1 

1+3 cot C. cot + 3 aD 1+3 cot +, cot B 3 

Hence, 

T i T 2 T , 

1+3 cot cot C 1+3 cot C cot A 1+3 cot A, cot B 

Ex. 30. Two uniform rods AB and AC of equal lengths are freely 
jointed at +. The ends B and C are connected by a thin string. The system 
is suspended by a string attached to B and hangs freely under gravity. If 
in the position of equilibrium, the angle between the rods is 2«, show 
that the tension of the string is 

3 W sin a 

J 1 +3 sin 2 a ’ 

where 2W is the weight of either rod, 

[Tranancore 1940J 

Let E and F be the middle points of the rods AB and AC respecti¬ 
vely Hence, the weights of the rods act through E and F in the vertically 
downward direction. Let the tension of the vertical string attached at B be 
T and that of the string connecting B and C be T. We join EF and draw 
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c 



Fie. 119 

AD±BC cutting EF at its middle point H. The resultant of two equal like 
parallel forces 2 W, 2W at E and F wilt clearly pass through H in the verti¬ 
cally downward direction. If we consider the two rods as one body, then 
the body is in equilibrium under the forces T' in the vertically upward 
direction and the weight 4 FT of the rods acting through H in the vertically 
downward direction. Hence, these two forces must act along the same line 
so that the vertical drawn through B must pass through H. Let AC and 
BC make angels 4> and 0 respectively with this vertical line. 

Now, /_HKA=180°/.KffA =/_DH3= 9O°-0 and LKAH=«.. 
: InAtfO, 

LHKA + /_KHA+£KAH= 180° 

^ 180°-^-f90°—e+a=180° 

^ £=90°-(9— a) . , . m\ 


224 


elementary statics 


We now observe that the rod AC is m equilibrium undei the forces T 
at C along CB, 2W at F acting vertically downwards and the reaction at 
the point A (not shown m the figure). Taking moments of these forces 
about A, we get 

T. 2 a cos ct=2W. AF sin $—2Wa ccs (0— or), [from (1)] 

where 2 a is the length of each rod. 

Hence, 

„ W cos (0—a) cos 0 cos a+sm 0 sm a . 

I — -= VY .-———— ... U.) 

cos a cos a. 


Now, tan 0 = 


DH 

DB 


1 AD _ 1 . AB cos a 
2~’~DF ~ 2 AB sin a. 


Hence, sec 2 0— H——cot 2 


4+cot s a 


1 

=~2 cot a . 


=>COS 2 0 


4 

4+ cot 2 a 


sin 2 0=1-——-j— 

4+cot 2 a 

Hence, from (2), 

2 




^-f-cot 2 a 


- CQta 0L 
4+cot 2 a 

cot a tan a \ 
V* 4+cot“ a / 


_ 2>W _ 3W sin a. 

a/ 3-fcosce 2 a J l-j-3sin 2 a 

Ex. 31. Vhere uniform rods AB , BC and CD of weight W, 2 W and 
W respectively are freely jointed at B and C and are freely hinged to fixed 
points at A and D. They rest in equilibrium with AD uppermost and hori¬ 
zontal If AB~2a, BC=4a and AD— 6a, calculate the magnitudes and 
directions of the reactions at A and B, 

[London] 


In figure 120, the three reds are shown to be separated from one 
another to show the actions and reactions at the joints clearly. Let X and 
T be the horizontal and vertical components of the reaction at the end B 
of the rod AB in the directions as shown in the figure. The same forces in 
the opposite directions are the components of the reaction at the endi? of 
the rod BC. From symmetry, the vertically upward forces acting on BC are 
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Fig. 120 

Y, Y at B and C and the vertically downward force is 2 W acting at C 1 , the 
middle point of the rod BC. For equilibrium of the rod BC, we have 

2Y^2W*Y=W. 

Considering the equilibrium of the rod AB which is acted upon by 
the forces X, Y at B. W at G 2l the middle point of AB and the reaction of 
the hinge at A (not shown in the figure) and taking moments of the forces 
about A, we get 

X. AB sin LBAM=Y. AB cos LB AM A W. AG cos LB AM, 
where BM and CN are perpendiculars to the horizontal line AD. 

Now, AM=-]r~ ( AD-BC) = ~- (6a—4a)=a 
£ z 

. n ,,, AM a 1 / i 

cos LBAM =^r =~• sin LBAM = Y i— 

_ 

2 

Hence, from (1), 

X. 2a.^-~=^Y. 2 ci.~y A-Wa. -Y^aW+^aW^ - 3 — 

=> x=y^~w . 
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Hence, the reaction R at B 




WV 7 


making an angle of tan' 1 —i-c tan' 1 —^—■ with the vertical 


V J 


The reaction at A will be equal and opposite to the resultant of X and 
7 at £ and IF at <? 2 of AB. Now, the resultant of the vertically down¬ 
ward forces W at <?, and Y i. e. at B is 2 W acting vertically downwards 
The resultant of the vertically downward force 2W and the horizontal force 

X= W is, therefore, 

t\J 4^+ ^ 3 19 at an angle of 


tan" 1 



V 3 


4 


with the vertical. 


EXERCISE 7.1 

A. Reduction of coplanar forces 

1. Forces 3, 2, 4, and 5 N act respectively along the sides AB, 5C.CZ), 
and DA of a square. Find the magnitude of their resultant an t e 
points where its line of action meets AB and AD. 

[Ans. v 10 IV; If E and F are the requited points on BA produced 
and AD produced, then AE=2AB and AF=6 AB.] 

2. ABCDEF is a regular hexagon. Forces P, 2P, 3P, 5P and 6P act 
along AB, BC, DC, EF and AF respectively. Show that a force can 
be determined to act along ED so that the six forces are equivalent 
to a couple and find the magnitude of the moment of the couple. 

^ Ans ^ Pa, where a is the side of the hexagon J 

3. Find the magnitude, direction and line of action of the resultant of 
the forces 1, 2 and 3 units acting in order round the three sides , 
CA and AB respectively of an equilateral triangle ABC of sides 2a. 
[Ans. vT units acting upwards perpendicular to AC and cutting CB 
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produced and CA produced at distances 4a from B and a from A 
respectively ] 

4 A, B, C are three points on a line ABCD such that AB=BC~ a. 
Forces 3, 6 and 4 N respectively act at A, B and C in directions 
making angles of 60°, ,120° and 270° with AD. Show that they 
reduce to a single force and find where its line of action cuts AD. 

|^Ans. 2(4817)a f rQm ^ on BA produced.^ 

5. AD is an altitude of A ABC in which BC—6m, CA = 7m and 
AB— 5m. A force of 127V along DA is equilibriated by parallel forces 
at B and C. If the directions of all the forces are rotated about A, 

B, C respectively through the same angle so as to be perpendicular 
to AB, prove that the resultant of the forces is a couple and find its 
moment 

[Ans. 57 6 Nm.] 

6 ABCD is a trapezium in which the parallel sides AD and BC are in 
the ratio 2:3 and AB^AD=DC. Find the magnitude and position 
of the resultant of forces 3 P from B towards C, P from B towards 

A, 2P from D towards A and 2-—- P from D towards C. 

r 7 

I Ans. 2.37 P, it cuts BC at-y BC from B, and makes an angle 
tan- 1 with BC ] 

7. ABCD is a rectangular board in which AB—DC= 3m, BC=AD 
=6m One rope pulls it along AD with a force of 152V, another rope 
pulls it along BC with a force of 25 N, a third rope pulls it along CD 
with a force of 1 6N. Find what force along AB will make the 
resultant pass through G, the point of intersection of the two 
diagonals of the rectangle and calculate the resultant completely. 

[Ans. A force of 36 N from B to A; 53 N nearly.] 

8 . A unit force acts along the side, AB, of a square ABCD. Find the 
magnitudes and directions of the forces which must act along the 
remaining three sides in order to maintain equilibrium. Find the 
resultant if (i) the force along BC is reversed, (ii) the forces along 
BC and AD are both reversed. 

[Ans. 1 from C to D, 1 from C to B, 1 from AtoD (i) 2 along BC 
(ii) a couple of moment twice the side of the square ] 

9. ABCD is a square. Four forces whose algebraic magnitudes form 
an arithmetical progression, act along the sides, taken in order. 
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Show that, if their resultant passes through a corner of the square, 
the progression is a diminishing one, in which, if the common 
difference is 2P, the greatest force is 5P or 3it 

10. ABCD is a square of side 2a. P is the middle point of AD, and Q 
that of DC and the following forces act on the square: 20 from A to 
B, 20 from C to D, 40 from A to Q and 30 from P to B. Show that 
the resultant is a force of 50 and that the length of the perpendi¬ 
cular from A on its line of action is about 27a. 


11. ABCD is a rectangle in which BC= n AB. Prove that the system of 
forces P, nP, P, nP acting along AB, CB, CD and AD would 
maintain equilibrium. Find, when BC—3AB, the magnitude and 
position of the resultant of forces 1, 3, 1, 5N acting along the sides 
AB, BC , CD and DA respectively of the rectangle. 

[Ans. 2 N parallel to DA cutting BA produced at a distance 3 AB 
from A.] 


12. Four forces P, P, Q, Q act along the sides AB, BC, CD, DA of a 
rhombus ABCD. Fmd the sum of their moments about the centre 
O of the rhombus. Prove that their resultant is at a distance 
PA-0 

\ BD. p~Q f rom Discuss the case when P=Q. 


[Ans. When P=Q, they are equivalent to a couple.] 
13. O is any point inside a triangle ABC. «, (3, y are the perpendiculars 
from O on the sides. If the forces acting along the sides BC, CA and 


K. K K 

AB in the same sense be equal to — , -p- , — respectively, show 


that the equation of the line of action of the resultant force is 

1 (^-T h ( )+3-0 

with reference to O as the origin, a line through O parallel to BC as 
the-x-axis and a line through O perpendicular to BC as the y-axis. 


14. Prove that a force acting in the plane of the triangle ABC can be 
replaced uniquely by three forces acting along the sides of the 
triangle. 

15. Show that a system of coplanar forces can be reduced to 
(i) two forces acting through two given points 

(ii) two forces, one of which acts through a given point, and the 
other along a given straight line. 

16. If six forces of magnitudes 1, 2, 3. 4, 5, and 6N act along the sides 
of a regular hexagon, taken in order, show that the single equivalent 
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force is of magnitude 6N and that it acts along a line parallel to the 
force 5 N at a distance from the centre of the hexagon 3} times the 
distance of the side from the centre. 

[Patna 1957] 

17 The sum of the moments of a system of coplanar forces about 
each of three non-collinear points in the plane of the forces is a non¬ 
zero constant Prove that the system is equivalent to a couple. 

Hence show that three forces represented in magnitude, direction 
and position by the three sides of a triangle, taken in order, are 
equivalent to a couple. 

[C.U 1937]. 

18 The algebraic sum of the moments of a system of coplanar forces, 
not m equilibrium, is zero about each of two points A and B. Show 
that the algebraic sum of the resolved parts of the system of forces 
in the direction perpendicular to AB is zero 


19 The algebraic sum of the moments of a system of coplanar forces 
about the points whose co-ordinaies are (1,0) (0,2) and (2, 3) referred 
to rectangular axes are G v G i and G 3 respectively. Find the tangent 
of the angle which the direction of the resultant force makes with 
the axis of x. 

[Lucknow, 1939; C H. 1956] 




Ans, 


G 1 -3G,+2C a ~] 

2G 1 -G 2 -G 3 J 


20. The moments of a system of coplanar forces, not in equilibrium, 
about three collinear points A, B and C in their plane are G*, G 2 , G 3 
respectively. Prove that (with due regard to the sign) 

G V BC+G* CA+G 3 . AB=0. [P.U 1939; Punjab 1939; Delhi 1962] 


21. The moments of a force acting in the plane of the rectangular 
axes Ox and Oy about the points (0, 0), (10, 0) and (0, 5) are 
368,—92 and 438 units respectively Determine the components of 
the force parallel to Ox and Oy and also the equation of its line of 
action. [C. U. 1962]. 

[Ans. 14 and 46; 23x+7y=184]. 


22. The moments of a force lying in the plane of the triangle ABC 
about A, B and C are L, M and N respectively. If the force is the 
resultant of three forces B, Q and R acting in the same sense along 
BC, CA and AB respectively, then prove that 
P,Q\ i?=aL- b M: c N. 
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23. ABC is an equilateral triangle and D, E, F are the mid-points of 
the sides BC, CA, AB respectively. Forces P, 2P and 3 P act along 
BC, CA and AB and forces 4 P, 5P and 6P act along FE, ED and 
DF, Find the line of action of the resultant. 

[Ans. Parallel to CB dividing DA in the ratio 1'5] 

24. ABCD is a quadrilateral in which the sides BC and AD are paralleh 
If the forces p .AB, q BC, r CD and s .DA acting along AB, BC, 
CD and DA respectively are equivalent to a couple, show that 
p=rand (p—s) AD=(r— q) BC. 

25. A system of forces acts on an equilateral triangular plate ABC of 
side 2a. The forces act in the plane of the plate and their moments 
about A, B and C are G lt G 2 and G 3 respectively Show that the 
magnitude of the resultant is 

r GS+GS+GJ-G&-G&-G& -111 
L 3a 2 ] 

26. A system of coplanar forces reduces to a single force and a couple 
of moment G referred to the origin. Referred to the points (x^ y x ) 
and (x 2 , ya), the couples have momenns G x and G, respectively. 
Show that the equation of the line of action of the resultant is 


x y 1 


x y 0 

A yi i 

= 

*1 yi G i 

x 2 y 2 1 


x 2 y 2 


27. The algebraic sum of the moments of a system of coplanar forces 
about three non-collinear points A, B, C in their plane are L, M, N 
respectively. Prove that their resultant R is given by 

D2 _ Sa 2 (L— M)(L-N ) , 

4A 2 

where a, b, c are the sides of the triangle and A, its area. 

28. Six coplanar forces act on a body along the sides AB, BC, CD, DE, 
EF and FA of a regular hexagon ABCDEF, in which AB is lm long. 
Their magnitudes are 10, 20, 30, 40, P and Q N respectively. Find P 
and Q so that the system reduces to a couple. 

[P.U. 1930] 
[Ans. P= — 10N, Q=60 N] 
29■ A force has moments 6 units, —26 units and 36 units about the 
origin, the points (8,0) and (0, 10) respectively. Find the magnitude 
and the line of action of the force. 


[Ans, 5 units of force m a direction joining the points (0,-2) and 
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30 ‘ tfWTi m ,°T tS frn a \ systera 0f forCeS actmg in the x ’ y p |ane about 
(0,0j, (a, 0) and (0, a) are aw, 2aw and 3aw respectively. Find the 

components parallel to the co-ordinate axes and the line of action of 
the single force to which the system is equivalent. 

[C U. 1965, C.U. I960] 
[Ans. 2W, — W, x+2y-fa=0] 
31. The straight line 4x+3y=5 meets the rectangular axes Ox and Oy 
at the points A and B respectively If the forces P, Q and R act 
along the lines OB, OA and AB respectively, find the magnitude of 
the resultan t and the equation of it s line of action. [C.R. 1958] 

[AnS. /\Jp* + QZ +R 2 + | | QR ; 

x (5F+4JR)-y (5Q—3.R)—5-R=0] 


32. Forces P, Q and R acting along the altitudes from A, B and C of 
the triangle ABC are equivalent to forces X, Y and 2T acting along 
BC, CA and AB respectively. 

Prove that 


X _S R 

cos A sin B sm C 

and two similar equations. 

[Allahabad 1923] 

33 ABCD is a square whose side is 2 units in length. Forces a, b, c, d 
act along the sides AB, BC, CD and DA, taken in order, and forces 
P\/2, qV"2 act along AC and BD respectively. Show that if 
p4-q=c—a, and p— q= d—b, the forces are equivalent to a couple 
of moment a+b+c+d. [Madras 1940] 


34. If a system of forces in one plane reduces to a couple of moment G 
and when each force is turned round its point of application through 
a right angle, it reduces to a couple H . Prove that when each force 
is turned through an angle 6, the system is equivalent to a couple 
whose moment is G cos 0+iif sin 0. 


35. Forces / BC, m. CA and n, AB, where /, m, n are positive, act 
along the sides BC, CA and AB respectively of a triangle ABC, in 
the directions indicated by the order of the letters. Show that the 
line of action of their resultant divides BC, CA and AB externally 
in the ratio m: n, n.l and l:m respectively. 

What happens if l=m~n? 


36. Find the intercepts made on the rectangular axes OX and OY by 
the line of action of the resultant of a force of 7 units alongOP, 
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where the co-ordinates of P are (3, 4), and a counter-clockwise 
couple of moment 21 units. 

[ A »». 3|~, —5j 

37. Three forces, each equal to P, act along the sides of a triangle ABC 
taken in order Prove that the resultant R is given by 

R~P(l — 8 sin-| A sin^ B sin \C) 2 and find the distance of its line of 
action from A. Examine the case when the triangle is equilateral. 

£ Ans. ^ A, where A is the area of A -ABC J 

B. Three forces in equilibrium 

38. A uniform rod can turn freely about a hinge at one of its ends, 
and is pulled aside from the vertical by a horizonal force acting at 
the other end of the rod and equal to three quarters the weight of 
the rod. Find the inclination of the rod to the vertical and also the 
reaction at the hinge. 

I A V 1 ^ A.*.._ At. . x^lt._1 „ A A_1 / 4 \ 


j^Ans. tan’ 1 ^ j; 1-^-times the weight of the rod at tan - 
the horizontal J 


39. A heavy uniform rod is suspended from a point 0 by two strings 
OA and OB Show that the plane OAB is vertical. [C. U. 1925] 

40. A smooth sphere rests against a smooth vertical wall being 
supported by a string attached to it and to a point vertically above 
the point of contact. If the length of the string is equal to the 
radius of the sphere, find the tension of the string and the pressure 
on the wall. 

r 2 W W 

Ans. Tension= ~~ = and pressure= - ,— , where 

L V3 V 3 


2 W . 

and pressure= 


where 


W is the weight of the sphere J. 


41. A uniform rod of length a rests with one end against a smooth 
vertical wall, the other and being tied to a point of the wall by a 
string of length l. Prove that the rod may remain in equilibrium at 
an angle 6 to the wall, given by 

j2 2 

COS 2 e = -jJ . [C.U. 1941.] 
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42. A uniform beam, AB, 6m long, weighs 40 N The end A, about 
which the beam can turn fieely, is attached to a vertical wall, and 
the beam is kept in a horizontal position by a rope attached to a 
point of the beam li m from A and to a point of the wall vertically 
above A. Tf the tension of the rope is not to exceed 120 iV, show 
that the height above A of the point of attachment of the string to 
the wall must not be less than If m. 


43 AB is a uniform bar of weight W, movable about a smooth horizon¬ 
tal axis fixed at A, to B is attached a light cord which passes over a 
pulley C fixed vertically over A, and supports a weight Pat its free 

2 p 

end Show that, in the position of equilibrium, CB= , AC. 


44 Show that it is impossible for a heavy rod to rest in equilibrium 
with its ends on two smooth planes, one of which is horizontal and 
the other inclined to the horizontal at any angle. 

45. A uniform rod has its lower end fixed to a hinge, and its other end 
attached 1o a string which is tied to a point vertically above the 
hinge. Show that the direction of the action at the hinge bisects the 

' string. 

46. A rod, AB, hinged at A, is supported in a horizontal position by a 
string BC, attached at the end B, so that C is a fixed point in the 
vertical through A. If AC—AB and the weight of the rod is 2d N, 
find the reaction of the hinge. 

[Ans 10t/2iV above AB making an angle of 45° with it.] 

47 Prove that a uniform rod cannot rest entirely within a smooth 
spherical bowl, except in a horizontal position. 

48 A uniform heavy rod, AB, freely hinged to a fixed point A m a 
smooth wall is kept in a horizontal position parallel to the wall by a 
light cord, attached to its free end B and fastened to a point P in 
the line LM\u which the wall meets the ceiling. Prove that for 
various positions of P on LM (the lenglh of the cord being adjusted 
so that the rod is always horizontal), the tension in the cord is 
proportional to its length BP 

49 A uniform rod, AB, is suspended with its end in contact with a 
smooth vertical wall AC by a string CE If AE=—AB, show that CB 
will behorizontal. 


[P.U. 1928]. 
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50. 


A rod, AB, hinged at an extremity A, is acted upon by a horizontal 
2 

force which is times the weight of the rod, acting at a point C 
V 3 

of the rod such that in the position of equilibrium its inclination to 
the vertical is 60°. Find the position of C 


[Ans. BC—\ AB], 


51. A uniform rod, 3 m long, is suspended by a light string of length 
5 m passing over a smooth peg and rests honzontally, the string 
being attached to the ends of the rod, If the rod weighs IN, find 
the tension of the string, 

Ans. 4 l~N . 

O 


52. A uniform rod, CD, movable about a smooth hinge C, presses against 
a smooth plane AB of inclination a to the horizontal. Find the 
inclination of the rod to the horizon in order that the pressure 
exerted by it on the plane may be equal to half its own weight. 

[Ans. & a]. 


53. A uniform rod of weight W and length 21 has one end against a 
smooth vertical wall and rests at an inclination of 45° with the 
vertical upon a smooth rail parallel to the wall. Find the distance 
of the rail from the wall, and the reactions. 

_ [C.U. 1914], 

[Ans, J / V2, IF - (of the wall) and W\J2 (of the rail)] 


54. A uniform rectangular plane ABCD of weight W hangs from A. If 
a weight of W' be suspended from B, show that the inclination 0 of 
the diagonal AC to the vertical is given by 


lF(a 2 +b-)+2tf" a 2 ’ 
where AB =a and AD— b, 


[The weight of a rectangular plane acts through the point of 
intersection of its two diagonals]. 


55. A uniform rod, AB, is inclined at an angle of 60° to the vertical with 
one end A resting against a smooth vertical wall, being supported 
by a string attached to a point C of the rod distant 2m from B and 
also to a ring in the wall vertically above A. If the length of the 
rod be 8m, find the position of the ring and inclination and tension 
of the string. 

t l W 

Ans. Tension ~ ~7 - : , where W is the weight of the rod. 
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The ring is at a height of 6 m from A and the inclination of the 
string with the downward vertical is 30° .J 

56 A heavy uniform rod, 15 m long, is suspended from a fixed point 
by strings fastened to its ends, their lengths being 9m and 12m. 
It 0 be the angle at which the rod is inclined to the vertical, show 
that 25 sin 0=24. 


[Punjab 1933], 

57. A heavy uniform rod of length 2a rests in equilibrium, having one 
end against a smooth vertical wall and being placed upon a peg at 
a distance b from the wall. Show that the inclination of the rod to 
the horizon is 


cos 


_b 

a 


58 A uniform rod, AB, of weight W can turn freely about a hinge at A 
and to the end B is attached a string which passes over a small 
smooth pulley at C, vertically above A, and carries a weight w 
hanging freely Prove that m the position of equilibrium, 
BC‘AC—2\\\w. 


59. A uniform beam of weight W can move freely in a vertical plane 
about a hinge at one end A. To the other end B , a string is fastened 
which passes aver a small fixed smooth pulley vertically above A, 
and supports a weight w at the other end. Prove that the beam can 
rest inclined to the horizontal at an angle whose sine is 


/ 

2a' 


1 - 


4 w 3 


W* 


+ 


_a 

21 


where a is the length of the beam and / is the height of the pulley 
above A. 

[Lucknow 1931]. 


60 A piece of wire of weight 4 units is bent to form the sides AC, CB 
of an equilateral triangle. If a weight of 1 unit is attached to B 
and the wire is suspended from A, show that, in the position of 
equilibrium, BC is horizontal. 

61 Two strings have each one of their ends fixed to a peg, and the 
others to the ends of a uniform rod. When the rod is hanging in 
equilibrium, show that the tension of the strings are proportional 

to their lengths. 
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62. A straight rod, AB, whose centre of gravity (i.e. the point in the 
rod, through which the weight of the rod passes) is 7 cm from A 
and 5 cm from B is suspended from a fixed point C by means of 
two strings AC and BC, of lengths 13 cm and 7 cm respectively 
Show that the angle that the rod makes with the veitical in the 
position of equilibrium is 60° and find the tensions of the strings m 
terms of W, the weight of the rod. 

r, 65 W, 49 W 1 

L Ans '— -96“ J 

63. A heavy uniform beam is hung from a fixed point by two strings 
attached to its ends. If the lengths of the strings and the beam be as 
2: 5. 6, find the ratio between the tensions of the strings and the 
weight of the beam. 

[Ans. 2: 5- y22]. 

64 A uniform beam of length l and weight W hangs from a fixed point 
by two strings of lengths a and b Prove that the inclination of the 

, rod to the horizon is 

sm [ WW+wFF'r 

Find also the tensions of the string. 

I" Anc Wa W b "j 

L AnS ' V2(a 2 +b 2 )-/ 2 ’ V 2(a 3 +b a ) — / 2 J 

65. Equal weights, P and P, are attached to two strings ACP and BCP 
passing over a smooth peg C. AB is a heavy beam, of weight W, 
whose centre of gravity (i.e. the point in the beam, through which 
the weight of the beam acts) is at distances of a from A and b from 
B. Show that AB is inclined to the horizon at an angle 


tan “[ tan ( si ”“ fr). 


66. A uniform bar, AB, of weight 2 W and length /, is free to turn about 
a smooth hinge at its upper end A, and a horizontal force is applied 
to the end B so that the bar is in equilibrium with B at a distance a 
from the vertical through A. Prove that the reaction at the hinge is 
w ( 4/ a -3 a^ 4 

\ * 8 -a *). 

67. A uniform rod, AB, can turn freely in a vertical plane about the end 
A, which is fixed, and the rod is held at an inclination 0 to the 
vertical by means of a string attached to B. Find the direction of 
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the string so that the tension in it may be as small as possible, 
and determine the reaction of the hinge in this case. 

W 

[Ans. Perpendicular to AB-, —■ N /4 :r 3sm T 0 .where W is the 


weight of the rod 

68. A uniform rod, AB, is in equilibrium at an angle a with the horizon¬ 
tal with its upper end A resting against a smooth peg and its lower 
end B attached to a light cord which is fastened to a point C on the 
same level as A. Prove that the angle (3 at which the cord is inclined 
to the horizontal is given by the equation tan (3=2 tan a+ cot a 

and that AC= --— . 

1+2 UU+ v 

[Delhi 1940] 


69. A uniform rod whose weight is W is supported by two fine strings, 
one attached to each end, which after passing over small fixed 
smooth pulleys, carry weights W x and W 2 respectively at the other 
ends. Show that the rod is inclined to the horizon at an angle 


sin 


-l 


W 2 -W 2 


W^JxyVfA-W^-W 1 


70. A uniform rod of weight W rests with its ends in contact with two 
smooth planes inclined at angles a and (3 respectively to the horizon 
and intersecting in a horizontal line. If 0 be the inclination of the 
rod to the vertical, show that 2 cot 0=cot p— cot a. Also find 
the reactions at the ends of the rod. 

[P.U. 1933] 



W sin P 
sin (a+p) ’ 


W sin a "l 
sin (a+p) J 


71. A uniform bar of length a rests suspended by two strings of lengths 
1 and V fastened to the ends of the bar and to two fixed points in 
the same horizontal line at a distance b apart. If the directions 
,of the strings produced meet at right angles, and if Tj and T t be 
the tensions of the strings, prove that 
T-, a/+b/' 

■ T 2 ~ a/'+b/ 


72. A uniform rod, 10 m long and weighing 40 N, is placed on two 
-smooth planes inclined at 30° and 60° to the horizontal. Find the 
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pressures on each plane and the inclination of the rod to the 
horizontal when in equilibrium 

[Ans. 20 N on 30° plane and 20 N on 60° plane. Inclination of 
the rod is 30° to the horizontal.] 


73. A uniform rod, AB, of weight W is hinged at the end A, and to the 
other end B is attached a string which passes over a small pulley at 
C and carries a weight W hanging freely. If AC be horizontal and 
AC=AB , show that, when /LCAB—60 0 , equilibrium will be 
maintained if 6 lF'=y ' l 3 W. Find also the reaction at the hinge. 1 


[ A ” S - Vf2 


W m a direction making an angle sin' 


-iV l_ w ith the 
14 


upward drawn vertical 


74. A picture of weight 5 units is hung from a nail by a cord of length 
5 units to two rings attached with the picture, the two rings being 
3 units of length apart. Find the tension in the cord. 


Ans 3s- umls 
o 


75. A uniform square lamina rests m equilibrium under gravity in a 
vertical plane with two of its sides in contact with smooth pegs in 
the same horizontal line at a distance c apart. Show that the angle 
0 made by a side of the square with the horizontal m a non-symme- 
trical position of equilibrium is given by c (sin 0 +cos 0 )=ci. 
where 2a is the length of a side of the square 

[C.U 1946]. 


76. A square of side 2a is placed with its plane vertical between two 
smooth pegs which are m the same horizontal line and at a distance 
d. Show that it will be in equilibrium when the inclination of one 

of its edges to the horizon is either ~~ or 4 sm ' 1 

4 2 



77. A uniform triangular lamina ABC has a right angle at C and rests 
in a vertical plane with its sides in contact with two smooth pegs, 
D and E , in the same horizontal plane, the vertex C being downwards. 
Prove that the inclination 0 of AC to the horizontal is given by 
AC cos 0 ~BC sin 0=3 DE cos 2 0. [Agra 1946, 1951] 


78. A heavy equilateral triangle, hung upon a smooth peg by a string, 
the ends of whichh are attached to two of its angular points, rests 
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with one of its sides vertical Show that the length of the string is 
twice the altitude of the triangle, 

79. A uniform circular plate of weight W, whose centre is C and plane 
vertical, is freely movable in its own plane about a horizontal axis 

1 ' fixed at a point A of the circumference. The line AC is to be kept at 
a given inclination a to the vertical by causing the plate to rest 
against a fixed smooth peg at a point B on the circumference. Find 
the position of B such that th'e pressure on the peg is least, and find 
this least pressure. 

[Ans. Z.ACB=90° and B is below C. Least pressure —W sin a] 

SO. A uniform square lamma of side 2a rests in a vertical plane on 
two smooth pegs in a horizontal line. Show that if the sum of the 
distances of the pegs from the lowest corner is equal to a, there is 
equilibrium. 

81 A uniform rectangular board rests vertically in equilibrium with its 
sides a and b on two smooth pegs in the same horizontal line at a 
distance c apart. Prove that the side of length a makes with the 
vertical an angle 6 given by 2c cos 2 0=b cos 0—a sin 0. 

[Agra 1956; Baroda 1954]. 

82. ABCD is a uniform lamina in the shape of a rhombus with side of 

length a and the angle A—2a. P and Q are two smooth pegs, PQ 
being of length l and horizontal. Find the angle that AC makes 
with the vertical if the lamina can rest with points on the sides 
AB, AD in contact with the pegs, and with AC, not vertical. Show 
that such a position of equili- brium occurs only if a cos 2 a sin 
a</< acos 2 a. [Gorakhpur 1962] 

83. A rod of length / rests wholly inside a fixed smooth hemispherical 
bowl of radius a placed with its axis vertical. The centre of gravity 
of the rod divides its length in the ratio m:n. Show that the inclina¬ 
tion of the rod to the horizon is 

2\/ (m+n) 2 a 2 — mn P J 

84. Show that the greatest inclination to the horizon at which a uniform 
rod can rest partly within and partly without a fixed smooth 

hemispherical bowl placed with its rim horizontal, is 

85. A uniform rod rests on a fixed smooth sphere with its lower end 
pressing against a smooth vertical wall which touches the sphere. If 
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6 be the angle at which the rod makes with the vertical, when in 
equilibrium, prove that a=2/ sm (|0) cos 3 (|0), where / is the 
length of the rod and a, the radius of the spheie. 

[Lucknow 1956]. 

86. A smooth hemispherical bowl of radius r is placed on the ground 
with its lim in contact with a smooth vertical wall A heavy uniform 
rod is placed with one end inside the bowl, and the other in contact 
with the wall. If 0 be the inclination to the horizon at which the 
rod rests, prove that the length of the rod is 

r sec 0( 1 + —7 ==l= 'j 
\ Vl+4 tan 2 0 / 

87 A hemispherical bowl of radius r resls on a smooth table and 
partly inside it rests a rod of length 21 and of weight equal to that 
of the bowl. Show that the position of equilibrium is given by the 
equations 

l sin (a+(3)=r sin a= -2 r cos (a+2(3), 

where a is the inclination of the base of the hemisphere to the 
horizon and 2(3 is the angle subtended at the cemre by the part of 
the rod within the bowl. 

88 A smooth bowl in the form of a part of a sphere is placed 
with its axis vertical, and a rod rests with one end within it, 
a pait of it projecting out over the rim. If a be the angle made 
by any radius to the rim with the vertical axis and (3, that made 
with the same axis by the radius to the lower extremity of the rod 
in the position of equilibrium, prove that the length of the rod is 
4 a sin p sec | (a—(3) 

[Punjab 1932]. 

89 A heavy uniform rod of length 21 is resting in contact with a 
smooth sphere of radius r, and the lower end of the rod presses 
against a smooth vertical wall. If the distance of the centre of the 
sphere from the wall is c and the rod makes an angle & with the 
wall, prove that l sm 3 a-f-r cos «=c. 

90. A heavy uniform sphere rests on two smooth mclinded planes whose 
inclinations to the horizontal are a and (3. If a is given, and the 
pressure on this plane is half the weight of the sphere, prove that (i 


must be equal to tan -1 


sin a 
2—cos a 
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91. A solid cube, with edges of length / has a string attached to the 
middle of one edge, the other end of the string, which has also a 
length /, being fastened to a point in a smooth vertical wall. Find 
the inclination of the string to the wall when the cube hangs freely. 

j^Ans. tan -1 


92. A cylinder of radius r whose axis is fixed horizontally touches a 
vertical wall along a generating line. A flat beam of uniform 
material of length 21 and weight W, rests with its extremities in 
contact with the wall and the cylinder, making an angle of 45° with 

l VT— 1 

the vertical. Show that in absence of friction, -= — — 

that the pressure on the wall is \ W and that the reaction of the 

cylinder is £ V5 W. 


93. A smooth hemispherical bowl of diameter a is placed so that its 
edge touches a smooth vertical wall. A heavy uniform rod in 
equilibrium is inclined at an angle of 60° to the horizon with one end 
resting on the inner surface of the bowl and the other end resting 

against the wall. Show that the length of the rod must be 


94, In a smooth hemispherical cup is placed a heavy rod, equal in length 
to the radius of the cup, the centre of gravity of the rod being one- 
third of its length from one end Show that the angle made by the 
rod with the horizontal is cot -1 (3\/3) 


95. A right circular cone of height h and vertical angle 2a is placed 
with its vertex in contact with a smooth veitical wall, and its slant 
side resting against a smooth horizontal rail fixed parallel to ihe 
wall and at a distance c from it Show that if, in the position of 
equilibrium, the axis makes an angle 6 with the horizon, then 
3h=4c sec 5 (6— a) sec 6 . 

[Madras 1935] 

96. The altitude of a cone is h and the radius of its base is r. A string 

is fastened to the vertex and to a point on the circumference of the 
circular base, and is then put over a smooth peg, if the cone rests 
in equilibrium with its axis horizontal, show that the length of the 
string must be ■yV-Mr* . [Lucknow 1954] 



242 


elementary statics 


c Equilibrium of any Number of Forces 

97. A ladder of weight 24N rests on a smooth horizontal ground leaning 
against a smooth vertical wall at an inclination of tan 2 with the 
horizon and is prevented from slipping by a string attached at its 
lower end and to the junction Of the wall and the floor. A child of 
weight 12N begins to ascend the ladder. If the string can bear a 
tension of 30JV, how far along the ladder can the child rise with 
safety ? 

j^Ans ~ of the length of the laddei ] 

98. A heavy uniform rod of weight W is hung from a point by two 
equal strings, one attached to each end of the rod A weight w t is 
hung half-way between the centre and one end of the rod. Prove 
that the ratio of the tensions in the strings is 

2UM-3w 

2W+w 

99. A uniform beam rests With its ends on two smooth inclined planes 
which make angles of 30° and 60° with the horizontal respectively, 

A weight equal to twice that of the beam can slide along its length. 
Find the position of the sliding weight when the beam rests in a 
horizontal position. 

Ans. of the length of the beam from the end on 30 plane. J 

100. A uniform beam whose weight is 200 N and which is 4m long is 
hinged to a vertical wall. A string attached to the other end keeps 
the beam horizontal and is fixed to the wall 3 m above it. A weight 
of 3v0N is hung from this end. Find the tension of the string and 
the thrust on the beam. 

£ Ans. 666 N and ^ — ■\/265 N J 

101. A ladder resting on a smooth floor and against a smooth vertical wall 
is prevented from slipping by a rope tied to a point on it with its 
other extremity fixed at the junction of the floor and the wall. If 
the centre of gravity (i.e the point of the ladder through which its 
weight acts) divides it in the ratio m.n, the ratio being measured 
from the lower part of the rod to the upper part and if the ladder 
and the rope be inclined at angles 6 and <}> respectively to the 
horizon, show that the tension of the rope is 


Wm cos 6 _ 

(mfl-n) sm (9-—</>) 


where W is the weight of the ladder. 
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102 A smooth uniform ladder rests with its extremities against a vertical 
wall and a horizontal plane and is held by a rope, one end of which 
is attached to a rung of the ladder, one quarter of the way up, the 
other end being fixed to a point of the base of the wall, vertically 
below the top of the ladder. Show that if the base and the top of 
the ladder be distant a and b respectively from the base of the wall, 
the ratio of the reactions P and Q between the ladder and the 
ground, and between the ladder and the wall respectively is given by 
P _ 5b 

Q~ 3a ' 

103 A square lamina ABCD of weight W is hinged to a vertical wall at 
A with its plane vertical. A weight W is suspended from its 
corner C and is supported with AC horizontal by means of a 
horizontal string joining B to the wall. Find the tension of the 
string and the reaction at the hinge 

J^Ans. 3W, W\J 13 making an angle tan" 1 ^ with the horizon.J 

104 A gate weighing W is hung on two hinges a metre apart in a vertical 
line which is b metre from the centre of gravity of the gate. Find 
the magnitude of the reaction at each hinge on the assumption that 
the whole weight of the gate is borne by the lower hinge. 

\y __ 

[Ans. Reaction at the lower hinge ——yV+b- making an 


angle of tan -1 — with the vertical. Reaction at the upper hinge— 
a 

— W which is horizontal. ] 
a 


O 

105 A gate 2m high and m wide weighs 560 N and is supported 

by two hinges i m from the bottom and top respectively. The 

lower hinge can only exert a horizontal reaction. Find the magni¬ 
tudes of the reactions at both the hinges, if a boy of weight 210 N 
is sitting on the end of the gate. 

[Ans. The reaction at the upper hinge=13 56N nearly and the 
reaction at the lower hinge= 1080A.] 

106. Forces P, Q, B and S acting along AB, BC, CD and DA of a 
quadrilateral ABCD are in equilibrium. Show that 

PxR _ QxS 
ABx CD BCxDA 
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107. A rod is movable m a vertical plane about a hinge at one end and 
at the other end is fastened a weight equal to half the weight of 
the rod. This end is fastened by a string of length / to a point at a 
height c vertically over the hinge. Show that the tension of the 

string is , where w is the weight of the lod. 


108. A uniform rod ACB of length 2a and weight W rests against a 
smooth horizontal plane at A and against a smooth fixed wall at C 
It is prevented from slipping by means of a tine light string connect¬ 
ing A with the point D situated in the horizontal plane vertically 
below C If AC be of length c and if ihe rod rests inclined at an 
angle a to the horizontal, determine the tension of the string and the 
reaction of the ground and show that A will not remain in contact 
. with the horizontal plane unless e>acos 2 «. 


[Ans. Tension= 


Wa. sin 2a 
2c 


Reaction atA=IF(l — 



109. Forces P, Q, R act along the sides BC, CA, AB respectively of 
A ABC and forces P',Q',R' act along OA,OB,OC respectively, where 
O is the circum-centre, in the directions indicated by the order of 
the letters. If the six forces are in equilibrium, show that 
P cos A-j-Q cos B-\-R cos C~0 

and 


PP'QQ'.RR! . 

—-1-j—+ —— = 0 

a b c 


^Rajasthan J951~j 


110. A triangle formed by three rods is fixed in a horizontal position and 
a homogeneous smooth sphere rests on it. Show that the reaction of 
each rod is proportional to its length. 


Ill, A sphere of weight W and radius r is hung by a string of length/ 
and a uniform rod of weight w and length 2a has one end attached 
to the same point and can turn freely about it. If the rod rests 
touching the sphere, show that the angle 0 made by the string with 
the vertical is given by 


tan 


Wa cos 2 « _ 

IFr+wa cos a sm a 


112. Three uniform rods, AB, BC and CD, whose weights are propor¬ 
tional to their lengths a, b, c are jointed at B and C and are resting 
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in a horizontal position on two smooth pegs, the distance between 
which is x. Show that 

_ 2 o 

a i c ,. 

X 2a+b + 2c+b +bl 

113. Weights W, w and W+ aie attached to points B, C and D 
respectively of a light string AE, where B, C, D divide the string into 
4equal lengths If the string hangs in the form of 4 consecutive sides 
of a regular octagon, with the ends A and E, attached to points on 
the same level, show that W=(y /2 +1) w. [Annamalat 1936] 


114. A weight, W, is attached to an endless string of length 1 which hangs 
over two smooth pegs distant c apart in a horizontal line. Prove 
that the pressure on each peg is 


W 



/—c 
2(1—2c) 


115 AB is a straight rod of length 2a and weight X W with the lower end 
A on the ground at the foot of a vertical wall AC, B and C being at 
the same vertical height 2b above A. A heavy ring of weight W is 
free to move along a string of length 21, which joins B and C. If the 
system is in equilibrium with the ring at the middle point of the 
string, show that 

AfA+2) 

(A.+l) 2 

[Lucknow 1955; Allahabad 1927] 


/ 3 =a 2 —b a . 


116. A beam of weight W is divided by its centre of gravity G into two 
portions, AG and GB, whose lengths are a and b. respectively. The 
beam rests in a vertical plane on a smooth floor AC against a smooth 
wall CB. A string is attached to a hook at C and to the beam at a 
point D. If T be the tension of the string and « and (1 be the 
inclinations of the beam and the string respectively to the horizon, 
show that 


T=W. : -7 -rr— . [Punjab 1941] 

J17, A circular disc, BCD, of radius a and weight w is supported by a 
band of inappreciable weight and thickness which surrounds the 
disc along the arc BCD and is fastened at its extremities to the point 
A in a vertical wall. The portion AD touches the wall, the plane 
of the disc being at right angles to the wall. If the length of the 
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band, not in contact with the disc, be 21, show that the tension of 
the band is 


W a 
2 ' I 1 ■ 


Delhi 1940 

_ 


] 


118. A uniform rod of weight W is supported in equilibiium by a string 
of length 1, attached to its ends and passing over a smooth peg. If 
now a weight W' be suspended from one end of the rod, prove that 
the system may be placed m equilibrium by sliding a length 


1W 

2(W+W') 


of the string over the peg. 


119. Two uniform beams, AC and BC, of equal lengths, hang in a vertical 
plane and are inclined to the horizontal at an angle «, Unequal 
weights, W, W', are pin-jointed at C, and the ends A and B are higed 
to two fixed points at the same level. Find the reaction at C and 
prove that its line of action is inclined to the vertical at an angle 

tan -1 ^ j cos [ London 1931 J 

Ans. ~y/ (W-yW'Y cot* o + iW-W)* 

_ 4 



120. Two equal heavy rods, each of weight W and length 2a, are freely 
hinged together and placed symmetrically over a fixed smooth 
sphere of radius a. Show that the inclination of each rod to the 
horizontal is given by r (tan 3 8+tan 6)=a 

[Allahabad 1955, C.U. 1964]. 


121 Two uniform rods, AB and AC, each of length 2a are smoothly 
jointed at A and rest symmetrically in a vertical plane on two' 
smooth pegs in the same horizontal level at a distance 2c apart. 
Show that they are in equilibrium if each rod makes with the 


vertical an angle sin -1 



122. A heavy triangular lamina is suspended with its plane horizontal 
from a fixed point by strings attached to its corners. Show that the 
tension of each string is proportional to its length Prove also that 
the same result is true even if the plane of the triangle is not 
horizontal 


123. Two equal uniform rods, AB and AC, each of weight W are freely 
jointed at A and rest with the extremities, B and C, on the inside of 
a smooth circular hoop whose radius is greater than the length of 
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either rod, the whole being in a vertical plane and the middle points 
of the rods being joined by a light string. Show that if the string is 
stretched, its tension is W (tan sc—tan (J), 

where 2a is the angle between the rods, and p, the angle either rod 
subtends at the centre. 


124. A circular lamina is hung up from three points A, B and C on its 
rim by equal strings attached to a fixed point. If T u T t and T a be 
the tensions in the strings, prove that 

J\ t 2 r 3 

sin 2 A sin 2 B sm 2 C ' 


125. 


Two uniform rods, AB and BC, rigidly joined at B so that ABC is a 
right angle, hang freely in equilibrium from a fixed point A. The 
lengths of the rods are a and b, and their weights are aw and bw. 
Prove that if AB makes an angle 0 with the vertical, then 


tan 0 = 


b a 


a 2 +2ab 


Lucknow 1952 


126. Two equal beams, AB and AC, each of weight W, connected by a 
hinge at A are placed in a vertical plane with their extremities B 
and C resting on. a horizontal plane. They are kept from falling by 
strings connecting B and C with the middle points of the opposite 

]y _ 

sides. Show that the tension of either string is — •\/i -)-9 C ot 2 0, 

where 0 is the inclination of either beam to the horizon. 

[Rajasthan 1948] 
. 3 

Show also that the action of the hinge on either rod is ~^-W cot 6. 

127. A sphere rests on three smooth pegs which lie m a horizontal plane 
and are at distances a, b and c from one another. Prove that the 
pressures on the pegs are in the ratios 

a a (b a +c a -a a ): b a (c a -f a a -b 2 ). c 2 (a 2 +b 2 -c 2 ). 


128. Two light rods, AB and AC, each of length 4m are hinged at A and 
are placed in a vertical plane with the ends B and C resting on a 
smooth horizontal plane. B and C are joined by a string 4m long 
and a weight W is fastened to the rod AC at a point D, h metre 
above the horizontal plane. Prove that the tension of the ^string is 

Banaras 1953 
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129, A uniform rod of length 2a and weight W is suspended freely from 
the end A and a couple of moment G(<a.W) in a vertical plane is 
applied to the rod. Find the angle the rod makes with the vertical 
and the reaction it exerts on the hinge, [Banavas 1940, Agra 1949] 

:W ] 

130, Two equal uniform ladders, each of length /, freely joined at A, aTe 
connected by a horizontal rope PQ and rest on a smooth horizontal 
plane, a man of weight W climbs a distance x up one of the ladders. 
If w be the weight of each ladder, 2b=the length of the rope and 
AP=AQ—a, show that the tension of the rope is 

Wx+wl b 

2a ' V?-b 2 “ 

131, Two equal uniform rods, AB and AC, each of weight W, are 
smoothly hinged at A and placed in a vertical plane with the ends 
B and C resting on a smooth horizontal plane Equilibrium is 
preserved by a string which atiaches C to the middle point of AB. 
Show that the tension of the string and the reaction of the rods at A 

are both equal to cot- a and that each is inclined at an 

angle tan -1 tan a) to the horizon, wheie a is the inclination of 
either rod to the horizon. 

132 A step ladder in the form of the lettei with each of its legs 
inclined at an angle « to the vertical, is placed on a horizontal fiooi, 
and is held up by a cord connecting the middle points of its legs, 
there being no friction anywhere. Show that, when a weight W is 
placed on one of the steps at a height from the floor equal to 

~ of the height of the laddei, the increase m the tension of the cord 

is i-W tan a. 
n 

[Delhi 1950] 

133. A light table stands on three equal vertical legs and a weight is 
placed at the in-cenlie of the triangle formed by the points of inter¬ 
section of the legs with the table, Show that the pressures on the 
legs are proportional to the lengths of the opposite sides of the 
triangle. 

134, Three uniform beams AB, BC and CD of the same thickness and of 
lengths l, 11 and l respectively are connected by smooth hinges at 
B and C and rest on a perfectly smooth sphere whose radius is 2/ so 


Ans. 


sm" 


a W 
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that the middle point of BC and the extremities, A and D, are in 
contact with the sphere Show that the pressure at the middle point 
91 

of BC is of the weight of the beam. 

135. A uniform circular disc of weight nW has a particle of weight W 
attached to a point on its rim. If the disc be suspended from a point 
A on its rim, B is the lowest point. Also if suspended from B, A is 
the lowest point Show that the angle subtended by AB at the centre 
of the disc is 

2 sin -1 | 2 ^ n+1 

136 AB , BC and CD are three equal rods jointed at B and C. The rods 
AB and CD rest on two smooth pegs in the same horizontal line so 
that BC is horizontal. If a be the inclination of AB and (3 that of 
the reaction at B to the horizon, prove that 3 tan a tan (3= 1 

137. A fine smooth vertical rod is fixed firmly into the top of a fixed 
smooth sphere of radius a. A bar of length 2b has at one end a ring 
which slides on the rod and the bar rests on the sphere. Show that, 
in equilibrium, the angle a which the bar makes with the vertical is 
given by a cos a=b sin 3 a. 

138. One end of a uniform rod is movable about a hinge and the other 

is supported by a string attached to it. The string is inclined at the 

same angle 8 to the horizontal as the rod. If W be the weight of 

the rod, show that the reaction at the hinge is 

W , - 

-^-y8+cosec 2 0 

139. Two uniform rods, each of weight W and length a are freely jointed 
at A, and each passes over a smooth peg at the same level. From A, 
a weight W' is suspended. Show that in the position of equilibrium, 
the inclination 0 of the rods to the horizon is given by 

c f 2 W-h W') 

cos 3 0— -— 2i Va ~~ ~ * w ^ ere c distance between the pegs. 

140. AOB is a weightless rod bent to form an angle oc at O. Weights P 
and Q are attached at A and B, and the whole is suspended from 0. 
If OA — a, OB= b, and if 6 be the inclination of OA to the 




250 


ELEMENTARY STATICS 


horizontal, prove that 


tan 0 = 


Pa_ 

Qb sin a 


+ cot«. 


141. A solid hemisphere of weight W and radius a is placed with its 
curved surface on a smooth horizontal table and a string of length 
/(/<a) is attached to a point on its rim and to a point on the table 
Show that the tension of the string is 

3 w a—/ pAndhra 1954;-i 

8 ’ V 2 a/—P ‘ 1_ Lucknow 1953 J 

142. A uniform sphere of weight W and radius r rests on a smooth 
inclined plane and is suspended by a string of length / attached to 
thesphere, the other end of the string being attached to a point m the 

plane Show that the string makes an angle snv 1 j with the 

plane. 

143. A prism whose cross-section is an equilateral triangle rests with its 
two edges horizontal on smooth planes inclined at angles a and ft to 
the horizon. If 0 be the angle that the plane through these edges 
makes with the verticals, show that 

„ 2-\/3 sin a sin (3+sin (a-f (1) 

tan t>= - 7 =-— -—- 

V 3 sm (a^-p) 

[Delhi 1964, Gorakhpur 1964] 


144. Forces act along the four sides of a quadrilateral, equal respectively 
to a, b, c and d tunes the lengths of those sides. Show that, if there 
is equilibrium, ac=bd, and that the further conditions necessary for 
equilibrium are that the ratios a:b and b:c shall be the ratios in 
which the diagonals of the quadrilateral are divided at their point of 
intersection. 

[Lucknow 1934] 


145. Two uniform spheres of equal weight but unequal radii, a and b, are 
connected by a cord of length 1 attached to a point on each 
surface. They rest in contact, the string hanging over a smooth peg. 
Show that the two portions of the string make equal angles 

sm_1 ( ~ j with the vertical. 


146. A heavy uniform bar of length 2a and weight w is movable in a 
vertical plane round a smooth hinge fixed at one extremity. A 



general conditions of equilibrium 


251 


heavy smooth sphere of weight W and radius r is attached to the 
hinge by a cord of length / The two bodies rest in contact. If 0 and 
<f> be the inclinations of the cord and the bar to the vertical, 

show that sm (0 4 <f>) = -7-7 — 

/-bl¬ 
and W(/+r) sin 6=wa sin <f>. 

147. Two rods, OA and OB, are fixed m a vertical plane with O uppermost, 
each rod making an acute angle a with the vertical. Two smooth 
rings of equal weight w which can slide upon each rod are connec¬ 
ted by a light inextensible string, upon which slides a third smooth 
ring of weight 2w. Show that in the symmetrical position of 
equilibrium, the ratio of the distance from O of the third ring to 

the distance from 0 of either of the others is ~ (sec a-fcos a), 

148. Two spheres weighing 2 N and ION rest on two smooth planes of 
inclinations 45° and 30° with the horizontal and press against each 
other. Prove that the line of their centres is inclined to the hori¬ 
zontal at an angle 

tan' 1 ^ . 

149. Two smooth spheres of radii a and b of equal density are connected 

by a light string of length l, the ends of the string being attached 
to points on the surface of the spheres. The string js slung over a 
smooth fixed peg and the spheres hang freely in contact with one 
another. Show that in the position of equilibrium, the peg divides 
the length of the string m the ratio b 3 (a+0 —a4> (a+1)—N. 

150. Two smooth uniform spheres of equal weights but of radii 2m and 
3m are placed in a fixed hemispherical bowl of radius 8m. Show 
that in the position of equilibrium, the inclination 6 to the vertical 
of the line joining the centres of the spheres is given by 11 tan 0=48. 

151. Two smooth spheres each of radius a and weight IP lie in contact 
with a smooth spherical bowl of radius na. Show that the pressure 

W 

between them is ' 

152. A particle of weight W rests inside a smooth fixed hemispherical 
bowl whose middle radius is vertical, beiog supported by a string 
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which, after passing over the smooth rim of the bowl, hangs verti¬ 
cally carrying a weight P. Show that the angle between the two 
portions of the string is given by 


COS ' 1 


4 W 


153. Two smooth balls of the same material, of radii a and b, are placed 
inside a hemispherical bowl of radius R. Prove that the line joining 
the centres of the balls will be horizontal if 


(a+b)(a 3 +b a ) 
a 2 —ab+b 2 ' 


154. A circular disc of radius r and weight w is placed inside a smooth 
sphere of radins R (>r) and at a distance d from the centre of the 
disc is fixed a weight W. Show that in the position of equilibrium, the 
plane of the disc makes with the horizon an angle whose tangent is 

wd _ 

155. An intextensible string binds tightly together two smooth weightless 
cylinders of radii R, r. Show that the ratio of the pressure between 
the cylinders and the pressure by which it is produced is 

WRr' 

R-\-t 

156. Inside a fixed vertical ring of radius R, there are placed symmetri¬ 
cally two equal small rings of radius r and a third equal ring is 
placed symmetrically. on them, Prove that the rings will remain in 

contact provided f?<r(l +\/27 ) [Agra 1957] 


157. Two spheres whose radii are a! and a 2 rest inside a smooth hollow 
vertical cylinder of which the external radius is c and the internal 
radius is b, where b <a!+a a . Prove that, if the sphere with radius 

is the lower, the cylinder will not overturn if its weight exceeds 

^2b—a,—a 2 ) , 

where W is the weight of the upper sphere. 

158. The weight of a gate is W. In one side of the gate, there are fixed 
two circular headed staples at C and D. In the gatepost, there are 
two Z<-shaped staples fixed at A and B in which are fitted the 
circular headed staples of the gate. Show that the pressure on the 
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upper staple is either -g- or 

according as CD is slightly smaller or greater than AB, where the 
horizontal length of the gate is 2a and CD =b [Lucknow 1951} 


[59. Two uniform rods, AB and AC, of weights W x and W 2 and of equal 
length are smoothly hinged at A, and rest with B and C on a smooth 
horizontal line being kept m equilibrium by an inextensible string 
joining BD. A weight W is suspended from a point in AC at a 

3 

distance AC from A. Prove that the tension of the string is 


160 A uniform bar of length 2 a and weight W has a cord of length 2b 
attached to its ends. The cord passes through a small smooth ring C 
which is fixed against a smooth vertical wall. The bar is placed in a 
vertical plane perpendicular to the wall with the end A vertically 
below C. Prove that, in equilibrium, A is at a distance Vb a —a 2 
below C and that the tension of the string is 

£ Birmingham 1935 J 


-1 " 

2 L Vb 2 —a 2 


161. A picture frame rectangular in shape rests against a smooth vertical 
wall from two points in which it is suspended by parallel strings 
attached to two points in the upper edge of the back of the frame, 
the length of each string being equal to the height of the frame. 
Show that if the centre of gravity of the frame coincides with the 
centre of the figure, the picture will hang against the wall at an 


angle tan -1 



to the vertical, a being the height and b, 


the thickness of the picture. 


[Allahabad 1955] 


162. Two equal rods, each of weight w, are freely jointed and their free ends 
are attached by strings to a fixed point. A circular disc of weight W 
and radius r rests in the angle between the rods, and the whole 
hangs in a vertical plane If 2a be the length of each rod and each 
string and 20, the angle between the rods, prove that 


r=2a sin 2 0 tan 0 


3w+2 W 
W 
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163. A pole with one end resting on the ground is kept vertical by two 
ropes attached to fixed points on the ground at equal distances d 
from the foot of the pole, and in the same plane with it. The ropes 
are fastened to the pole at heights a and b and the tensions are 
adjusted so that the vertical reaction on the grotind is twice the 
weight of the pole. Prove that the total reaction on the ground 
makes an angle 0 with the vertical, where 



164. A uniform rod of weight W and length 2a is free to turn about one 
end A. It is supported by means of a light string of length /, one 
end of which is attached to a point vertically above and at a 
distance li from A while the othei end is attached to a smooth Ting 
of weight w, through which the rod passes. Show that, m the equili¬ 
brium position, the string is inclined at an angle 0 lo the vertical, 
where 

Wal (h cos 0—/)=w(/ 2 —2h/ cos 0+h s ) 3 ' 2 . 

165, Three equal uniform rods, each of weight W, are smoothly jointed 
so as to form an equilateral triangle. If the system be supported at 
the middle point of one of the rods, show that the action at the 

lowest angle is i-y-y W an< * that at each of others is. 

-VI 


166, Three equal uniform reds, each of weight IP, are freely jointed at 
their ends so as to form an equilateral triangle. Find the forces at 
the joints when the triangle is suspended by a string from the mid¬ 


point of one of the sides 


VI w, ViV W and 


167. A rhombus framework, A BCD, of four uniform smoothly jointed 
rods, each of length a and weight w is hung up at A and inside it 
is placed a smooth uniform circular vertical disc of radius r and 
weight W, resting symmetrically on the two lower rods, BC and DC, 
If 0 be the inclinmation of the rods to the vertical in the equilibrium 
configuration, prove that 2a (W-f2w) sin 3 0=JFr cos 0. 


168. Three smooth pencils of weight W are tied together by a string and 
laid on a smooth table. The two lower pencils are pressing each 
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other with a force P. Show that the tension of the string is 
PJr 2\/T [Roorkee 1956] 

169. Four equal uniform rods are freely jointed to form a rhombus ABCD. 
The rhombus is suspended from the joint. A, and is maintained in 
the form of a square by means of a rod of negligible weight, joining 
the middle points of BC and CD, Find the vertical and horizontal 
components of the reactions at the joints B and D, Find also the 
thrust along the line joining the middle points of BC and CD. 

[Ans. The vertical and horizontal components at each of B and D 

3 

are W and — W respectively and the thrust=4IF, where W is the 
weight of each rod.] 

170. Two equal heavy beams, AB and AC, each of weight W are smoothly 
jointed at A, and B is joined by a string to the mid-point of AC. 
The beams rest with B and C on a smooth horizontal plane. If 

W 

/~BAC=60 o , show that the tension in the string is — . 

171. Six equal weightless rods hinged together at their ends form a 
regular hexagon ABCDEF. The rod AB is held horizontally and a 
weight W is hung from the middle point of DE, the hexagonal shape 
being maintained by a light rod CF. Show that the stress in the rod 

CF is W. 

3 

172. Five weightless rods form a regular pentagon ABCDE and the 
framework is stiffened by other weightless rods, BD and CE. The 
system is placed in a vertical plane with CD on a horizontal table 
and a weight W is hung from A. Prove that the thrust in BD or CE 

is W cot . 

173. A step ladder of weight 2 IF consists of two equal parts, jointed at 
the top and held together by a rope half-way between the top and 
bottom, so that when the rope is tight, the angle between the two 

halves of the ladder is 2 tan -1 . A man of weight 5 IF mounts 

the ladder and then stops two-thirds of the way up. Neglecting the 
friction between the ladder and the ground, show that the tension 
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in the rope is 2W and the horizontal and vertical components of 

5 

the reaction at the hinge are 2W and —’W respectively. 

174. A regular pentagon, ABCDE, formed by five uniform rods, each of 
weight W, freely hinged to each other at their ends is placed m a 
vertical plane with CD resting on a horizontal plane and the 
regular pentagonal form is maintained by means of a string joining 
the middle points of the rods BC and DE Prove that the tension in 

/ 7T lit \ 

the string is ( co * f~3c°t — 1 W. 



Chapter VIII 


Centre of Gravity 


8-1 Centre of Mean position or Centroid 

Let a system of n scalar magnitudes m 2 . m 0 be associated 
with a set of n points A h A 2r . An respectively. Let the co-ordinates of 
A x , A 2l ..A d be (Xi.yJ, (x 2 ,y 2 ),.., (x n , y n ) respectively referred to co¬ 
ordinate axes Ox and Oy 



Fie 121 
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We now divide A X A Z at G 2 yj suc h that 
A 2 G^ ffl 2 

Afj j nii 


■••(A) 


Similarly, we divide G^ at G 2 ( x<)i y 2 ) such that 
GiG 2= m 3 

^ 3 G a m^+irij 

We again divide G 2 ^ 4 at G a ( Xg , y 3 ) such that 

G 2 G 3 m 4 
A,G~ nix+ro a +m 3 

and so on until we finally ainve at a point G n _x when the last point 
A a has been obtamted We denote this final point G^ by G(x,y) which is 
called the centie of mean position or centroid of the points A lt A 2 ,. An for 
the system of n scalar magnitudes m t , m 2 ,...m n . 


Now, to find the co-ordinates of the centre of mean position, we 
have from (A) 


A-fi^ __itijj_ 

AjGj'A’A^Gi mj+nia 

__ 

AjA% mx+nia 


- m «- 


y»-yi tOr+ma 


=>yi=yi+ 


m a (y a -yi) _m 1 y 1 +m g y a 


mi+m 2 


m i+ m a 


(V 


„ , - (m^+niji) yx+m 3 y 3 

Similarly, y 2 = zr i'," ~ 

xni-bm2-+-m 3 


m.y.+m.y.+ mg, (1)] _ 

nh+ma-f m 3 


Proceeding in this way till we get the point G n _i(x,y), we have 
+mny n _ 2my 
2m 


m 1 y 1 -bm a y 2 + 


mi-j-m 2 -(-.. - -f~mn 
Similarly, considering the distances of the points A lt A z ...A n from 
the y-axis, we have 

— _ m 1 x 1 +m a x 2 + +m n x n 2mx 
ntx+m a -f • +m a — 2m 
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Thus the co-ordinates of the centre of mean position are given by 

/ Smx Smy \ 

\ 2m ’ 5m ) 

Remark : The centre of mean position is a general term which 
includes, as special cases, the centre of a set of parallel forces and the 
centre of mass of a body. 

8 2 Centre of mass (C.M.) 

If we regard the scalar magnitudes m lt ro 2( . m n in article 8.1 as 
masses of a system of particles, then the centre of mean position becomes 
a point called the centre of mass (C.M.) of the system of particles. How¬ 
ever close the particles may be, the proceess of arriving at G, the centre 
of mass, remains the same. Hence, for a continuous body consisting of 
minute particles of matter, we can always find its centre of mass We can 
thus define the centre of mass of a body as follows: 

The centre of mass of a body is the centre of mean position of all 
the points within it for a system of scalar magnitudes which are proportional 
to the masses of the indefinitely small panicles placed at these points 

The centre of mass of a body is unique so long as there is no 
relative change of position of the particles constituting the body. A 
different arrangement of the particles will, however, change the position of 
the centre of mass of a body. 

8.3 Centre of gravity (C.G.) 

We know that each particle of a rigid body is attracted to the 
centre of the earth with a force known as gravity which is proportional to 
the mass of the particle. We call this force as the weight of the particle. 
If a rigid body be small compared to the earth, the lines joining the 
centre of the earth with the different particles of the body will be almost 
parallel. Hence, the forces acting on different particles of a rigid body 
can be treated as a system of parallel forces. These parallel forces can be 
combined into a single resultant force which is called the total weight of 
the body. This resultant will pass through a fixed point in the body and 
this fixed point is called the centre of gravity of the body which is the 
same as the centre of the parallel forces. If we turn round the body in 
any way, the forces of attraction on the different particles will still be para¬ 
llel, but only their directions relative to the body will change. But the 
centre of parallel forces acting on different particles is independent of 
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the directions of these forces and depends only on the position of the 
particles which are fixed relative to the body. Thus the centre of parallel 
forces formed by the weights of indefinitely large number of indefinitely 
small particles constituting a body and hence the centre of gravity of the 
body remains the same in whatever position the body is placed provided 
that the body is small in comparison with the dimension of the earth. 

Thus the centre of gravity of a rigid body may be defined as follows: 

The centre of gravity of a body (or a system of particles rigidly 
connected to one another) is the point fixed m the body (or with respect to 
the system of particles) through which the resultant weight of the body or 
the system always passes for all positions of the body. 

We observe that the centre of gravity of a very large body whose 
dimension is not negligible in comparison with the size of the earth (e-g. 
a big mountain) does not necessarily exist In this case the lines drawn 
from different points of the body to the centre of the earth can not be 
treated as parallel and hence the resultant of all these forces may not 
necessarily pass through the same point in the body for all positions of 
the body. Thus the centre of gravity which is taken as a fixed point in 
the body does not exist. For most of the practical cases, we deal with 
bodies whose dimensions are small in comparison with that of the earth 
and so whenever we talk of a rigid body, we shall assume that its centre 
of gravity exists. 

8.4 Uniqueness of the centre of gravity 

There can not be more than one C.G. of a body. For, if possible, 
let a body have two C.G’s viz. and G 2 , Hence, the weight of the body 
passes through b oth G x and G 3 , in whatever manner the body may be held. 
We now turn the body such that G 1 G i is horizontal. The weight which is 
a vertical force can not now pass through both G x and G 2 unless G x 
coincides with G 2 . Hence, the body cannot have two G.G.’s. In other 
words, the C.G. of a body is a unique point in the body. 

8.5 Distinction between the centre of mass and the centre of gravity 

The weight of a body is due to the action of the force of gravity. 
But the mass of a body is independent of any attraction to which the 
body may be subjected. If we imagine that the body has been removed 
into space where there is no attraction, the body will have no weight and 
hence the existence of the centre of gravity of the body is beyond our 
imagination. But the mass of the body will always exist, since it is an 
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inherent property of the material of the body and so the centre of mass 
of the body even in space devoid of any attraction will exist. 

For a body of any shape, the centre of mass always coincides with 
the centre of gravity whenever such a point exists in the body. Thus a 
body having its centre of gravity has its centre of mass, but one having 
its centre of mass may or may not have its centre of gravity. 

8.6 Working formulas for finding the centre of gravity of a body or a 
system of particles 

Since the weight of a particle is a force which is proportional to its 
mass, the farmulas for finding the C.G. of a system of particles will be 
identical with those for C.M. 

Thus if a system of particles of weights \v lt w 2 , w 3 are situated at 
the points (x x , y x ), (x 2 , y 2 ), (x 3 , yj,. . respectively referred to the co¬ 
ordinate axes Ox and Oy, then the co-ordinates (x,y) of its C G - are § iven 
by the formulas 

Swx - 2 wy 

X ~ Sw 5 y 2 w 

Since weights are proportional to masses, these formulas can also be 
written as 

X= y= where m denotes the mass. 

2 m 2 m 

If, instead of the weights being situated at isolated points as above, 
we have a continuous distribution of matter, the summations can be 
replaced by integration. Thus we subdivide the continuous distribution 
of matter of the body whose centre of gravity is to be determined, into a 
large number of small parts of such shape that the position ef C.G. of eac 
part is known to a first approximation. Then (x, y), the co-ordinates of 
the C.G. of the body, will be approximately given by the above formulas 
and the larger the number of subdivisions, the more accurate will, in 
general, be the result. If, therefore, the number of subdivisions be increased 
indefinitely, the magnitudes of the parts will decrease indefinitely and the 
sums S wx, 2w and 2 wy will tend respectively to definite integrals 

/xdw, /dw and /ydw 

(with suitable limits of integration so as to include the whole matter 

of the body) where 8w is the elementary infinitesimal part whose centre 

of gravity lies at (x,y). Under such circumstances, the above formulas 
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become exact. Hence, we obtain the following formulas for the deter¬ 
mination of the centre of gravity of a continuous distribution of matter 
or a body: 

- /*dw - _/yjiw 
fdw 1 y fd w ‘ 

where the limits of integration are to be chosen to include the 
whole matter or body. 

Since Sw=gSm, where g is the acceleration due to gravity and m is 
the mass of the elementary poition cf the continuous distribution, the 
above formulas can be re-written as 

- fx dm - fy dm 
/ dm ’ y Jdm 

Remmk 1 • The formulas 

S wx 1 wy 
~ Sw 2w 

for the CG. of a system of paiticles can also be denved dnectly by 
equating the algebraic sum of the moments of the forces w 1 , w 2 w 3 ... 
about x and y axes, taken separately, to the moment of the resultant 
force Wj+Wa-f-.... about the same lines respectively. 

Remark 2 : The positions of the centres of gravity of many bodies 
may be found easily by observing the points of symmetry of the bodies. 
Thus the centre of gravity of two equal particles is at the middle' point 
of the line segment joining them The C.G. of a uniform rod is at its 
middle point and that of a uniform circular disc is at its centre. 

8.7 Analytical determination of the C.G’s of some simple bodies 

We shall now find out the positions of the C.G.’s of some simple 
bodies by using the formulas stated above, The integral formulas will be 
used wherevei required and found more convenient, 

8.8 C G. of a thin rod 

Let the length of the rod OA be 2a We take OA as the x-axis. At 
a distance x from the end O, we take an elementary length PQ=8x of 
the rod. We assume that the thickness of the rod is the same throughout 
its length and let a be the area of cross section of the rod. Hence, a is a 
constant. 
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Fig 12 2 

Case 1 ■ Let the rod he of uniform density. 

Let p be its uniform density. Then the mass of the element PQ 
=a gx. p, since a gx is the volume of PQ. Hence, gm=a gx. p. 

Since this element of mass is at a distance x from O, the distance x 
of the C.G. of the rod is given by 



a p is a constant] 

The limits of integration are chosen so as to include the entire rod 
from the end x=0 to the end x=2 a. 

fx 2 f 

Hence x = ■ 2 - -I - = = a 

la I* 1 

Hence, the C.G. of a thin uniform rod of uniform density is at its 
middle point. 

Case 2 : Let the rod be of variable density. 

Let the density of the rod be some function of x, say p=f(x). 

Then 

1 2 a f 2a 

a f(x) xdx 1 xf(x)dx 

x = f2a ' “ f2a * 

1 a f(x) dx 1 o x f(x) dx 
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In particular, if the density of the rod at any point is proportional 
to its distance from 0, then 

f(x)=k x, where k is a constant. 

Hence, 

2a kx 2 dx 
0 

" [2a 

l kx dx 

io 

8 a 3 

3 = 4 

" _4£_ 3 

2 

Hence, the centie of gravity of the rod lies at a distance F a from 
the end 0. 

Remark 1. In what follows, by ‘a uniform rod’, we shall mean a rod 
of uniform density and uniform cross-section unless otherwise stated so 
that the C.G, of such a rod should be taken always at its middle point. 

Remark 2: A uniform Wire can be treated as a very thin rod so that 
the C.G. of a uniform wire will also be at its middle point. 

8.9 C.G.’s of several uniform rods forming closed regions 

(;) To find the C.G. of three uniform rods forming a triangle (or, the 
C.G of a uniform wire bent into the form of a triangle ): 




Let AB, BC and CA be three uniform rods jointed together to form 
a triangle ABC Let the lengths of BC, CA and AB be a, b and c 
respectively. We assume that D, E and F aie the middle points of the rods 
BC, CA and AB respectively and w is the weight per unit length of each of 
the rods. Since the rods are uniform, the weights of the three rods will be 
aw, bw and cw acting through their middle points D, E and F respectively. 
Wenow join BE, EF and FD. Now, the weight aw at D and cw at F can be 

combined into a weight (a+cJ w at F on FD such that-^-= = — - 

PD c w c 


Now, 

c 


Hence, 


FP 


PD 


BC 2EF EF 
AB = 2ED ED ' 

EF_ 

ED ’ 
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A 



which shows that EP is the bisector of l_FED . If we now combine 
this weight (i+c) w at P with the weight bw at E, then their resultant 
will pass through some point on EP Hence, the C.G. of the three rods 
forming the triangle ABC lies at some point on the internal bisector of 
A.FED. 

Similarly, if we combine the weights at F and E first and then 
combine this resultant with the force at D, it will be found that the C.G. 
of the same three rods will lie at some point on DQ, the internal bisector 
of LFDE. Since the C.G. of a body is a unique point, the C.G. of the 
three rods must be at a common point situated on both EP and DQ i.e. the 
point, I, of intersection of these two bisectors. Clearly, the point, I, will be 
the m-centre of CDEF. Hence, the required C.G. of the three rods will 
be at the in-centre of the triangle formed by joining the middle points of 
the rods. 

Remark : The above example shows that the C.G. of a body or a 
system of bodies may not lie always m the body or bodies. 

(/i) To find the C.G, of four uniform rods forming a pai allelogram : 

Let AB, BC, CD and DA be four uniform rods which form a 
parallelogram. Let P, Q, R and S be the middle points of AB, BC, CD 
and DA respectively. We join Pi? and 52 so as to intersec at G, From 
Geometry, it follows that G is the point of intersection of the two 
diagonals AC and BD of the parallelogram. Also PR and QS bisect each 
other at G. 

Let AB=DC=a and AD—BC=b and let w be the weight per unit 
ength of each rod Then the weights nw, ow of the rods AB and CD, 
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Fig. 124- 


acting at P and P respectively, can be combined into a single weight acting 
at G, the middle point of PR. Similarly, the weights bw, b\v of the rods AD 
and BC, acting at S and Q respectively, can be conbined into a single 
force acting at G, the middle point of SQ. Hence, the total weight of the 
four rods acts at G. Hence, the required C G of the four rods forming a 
parallelogram is at the point of intersection of its two diagonals. 

8.10 C.G. of three equal weights placed at the vertices of a triangle 

Let three equal weights each equal to W be placed at A,B,C of A ABC. 
Let D, E and F be the middle points of BC, CA and AB respectively. The 
two equal weights w, w at B and C can be combined into a single force 


A 
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2w acting at D. If we now combine this weight with the weight at A, 
then we see that the resultant weight will act at G on AD such that 
AG .GZ>=2w , w=2 : 1 Hence, G must be the centroid of A ABC. Hence, 
the C.G. of three equal weights placed at the three vertices of a triangle 
lies at the centroid of the triangle 

8.11 C.G of a uniform triangular lamina 

(A very thin tin plate or a card board may be considered as a 
lamina) 

Let ABC be a uniform triangular lamina and D and E be the middle 
points of BC and CA respectively 

Let the medians AD and BE intersect at G. 


A 



Fig 126 

We now divide the triangle into an infinite number of thin strips by 
lines parallel to BC and let KL be any such strip. This strip can be treated 
as a thin uniform rod and so its C G. will be at its middle point. 

Let AD and KL intersect at H. Now, since KHL || BDC, we have 

KH AH HL 
BD ~AD ~ DC ' 

But since BD=DC, hence KH—HL i.e, H is the middle point of KL. 
Hence, the C.G. of the strip KL lies at H. 
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Similarly, the C.G of each of other stnps parallel to BC will lie on 
some point on AD. Hence, the C.G. of the entire lamina will be a point on 
the median AD. Similarly, dividing the triangle into an infinite number of 
thin strips each parallel to AC, we can show that the C.G of the triangle 
ABC lies on some point on the median BE. Since the C.G. of a body is a 
unique point, hence the C G. of the triangular lamina will be at the 
common point of intersection, G, of the medians AD and BE i.e at the 
centroid of A ABC. Thus the C G. of a uniform triangular lamina is at 
its centroid. 

Remark : We have seen that the C,G. of three equal weights placed 
at the three vertices of a tiiangle is at the centroid of the triangle. It 
follows that the C.G. of a uniform triangular lamina is identical with that 
of any three particles of equal weights, placed at its vertices. 

We can, therefore, replace the weight IF of a uniform triangular 

WWW 

lamina by three equal weights “» — and-- placed at its vertices, since 

3 i i 

in this case not only the C.G. would be unaltered but also the magnitude 
of the resultant weight. 

8.12 C.G. of a uniform rectaugular lamina 

Let OABC be a uniform rectangular lamina. We chooss OA and OC 
as the rectangular axes of co-ordinates. At a distance x from O, we take 



Fig 1 IT 
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a small elementary strip PQRS of breadth gx, drawn parallel to y-axis. 
Let p be the weight per unit area and the length and breadth of the 
rectangle be a and b respectively so that OA=a and OC=6. 

The area of PQRS—bBx. 

Then the weight of the strip PQRS is gw =b§x p. 

The strip PQRS may be taken as a thin uniform rod so that the 

co-ordinates of its C.G. ard 

Let (x, y ) be the co-ordinates of the C.G, of the rectangular lamina. 

Then 



x = 


and 


-^xdw 

b P j 

'a 1 

xdx V 
0 2 

a 2 

1 

Jdw 

bP 

a dx a 
0 

~ 2 

Jydw 

bp j 

'a i 

|o2 4 *_ 

Iba 

2 

Jdw 

b ? 

J dx 

0 

a 


-b . 


Hence, the C.G. of the rectangular lamina is at 
clearly the point of intersection of the two diagonals. 


1 1 u 

2 a ’T b 


which is 


8.i£ C G. of a uniform parallelogram lamina 

Let ABCD be uniform parallelogram lamina of weight W. Let the 
two diagonals AC and BD intersect at O. We know that OA—OC, 
OB=OD and area of l\ADC= area of A ABC. 

W 

The weight of t\ADC will be -j acting at the centroid G x of 
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f\ADC and that of A ABC is acting at the centroid <? 2 of A ABC, 

The resultant weight, W. will obviously pass through the middle point of 
G \ G z 


Now, OG^— OD and OG. 2 = -|- OB and since OB=OD, hence 

OG x =OG 2 so that the resultant weight W of the parallelogram will pass 
through 0 which is the point of intersection of the diagonals BD and AC 
Hence, the C.G. of a paiallelogiam lamina will be at the pomt of m lei section 
of its two diagonals. 

An alternative method . 


w w w 

We replace the weight — of A ADC by thiee equal weights — > — t 

W W 

placed at A, D and C Sinulaily, the weight — of A ABC can be 
6 2 

WWW 

replaced by three equal weights—, —, -g- placed at A, B and C. The 

W W W W 

total weights at A, B, C and D will be —, —respectively The 
W W 2 W 

resultant of -j- at A and — at C is — j- acting at O, the middle pomt 

W W W 

cf AC Similarly, the resultant of — at D and — at B will be —atO, 

0 o D 

2 w }V 

the middle point of BD Hence, the total weight ~ + -y = W of the 

lamina will pass through 0, the point of intersection of the diagonals AC 
and BD. 


Remark 1 : The C.G. of a uniform parallelogram lamina is the same 
as that of four equal weights placed at the angular points of the parallelo¬ 
gram. 

Remaik 2 , The C.G. of a uniform parallelogram lamina can also be 
found out directly by dividing the lamina into an infinite number of thin 
strips diawn parallel to the adjacent sides of the parallelogram as m 
section 8.11 


8 14 C.G. of a uniform trapezium lamina 

Let ABCD be a uniform trapezium lamina with paiallel sides AB 
and DC and let AB=2a and DC=2b. Let h be the height of the 
trapezium and w be the weight per unit area. Let F and E be the middle 
pomtsof AB and CD respectively. We join AE, EB and EF. The trapezium 



CENTRE OF GRAVITY 


271 



Fig, 129 

consists of three triangles ADE, AEB and BEC of areas ^D£. kw^AB. Aw 

and ~EC Aw i e. 4 A/iw, ah w and y AAw respectively acting at their 

centroids. Now, the weight - AAw ofAADE can be replaced by three equal 

weights -4* Wiw, *4- AAw and 4- AAw acting at /l, D and E. Similarly, 
0 0 0 

the weight ~ bhvi of A EEC can be replaced by three equal weights 

— bhw, 4- bhw and 4*Mw at B, E and C, and the weight aim of A AEB 
6 6 o 

111 

can be replaced by three equal weights —ahvr, -^ahw, ^ ah'// at A, E and 

B. We thus get the total weight y &Aw+y ohw = at each of A 

and 1 B, ~bhw at each of D and C anhy AAw+yWtW-lyflAw—j (fi-t-A) Aw 
at E. The two equal weights at D and C can be combined together to 

give the resultant — AAw at E. Hence, the resultant of the weights at D, C 
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1 1 1 

and E is [j(n+Z>) + jb] /iw = -(<7+2&) Irw acting at E. Also, the two 
equal weights at A and B can be combmedtogelher to give a resultant 
" W ~ act ’ n ^ at F- We have thus reduced the weight of the 

trapezium lamina into twoforces - one of magnitude ~(a-\-2b) Iw at E 


and the other of magnitude ~(2a-\-b) Irw at F, The resultant of these two 

forces will pass through some point G on EF such that 
EG : GP—(2a-\-b) . (a4-2b). 

Thus the required C.G. of the lamina lies at a point G on the line 
EF joining the middle points of two parallel sides of the trapezium such 
that EG : <3P= (2 a+ b) : (a + 2b) 

8.15 C.G. of a uniform parabolic lamina bounded by a double ordinate 
Let the equation of the parabolic lamina AOB be y 2 =4 ax, where AB 
is the double oidmate whose equation is, say, x — b We take an elemen¬ 
tary strip PQ of thickness §x parallel to y-axis at a distance x from O. 



Since all such strips are bisected by the x-axis, we see from symmetry that 
the C.G. of the lamina will lie on the x-axis. Let x be the distance of the 
C G from O and let w be the weight per unit area of the lamina. Since 
the co-ordinates of P are (x, y), the area of the strip Pg=2y Sx. 

The weight of this strip=2yw $x=2*/4 ax w Sx 

=4 tjax w $ x 
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3_ 

5 


Hence, 


r b _ 

l x 4 ./ax . wdx 


\ b — 

^/fax . wdx 


[b 7 

x 3/2 dx — . 

_ JO __ 5 | 

xB,2 ]o 

'b , 2 

X 1 ! 2 dx — • 

Jo 3 

x 3/3 "l b 

Jo 



Hence, the required C.G. of the parabolic lamina 


b from the vertex O. 


is at a distance 


8 16 C.G. of a parabolic lamina bounded by the curve y 2 =4ax , x-axis 
and the line x=b 

We take an elementary strip PQ, parallel to y-axis, of thickness 8x 
at a distance x from the origin O. P is the point (x, y), so that the area of 
PQ is y S x. If w be the weight per unit area, then the weight of this strip 
is yw 8x. 



Fig 131 

The co-ordinates of the C.G. of this strip PQ which can he treated 
as a thin uniform rod are ( x, . Let (x , y) be the required 
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co-ordinates of the C G. of the lamina, 


w 

{> 1 

■b _ 1 

x y/4ax dx 1 

n 

X 3 ' 2 dx 

0 

w 

' b I 

. 0 >dx ! 

[b _ ~ I 

t/4 ax dx \ 

rt> 

x 1 ' 2 dx 

0 

3 

“ 5 

r b [as in section 8 15], 


r 

b y 

1 [b 


wj 

0 - ydx - 

rr 4 ox dx 

2 Jo 


w | 

b 

vdx 

0 

v/4 ax dx 

0 


2 a 

m 

_ 1 3 

- / / 

2 y/\ 

■ 1 [«•*] 

b V' 2 '< 2 
0 

V £ 


_ 3 _ 

— 4 V ab . 


817 C.G. of a plane area bounded by a circular arc and two radii 

We know, from symmetry, that the C.G. of a uniform circular plate 
is at its centre. To determine the position of the C G. of a sector or a 
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segment of a circle, we can conveniently introduce the polar co-ordinates 
(r,0) whose relationship with the Cartesian co-ordinates (x,y) is given by 
the formulas 


x=r cos 9, y=r sm 0. 

We shall also use an important result for finding the area of the 
sector of a circle of radius r with the angle at the centre 0, as 86. The 

area of this sector is given by -^r 2 SO. When SO is very small, this sector 

can be treated approximately as a triangle so that the C G. of this 
triangle will be at its centroid, G, whose Cartesian co-ordinates will .be 

r cos 0, -yr sin 0^ with sufficient degree of accuiacy for our purpose 

[fig. 132.] We now determine the C.G ’s of such laminas. 

(,) C.G. of a uniform sector of a ciicle. 

Let OACB be a sector of a circle with centre O and let f_AOB= 2a. 
Let r be the radius of the circle so that OA=OC—OB= r. 

Let OC bisect f_AOB. We take OC as the x-axis. From symmetry, 
we see that the C.G , G, will lie on Ox. Let the distance of C.G. of the 

sector from O be x. 

We consider a small triangular strip OPQ such that Z_POQ=0. 
If w be the weight per unit area, then the elementary weight of this strip 

is -i-GgOw and this weight acts at the point r cos 0, r sin6^ 

within the strip 
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Hence, x = 



•y r COS 0. yl ' 2 d0 




, i r ’ de 

cos 0 dG 

- [v r is a constant] 

dO 




2 2 sin a 

3 2 a 
_2 r sin a , 

~T ' 


Hence, the C.G. lies on the bisectoi of LAOS at a distance 

2 sin a , . 

■sr r - from the centre 0. 

3 a 

Remark . For a semi-circle, a= y so that OG~ y— . 

(ii) C.G. of a uniform segment of a circle. 

Let AOB be a sector of a circle of radius r and centre O. Let OC be 
the bisector of Z_AOB= 2a. We join AB to cut OC at D. We choose OC as 
the x-axis. We have to find the C.G , of the segment ACBDA of the 
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circle. From symmetry, the C.G. of the segment will he on OC. Let x be 
the distance of its C.G., G 2 , fromO. Let G x be the C.G. of &AOB and 
G be the C.G. of the sector A.OB. 

Since OD — r cos a, 

OG^= -j-r cos a. 

As in (i), 

0G=4 r. iSJE 
3 a 

Let w be the weight per unit area. Then the weight of 
£\AOB=.\AB.OD.Vi=T ! ‘ sin « cos a w. 

Area of the sector ^0-5=-~-r a .2a=r 2 a. 

Hence, the weight of the sector AOB— r’-aw. 

Since the sector AOB consists of the triangle AOB and the segment 
ACBDA, the weight of the segment 
=r 2 aw—r 2 sin a cos a. w. 

Hence, the resultant of the weights r 2 sin “ cos «. w at G x and 
(r 2 a—r 3 sin « cos a) w at G a is rVw passing through G. 

Taking moments about O , we have 

r 2 sin a cosa.w.GGj^^a—r 2 sm a cos *) w.0G 2 =r 2 a w.GG 
2 

=>r 2 sin a cos oc.~r cos a + (r 2 a—r 2 sin a cos a). OG 2 

=r 2 «. 2 r , 

3 a 


Hence, OG a = 


-^-r 1 sin oc—j-r J sm « cos" a 
r 2 a—r 2 sin a cos a 


jr 3 sin 2 a 


r 2 (a—sin « cos a) 

_ _2_ sin 2 « 

3 ' a—sin a cos a 


8.18 C G. ef a homogeneous solid right circular cone 

We take the vertex O of the cone as the origin and the axis of the 
cone as the x-axis. At a distance x from O, we take an elementary circular 
strip PQ of thickness gx. The co-ordinates of P are (x, y). Let p be the 
density. Then the mass of his strip=ity‘Sxp. 

From symmetry, the C.G. of the cone will be on its axis OA. 
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Fig. 135 


Let the height OA of the cone be h and the semi-vertical angle be a. 
If the distance of C.G , G, of the cone from the vertex O be x, then 


1 

■li , i 

'h 

1 

| 0 * y 2 pxdx j 

1Q X 3 tan- a dx 

Y -i 

‘h ~ j 

ih 

! 

| o rry- pdx 1 

x- tan- a dx 



[ 


y. 

X 


= tan v 


] 


Hence, the C G, of a com lies on its axis at a 
vertex, where h is its height. 


distance ~ h from its 


Remark The C G. of a solid right cncular cylinder lies at the middle 
point of its axis and that of a sphere lies at its centre These follow from 
the symmetry 


8.19 C G. of a solid hemisphere 

Let 0 be the centre of the sphere and AB be the base of the 
hemisphere We take OA as the y-axis, and a line perpendicular to it 
through O as the x-axis. At a distance x from O, we take an elementary 
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Fig-136 

ciicular strip PQ of thickness 8x, where P is the point (x,y). If p be the 
density, then the weight of this strip is r.y 1 §x p. Let a be the radius of the 
hemisphere. From symmetry, the C G. of the hemisphere will lie on Ox, a 
line through the centre O perpendicular to the base. 

Now, let PQ intersect Ox at A' 

From A OP A' we have 

If x be the distance of the C.G. of the hemisphere from 0, then 


rry 2 p x dx 

x (a 2 —x 2 ) dx 

. 0 

0 

Tty 2 p dx 

(a 2 — x 2 ) dx 

Jo 


r a 2 x 2 x 4 y 

a 1 a i 

1 

-2, 

cs 

7 ~ 7 

r x 3 1° ~ 

~ , d‘ 

a 2 x— “ 

3 Jo 

a* ■— —■ 

3 


Hence, the C.G. of a solid hemisphere lies on its radius perpendicular 
to its base at a distance of ^ a from its base. 
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8.20 C,G. of a quadrant of an ellipse -p- = l 

x 2 y 2 

Let OAB be the quadrant of the ellipse^—(—f a =l, wlieie semi¬ 
major axis OA=a and semi-minor axix OB=b. We tale OA as the x axis 
and OB as the y-axis, O being the origin. We take a thin strip PQ of 
thickness §x at a distance x from 0 so that P is the point (x,y) If w be 



the weight per unit [area, the elementary weight of PQ is y. gx.w which 
acts at the middle point of PQ i.e, at the point (x, —). Let (x,y) be the 
:o-ordinates of the C,G. of the quadrant of the ellipse. Then 
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( a _ 

x -y/a- — x'" dx, we put 

V n 2 — x 4 = t 

=> a 2 — x 2 = t 2 
=> xdx = — t dt. 

When x=0, t=o, and when x=a, t=0, 

•••*■- j: • ! ->=[-t]: -f 
_ _ 

To evaluate I 2 = V a~ — x a dx, 

we put x = a cos 0 

dx = — a sin 0 dO 


When x = 0, 0 = -r- and when x—a, 0 = 0. 


M2 . A A a 2 M2 

Is =* a " Jq sin-0dO = “(1 — cos20)d0 


a- 

T 


0 - 


sin 2 0 
2 

4 a 


it/2 tt g 2 

0 = 4 


K fl“ 


3 


Similarly, y = 


fa y 

w — v dx 
0 2 ' y 


w 


Jo ydx 


6 s x 


1 a ( 

T.r « 


dx 


T Jo ^ 


x 2 dx 


* 

£_ 

v x 3 n 

a 

2 L* * 

3a 2 J 

0 


T 1 ’ 
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7 t ab 3 it 

4~~ 


Hence, the co-ordinates of the C.G are 
(4a 4b \ 


8.21 Solved Examples 

Ex. 1 . D, E and F are the mid-points of the sides BC, CA and AB of 
the triangle ABC Masses ntj, m 2 , m 3 are placed at A, B, C respectively 
and masses K lt K 2 , K a are placed at D, E, F respectively. If the two 
systems have the same C.G., prove that 

m 1 nig m 3 

K^K, - K a +K x ~ ~K^X; • 



F-IG.-138 

We draw AE±BC. Let G be the common C.G. of the two systems 
and let GL be perpendicular to BC. Now, the mass K x at D is equivalent 
to ~ K x at B and y K x at a C, the mass K z at E is equivalent to 

j K 2 at A and -yfir 3 at C and the mass K 3 at F is equivalent to 

-y K a at A and ~ K s at B. Hence, K lt K 2 and K 3 at D, E and F are 

equivalent to -j (F 2 +K 3 ) at A, a * b and y {K X A~K 2 ) at 
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C. Since the resultant of weights proportional to m 2l m 3 passes 
through G, hence taking moments about BC, we have 

imi+ma+nia) 01=11}! AE' . . m 


Again, since the resultant of the weights proportional to ■— (F a +E a ), 

~2 (j^i+-Kg) and — at A, B and C respectively passes through 

G, hence taking moments about BC, we get 

(K 1 +K 2 +K 3 ) GL= ~CK 2 +KJ AE' .(2) 


Dividing (1) by (2), we get 
mj+nio-fm, 2nij 

K.+K^ K, ~ K 2 +JCT 

ni t _ 1_ m 1 +m 2 +m 3 


= A, say 


f^2+K 3 2 K l -\-K 2 -{-K 3 

Similarly, taking moments about CA and AB, we get 


m 2 

*3+*! 


— A 


and 


m 3 

K^K 2 


= A 


Hence ’ Kt+K 3 


m 2 

*3 + *l 


m 3 


Ex 2. A uniform wire is bent into the form of a triangle of sides of 
lengths a,b,c. Prove that the distances of the C.G of the whole triangle 
from the sides are as 


b-\-c _ c+g . a+& 
a ' b c 


P U 1940 




Let ^4J9C be the triangle with sides BC=a, CA=b and AB—c. Let w 
be the weight per unit length of the wire. Then the weights aw, bw and cw 
of the rods BC, CA and AB act at their middle points D, E and F 
respectively. We can replace the weight aw at D by two equal weights 


A-aw at 5 and —aw at C. Similarly, bw at E can be replaced by 

—6w at A and bw at C and cw at F can be replaced by — cw at A 
2 ** 
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A 



and cw at B. Hence, the C.G. of the thiee wires is identical with 

the C.G. of three weights-^ (b+c) w at A, ~ (a+c) w at B and-y («+£) 

w at C. Let AL±BC and G be the C.G of the three wires. Let GM±£C 
and GM=x. Taking moments about BC, we get 

-y(fi-K) w ALz=(a+b-\-c) wx 

Now, AL. BC= 2A, where A is the area of A ABC. 

..AL-1A. 
a 

Hence, ~ (b+c) ^~*=(a+b-i-c) x 


=^x= 


A 

a+b+c 


a 


b-\-c „ 

-, where a— 

a 


A 

a-\-b-\- c 


If y and z be the distances of G from AB and AC respectively, then 
by taking moments about AB and AC, we get 


y=K 



z=K. 


a+b 

c 


Hence, x:y:z = 


c+a a-\-b 

~r '• V 


Ex 3. A triangle of uniform rods of different densities has its C.G at 
(t) the circum-centre 
(ii) the in-centre 

of the triangle Show that in the first case, the densities are propor¬ 
tional to sec A, sec B and sec C, and in the second case, they are propor¬ 
tional to 
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cosec 2 


—, cosec- 
2 


B , „ C 

~2 and cosec- y . 


(;) Let p x , fL and [° 3 be the densities of the rods BC, CA and AB 
respectively and let D,E and .Fbe their middle points. 

Let BC—a, CA~b and AB=c. Tnen the masses p^ci, b and 
p 3 c act at D, E and ^respectively. Let 0 be the circum-centre of A ABC, 
Then ODA_BC Let DO produced meet EF at L. 

V EF=BC, : OL J_FE. We join FD. 

■. FE (| DC and FD || EC, the figure FDCE is a parallelogram 

/_DFE=C. FL=FD cos C= -~b cos C. 

„ 1 

Similarly, LE=-^ccos B. 


A 



Now, since the C G of the particles of massesi Pl a ?2 b and p 3 c is 
at O , hence the C G of p a & at E and p 3 c at mus e a 


•• Pi b: P 3 c=FL:LE~\bcosC:±ccosB 

= j.p 2 f 3 =cos C: cos B —sec B sec C, 
Similarly, we get 
P t : P 2 =sec A; sec B. 

Hence, p 1 f 2 P 3 =sec A: sec B . sec C. 
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(ii) Let I be the in-centre of A ABC, D, E and fare the middle points 
of BC, CA and AB respectively. From F, I and E , we draw 

A 



Fl& 1+1 

perpendiculars FS, 1M and ET on BC. If AL=p 1 and A be ihe area 

2A 

of A ABC, then ap 1 =2A=>p ] =-j- • Let r be the in-radius. 


Now, FS — 


2 ' 


AL 


2_A 
2 ’ a 



Taking moments of the masses p x a, fab and p 3 c placed at D, E 
and F respectively about BC, we get 


( Pl a+p 2 h+p 3 c) r = (Pib+pnO ~ =A-Pay+A- p 3 


c 

a 


= A. 


sm B 
Pa sin A 


+ A. P 3 


sin C 
sm A 


['. a‘b:c ~sin ^4.sin f:sin C] 


=>P 2 sm j 6+P 3 sin C == 

=/c sm A , 

where k _ (P. £ ± W+Mr 

A 


(l ? 1 Q +P e &+Pac) r sin A 
A 


■ ( 1 ) 


Similarly, taking moments about AB and AC, we get 

P 3 sin C+(\ sin A=--K sm B 

and p x sm 4+P 2 sm B=K sin C . 


■ ( 2 ) 

• 0 ) 
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Adding (2) and (3) and subtracting (1) from the 
1 

Pism A=--k (sin B+ Sln C-sin A) 


sum, we get 


= L* 
2 


_ 5+C B-C 

2 sin 2 ;C0S ~~ 2 ~ ~ sm A 


= /c cos—[ cos 

2 2 


2 ) 


, A B c 

=k cos — . 2 sin — sin — 

„ . B . C A 

= 2k sin — sin ycos — . 


1 , /. A B-C A 

— 2 ^ f 2 cos — cos —^-2 sin — 

5 “ C - co, !±£\ 


A. \ 

cos — J [.-A+B+C= 71 ] 


-•.?! = 


, 5 . C 

k sm _ sm_ 

2 2 


sin 


, . A B . C . A 
=k sin y Sin y Sin y cosec 2 y. 


ABC B 

Similarly, P 2 =k smy sm ysin y cosec 2 y 


A . B C . C 


and sin ysin y siny cosec' y . 

J? C 

Hence, p x : P 2 : p 3 = cosec 2 y: cosec 2 y : cosec 3 ~ 


Ex, 4, The longer side of a rectangle is double the shorter side and 
on the longer side an equilateral triangle is described Find the C G. of 
the lamina made up of the rectangle and the triangle. 


Let ABCD be a rectangle such that AB = 2 AD and let DEC be an 
equilateral triangle. Let G 2 be the point of intersection of the two diagonals 
of the rectangle. Then G 2 will be the C.G. of the rectangular lamina. We 
join G E 2 Now, since /\DEQ 2 ==; AC£G 2 , hence [\DEF^{\CEF . 

- LEFD=LEFC= 90° . 
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Hence, EF must be a median of LEEC, The C.G, of A EEC will, 
therefore, be at the centroid G 1 on EF. 

Let AD^a. \ DC=2a=DE=EC 

Then the aiea of A EEC = ~ x2 ax 2a sin 60° 

=la\ ^=ylV. 

Area of the rectangle ABCD=2a- 

Let w_be the weight per unit area. Then the weight la 1 w will act 
at Go and yT d 1 w will act at G v If G be the C.G. of the combined 
figure, then taking moment about BC, we get 

2d' w GoF-Vfn'w. G 1 F=(2fl-+yrrr) w, GF 

^2,^—o/T ~ . 2 a sin 60°=(2+ ^3 ) GF 

« = (2+o/3 ) GF^GF= 0. 

.\G will coincide with F. 

Hence, the required C.G. lies at the middle point of the common 
side DC, 
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Ex. 5 A triangular lamina, obtuse-angled at C stands with the side 
AC in contact with a smooth table. Show that the least weight suspended 
from B, which will overturn the triangle, is 

1 a 2 +3£ 3 -c 2 

T W ’ 

where W is the weight of the triangle. Interpret the above, 

]fe 2 >a 2 +3& 3 . 

We replace the weight, W, of the lamina by three particles of weights 
i-W, -~-W, jW placed at A, B, C. 

Let w be the least weight suspended from B as a result of which the 
triangle ABC just turns about C. In this case, only the point C will be in 
contact with the table. Let R be the normal reaction of the table on the 
lamina. 


5 



Taking moments about C, we get 
AC— (w+| j BC. cos (m-C) 

^ W .AC _ 

* cos C (3w+W) BC 

_ Wb 

* 2a b ~ (3w +W)a 

^(3w+W) a {c^-a^-b^—lab 2 W 
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=>3wfl (c , -—a-~b-) = W(2ab l —ac 1 -\-cP'}-cib 2 ) 

= W(3ab 2 -\-a 3 — ac 2 ) 

W a 2 +3b 2 -c 2 

=> , W=— . —-;—rr 

3 c-—a 2 -~b 2 

If c'->a"--\-3b' 1 , w becomes negative and so the tiiangle will oveiturn 
about C due to its own weight only and there is no need of placing any 
additional weight at B. The significance of negative weight at B is that m 
order that the lamina may not overturn about C, the least force to be 
applied at B must be vertically upwards. 

Ex. 6. Two uniform heavy rods, AB, BC rigidly united at B are 
hung up by the end A. Show that BC will be horizontal if 

sm C = 2 sm - . 

The weights of the two rods BC and AB will act at their middle 
points D and E respectively. For equilibrium, the tension T of the stiing 
at A must balance the rsultant vertical weight of the two rods. Let G be 
the C.G. of the two rods lying on ED. Hence, the line of action of T must 
pass through G and will be vertical. Since BC is horizontal, the vertical 
AM through A will be perpendicular to BC. We join AC. Let BC=a, 
CA=b and AB=c and let w be the weight per unit length of the rod. 
Then the resultant of the weight aw of BC acting at D and the weight cw 
at E of AB will pass through G such that EG‘GD=a:c. Let ENJlBC. 



c cos B 
a—2c cos B 
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=>d 1 —2accos B=c 2 cos B 

=>« 2 -(c 2 -M 2 -& 2 )=c 2 C0SjB 


=^£>-=c 2 (l-)-cos j B)=c 2 2 cos a — 

b 2 , , 2 ? 

— 7 - = 2 cos- — 
c 2 2 

= V / 2 cos j-|jraking the positive square root only.J 

sin B _ B 
»5rc=V , 2 cos 2 - 

, . i i _ B . „ 

=> 2 sm^ cos j- —V 2 cos 2 ~ sm ^ 


. „ — B 

=> sm C—z^y2 sm ^ 

Hence the result. 


Ex 7. A triangular lamina is suspended successively from the angles 
A and B and the two positions of any side are found to be at right 
angles to each other. Prove that 

a-+b^5c\ 

Let G be the centroid of the triangle ABC and BE and AD be 
two medians. The weight of the laming will pass through G vertically 



Fig L 4 5 

downwards and hence when hung from A, AG must be vertical. Similarly, 
when hung from B, BG will be vertical. Hence, the angle turned over by 
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the lamina is /_AGB. As the two positions of any side are at right angles, 
the angle turned over is 90°. Therefore, /LAGB= 90° . 


Hence, c*=AB*=A(?+BG t 


= (| AJ>) 2 +(f BE ) 2 = AD*+BE* ) 
Now, HP 2 +,4C 2 =2(HjD 2 +.S.D 2 ) [. HD is a median.] 
e-c i +i 1 =21DH2 ^ a J 

=>AD i = |[ C >+ i‘-|] 

Similarly, since PDis a median of A ABC, 



Hence, from (1), c 2 = 



^e 2 





+a-+c r — 



=> 9c 2 =4c 2 -f-Zi 2 +a 2 =>rz 2 +6 2 =5c 8 . 


■( 1 ) 


Ex. 8. The centre of gravity of a hollow right circular cone, closed 
by a base, made of a thin uniform sheet, is the same as if the cone were 
solid. Prove that its vertical angle is 2 sin“H [Delhi 1964; Lucknow 1962] 
[C.G of a hollow Tight circular cone without base lies on its axis at 
a distance $ h from its vertex, h being the height of the cone.] 

Let A be the vertex of the cone, h its height, l its slant height, r the 
radius of the base and 26 the vertical angle of the cone. The area of 

the curved surface of the cone=ir rl=nr z cosec 6 f*V -y — cosec oj 


The area of the base of the cone=Ttr 2 . If w be the weight per unit 
area of the surface, then the weight of the base of the cone is tu' 0 w acting 
at O, the centre of the circular base. The weight of the curved surface of 

2 

the hollow cone—nr 2 cosec 0.w acting at G x such that AG 1 =—h=r“ . 


If x be the distance of the combined C G., G, of the hollow cone 
with the base, then taking moment about A, we get 

2 

(Tc/- 2 +7t/ 3 cosec 0) wx=7rr 2 Iiw+to -2 cosec 0 —hw 

inf 2 h ^ 1 + y cosec 0 j 
•w 2 (l+cosec 0) 
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-h. 2 +3 sin 0 

3 1+sin 0 ' M 


A 



PiG.146 

. 3 

For the solid cone, the distance of the C.G. from A is - 7 - h. Since the 

4 

3 

two C.G ’s are given to be identical, hence x = — h- 

Hence, from (1) 

3 h 2+3 sin 0 
T h_ 3 ' 1 + sin 0 

=s-9+9 sin 0=8+12 sin 0 
=>■3 sin 0 = l+ 0 =sin _ 1 -j. 

Ex. 9. ABC is a thin uniform triangular lamina. Find the position 
of the point 1 P within the triangle such that if the portion BBC be removed, 
the C.G. of the remainder is exactly at P [C.G. 1963J. 

Let D be the middle point of BC so that AD is a median of A ABC. 
Let P be any point within the triangle ABC. We join PB, PC and PD. 
The C G. of A PBC must lie on its median PD It is given that the C G. 
of the remaining portion ABPC is at P. Hence, the C.G. of A ABC must 
be on PD But we know that the C.G. of t\ABC lies on its median AD. 
Hence, PD must coincide with AD and the centroid G of A ABC must 
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Fig 147 

lie on PD. Let G x be the centroid of A PBC and let w be the weight per 
unit area. Let PM DP C and AND PC. 

area of pPBC _ Y BC ' FM PM PD 
NoW ’ areaofA ABC X BC AN AN AD 

PD 

Hence, area of APBC—jg A, where A is the area of A ABC. 

Hence, the area of the remaining portion ABPC 

A PD A _ {AD—PD) A _ AP.A 

~ A aLD A AD AD ' 

Hence, taking moments about A, we get 

weight of A PBCx AG t + weight of ABDCx AP= weight of A ABCx AG 

PT) 9 A P 

' Aw X (AP+ yPD ) +AA . Aw . A P 

- Aw. ~(aP+PD) 

=s-PD AP+ | -PD'+AP^— AP.AD+- AD PD 

= ~AP PD [AP+PD^j 

= 4 AP"' + 4- AP -B D Hr 4 + 4 ^ 

J J J *5 

^-~PD.AP+ i-^ 2 =0 
=» PD=AP. 

Hence, P Will be the middle point of the median AD. 
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Ex 10. A pack of cards is laid on a table, and each card projects 
in the direction of the length of the pack beyond the one below it. If each 
projects as far as possible, show that the distance between the extremities 
of successive cards from the top will form a harmonic progression. 

Let A x , A 2 , A 3 , Ai . ...be the extreme ends of the successive cards 
from the top and let G lt (? 2 , <7 3 , Gi ..be their respective C.G.’s Let 2/ be 
the lengths and w be the weight of each card. The C.G. of the topmost 
card i.e. G x must, m the extreme case, be just supported at A 2 , otherwise 



Fig 14b 

it would topple over. Hence, it can at most project a length l i.e, the 
horizontal distance A x A 2 =l Similarly, the combined C G. of the two 
topmost cards must, in the extreme case, be vertically above A a . In other 
words, the resultant of w at G x and w at <? 2 must pass through A 3 . Hence, 
w X A 2 A 3 ~wX horizontal distance between G 2 and A„ 

=w (!—A 2 A 3 ) 

= ^2A 2 A 3 == 1&A 2 A 3 - *2 * 

Again, the combined C.G, of the three topmost cards must in the 
extreme case, be vertically over A 4 i.e. the resultant of 2w acting at A s and 
w at G 3 must pass through Ai. 

Hence, 2w X A 3 A i=wX horizontal distance between G 3 and Ai 

^■2wxi 3 Ai =w(/— A s Ai) 

=>3-d 3 Ai~l =>A s Ai = — , 


and so on 
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Hence, the successive distances between the extremities of the cards 
are /, 1- , — , ~ . which form a H.P. 

Ex 11. A piece of wire is formed into a triangle ABC Show that 
if x, y, z be the distances of the C.G of the wire from the three sides of 
the triangle, then 

4xyz—i' 2 (x+y+z)=r 3 , 

where r is the radius of the in-circle of the triangle. 

Let D, E and F be the middle points of the sides BC, CA and AB of 
the triangle ABC. The weights aw b\v, and cw of the wires BC, CA and 


A 



Fie ■ 14-9 

AB act through D, E and F respectively, where w is the weight of the wire 
per unit length and a, b , c are the lengths of the sides of the triangle. 

Let AM±BC AM=c sin B*=b sin C. 

Hence, the distances of F and E from BC are respectively 

c sin B and ~ b sin C. 

Taking moments about BC , we have 

x(a+b- fc) w = &w. —- b sin C-f-cw. -~c sm B 

^-b 1 sm C -f — c' 1 sm B 


4>x = 


a+ft+c 
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— . ^rab sin C+ — . ~ac sm B 
a 2 a 2 


a+b+c 


i A+-^A 

g g 

£1 —[— Z? —C 

1 (b+c) A 


2 s 


, where A=area of £\ABC 
where 2s=g + Z>-fc. 


Now, r = — => A =rs. 
s 


2 «s 2« 

Similarly, y= ~j- (c+n) and z = 2 c~( aJ rb), 
Now, 4xyz—r (x+y+z) 

- ^S r (»+cXc+ ( .)( a +«-W 


8 aic 

r3 


C J 


= —I—-[(6c+a&+c 2 +cfl)(a+i)-^ 
labc 


= 1 ^*-(abc+a 2 b+ac' 2 -\-a-c-\-b 2 c+b 2 a+bc 2 +abc-b 2 c-bc--c'a 
labc v 

—ccP—a-b—cib 1 ) 

X 2 abc=r 3 . 


2 abc 
Hence the result 


Ex. 12. A circular disc of radius lm has two equal circular holes 
punched in it, the centres of these holes being at the middle points of two 
radii of the disc at right angles to one another If the radius of each hole 


I 

is T-m, 


find 


the distance of the C. G. of the remainder from the 


centre of the disc. 

Let the centre of the circular disc be at O and let OA and OB be its 
two perpendicular radii Let G x and Cr 2 be the centres of the two holes on 
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Fig 150 

OA and OB respectively such that OG^=G x A=~ and OG^—G^B—2- . 

2 * 2 . 

We take OA and OB as the x and y-axes respectively. 


The aiea of each of theholes=^ — j =-^ and the total area of 

the circular disc=-rrl 2 =7c. Hence, the area of the remaining part of the disc 
when the holes are made 

_ _ jr_ 

18 ~ 18 ’ 


If w be the weight per unit area, then the weights of the circular discs 
removed are ~ at G L , at G % and the weight of the remaining 

part of the disc is —j^r The total weight of the disc 
(without the holes)=7rw which acts at O. 

Let the weight of the remaining part of the disc act at G (x lt y a ). 
since the resultant of three forces acting at G x , G and G z passes through 
0, taking moments about 0\, we get 
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x ’8 J_ 

72 ]7tcvv 68 

Taking moments about y-axis, we get 

Ttw 1 l7Ttw „ 1 

T6 x 1 + Tb' y i= 0 ^yi=-- 6 g- • 


Hence, the co-oidmates of the required C G are (— } , — — \ 

V 68 68 / 

at a distance /\J -f — 7 = 'gg'V 2 from the centre of the 


circular disc. 


Ex 13. Prove that if the ladius of one plane end-face of a frustum 
of a rigid circular cone is n times the radius of the other end-face, the 
C G. divides the axis of the frustum in the ratio 

(3n a +2n+l): (n 2 +2n+3). 

Let ABCD be the frustum of the cone OAB with axis OE , O being 
the vertex. Let AB be a diameter of the base of the cone Let G Xs <-? 2 and G 
be the CG’s of the smaller cone ODC , the fiustum and the whole cone 
OAB respectively all lying on the axis OE Let the radius CF of the base 
of the smaller cone be r so that the radius BE of the bigger cone is nr If 
the height OF of the smaller cone be h, then 


_h__ FC 
OE EB 


= — ^OE — nh. 
n 


■ ’ Volumes of Ihe smaller and bigger cones are respecrively -j m 2 h 


and -i-7rnV, nh= . 

Hence, the volume of the frustum 
= — i-itr-h-f- “-xr*n s = ~rrr 2 h ^ — 1+n 3 j 

If w be the weight per unit volume, then the weight of the cone 
ODC is -^-7rr 2 hw acting at G x , that of the frustum is — wt |n J l^w 

acting at C? 2 , while the weight of the whole cone is j irr 2 hn 3 w which acts 
at G. Hence, taking moments about O, we get 
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0 



Pie. 151 


l flr 2 h W .0G 1 +4 fl r 2 h(n 3 -l) wO<7a= T 7tr2h " 3>D<7 

=>OG 1 +(ti 3 -l)OG a =n 3 OG 
=>i-h+(a 3 -l) OG^.^-nh 
3 ,, 3 , 

=>(Xr a = n 3_4 ' n 3 —1 

3 , n 4 —1 u 

.'FG-OGz-OF^-jh.-^z y-h 

3n 4 -3-4i\ 3 +4 u 

--4^=1) 

3n 4 —4n s +l . 

“ 4(tr ) —1) 

3h(n 4 _1) 

Also, EGi= OE— GG 2 =nh 4( n »_ i) 
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_ 4n 4 -4n—3n 4 +3 
4(n 3 — 1 ) h 

= n 4 —4n+3 
4(n 3 — 1 ) 11 ' 

Hence FG * 3 n‘~ 4 n 3 + l (n-1 ) 8 (3n 3 +2n + l) 

’ EG % n 4 -4n + 3 (n—l ) 2 (n 2 +2n+3) 

= 3n a +2n+l 
n 2 +2n+3 ‘ 

Ex 14 Find]the centroid of the area between y 2 =x and y=x. 



Ft6 .15" 

Let the two curves intersect at 0(0, 0) and A whose co-ordinates are (1,1). 
We take an elementary strip PQ of thickness Sx at a distance x from 0, 
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wheieP<2 is parallel to y-axis. Let the co-ordinates of P and Q he (x,y 2 ) 
and (x^) respectively and let (x, y ) be die co-ordinates of the required 


centroid The co-oidinates of ihe centroid of PQ will be 


Hence, x= 


Jq x(y 2 -y a ) dx 

[I, iy»- yi) <ix 



Also, 


I 

* x(Vx—x) dx 

1 

l 

(V x x) dx 

J 



i 


L 5 X - 3 X J 

lo 


“ o 3 1 

Jl X 2 — 

_ 3 2 

1 

0 


y ” 


g Y (y i + y ^ (y2 ~ yi)dX 
o (yc-yi),dx 


[since yi=x and y 2 =Vx] 

_5_3_ __2_ 

5 

3 2 


1 1 

2 J 

' 0 (y 2 "-yi r )dx 


q (yi-yi) dx 

,1 

1 ' (x—x 2 ) dx 
lo 

■ 2 j 

ri 

| 0 (x/x—x) dx 



Hence, the lequired co-ordinates of the centroid ate 


2 _ 

5 ’ 
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EXERCISE 81 

1 A uniform rod AB, of length 4m and weight 6 N has weights attached 
to it as follows ' 6N at A, IN at lm from A, 3N at 2m from A, 4 N at 
3m from A and 5fVat B Find ihe distance of their C G from A. 

[Ans 2m] 

2. A unifrom wire AOB is bent into two straight poitions, OA and OB, 
inclined at an angle 0, OA and OB being of lengths a and b lespecti- 
vely. If the portion OB is horizontal when the whole is supported at 
A, prove that 

„ b" 

COS 0 — 7 i j \ , 

a (a+2b) 

3. A uniform rod is bent at ught angles into two paits of lengths a and 
b. If the rod is suspended in equilibrium from the end of the arm of 
length a, prove that the inclination 0 of the arm to the horizontal is 
given by 

a s 2 a 

tanO= -£T + — 

4 . AB and AC are two uniform rods of lengths 2 a and 2b respectively. 
If i_£AC=d, prove that the distance from A of the C G. of the two 
rods is 

(al+laW cos S-t-h 4 ) 1 ^ r C _ X939] 

a-\-b 

5. Fmd the locus of the C. G. of triangle whose base is iixed and 
(i)whose vertical angle is given, (ii) whose vertex moves on a given 
straight line. 

[Ans (i) a circle, (u) a straight line parallel to the given straight 
line.] 

6. Three rods of unequal lengths are joined together to form a triangle 
ABC. If the masses are equal, prove that the C. G. coincides with 
that of the area If the masses of the sides a, b, c are proportional to 
bJ rC ^a ; c+a—b, a+b—c, prove that tne C. G. is the in-centre. 

7 A uniform wire 24m long is bent into the shape of a triangle ABC, 
the sides BC, CA and AB being as 3: 4: 5. Particles of weights p, q 
and r are placed at A, B and C respectively and it is found that the 
C. G. is unchanged. Prove that 

p, q- r=9. 8: 7. 
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8 , A thin uniform wire is bent into the form of a triangle ABC and 
heavy particles of weights P, Q, R are placed at the angular points. 
Prove that if the C.G of the particles coincides with that of the wire, 
then 


R 


b+c ~ c+a a+b 

where u, b, c are the lengths of the sides BC, CA and AB respectively. 

9. Tlnee like parallel forces P, Q and R act at the corners of a triangle. 
If their centre is the C. G of the triangle, prove that P=Q=R. 

10. A thin uniform wire is bent into a triangle ABC, prove that its C G. 


is the same as that of three weights 


b+c t c+a 


and 


a+b 


placed 


at A, B, C respectively, where a, b and c are the lengths of the sides 
BC, CA and AB respectively. [C. U 1946] 

11. The in-circle of a triangle ABC touches the sides BC, CA and AB m 
D, E and F respectively. Prove that the C. G. of the weights propor¬ 
tional to BC, CA and AB and placed at A, B and C respectively 
coincides with the C G. of the same weights placed at D, E and F 
respectively. 

12. What is the form of a triangle if its C. G, coincides with the centre of 

the circle circumscribing it ? [Ans. Equilateral] 

13 Find the C. G. of three particles of equal weights placed at the three 
angular points of a right-angled isosceles triangle whose hypotenuse 


is equal to 8 units 




units from the right angle. 


14. An isosceles right-angled triangle has squares described externally on 
all its sides. Show that the C. G of the figure so foimed is on the 
line which bisects the hypotenuse and passes through the right-angle 
and divides it in the ratio 1. 26. 


15. 0 is any point within the triangle ABC. Another triangle is formed by 
joining the C. G ’5 G lt (? 2 and G 3 of triangles BOC, CO A and AOB 
respectvely. Show that A G 1 G 2 G 3 is similar to A ABC and one ninth 
of it 

16. ABC is a triangle. BE is a straight line drawn within the triangle, 
parallel to the base BC intersecting the other sides at D and E, DE 
and BC being equal to b and a respectively. If h be the length of the 
line segment drawn from A bisecting BC, prove that the distance of 
the C, G. of the trapezium BCED from A is 

2 cP+ab+h 1 . 

3 h a (a+b) 
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17. If the C. G of a quadrilateral is the same as that of four equal 
particles placed at its angular points, prove that the quadrilateral 
must be a rectangle 

18. ABCD is a quadrilateral whose diagonals AC and BD intersect at O. 
If a point E be taken m BD, such that BE= OD, snow that the C. G. 
of A AEC is the same as that of the quadrilateral ABCD [G.U. 1936] 

19. A rigid framework, ABCD, of four equal rods forming pait of a 
regular hexagon is suspended from A. Show that the angle made by 
AB with the vertical is 

tan -1 ^3 j ■ 

20. A rod of length 5 a is bent so as to form five sides of a regular 
hexagon. Show that the distance of its C.G. from either end of the 
rod is 

JqV'133 • 

21. Show that the C.G. of a quadrilateral is the same as lhat of four 
particles of equal weights placed at the four comers, together with a 
fifth particle of equal but negative weight placed at the intersection 
of the diagonals. 

22. At each of n—1 of the angular points of a regular polygon ofn 
sides, equal particles are placed. Show that the distance of the C.G, 

from the circum-centre of the polygon is , where r is the 

circum-radius. 

23. ABCD is trapezium in which AB and CD are parallel and of lengths 
a and b respectively. Prove that the distance of the C.G. of ABCD 
from the side AB is 

h a-\-2b 
3 ' a+b ’ ' 

h being the height of the trapezium . [C.U. 1944] 

24. Weights proportional to 5, 4, 6, 2, 7 and 3 are placed at the angular 
points of a regular hexagon, taken in order. Show that their C.G. 
is the centre of the hexagon. 

25. A triangle, ABC, of uniform wire has the side CA removed and is 
hung up by the point A. Show that for BC to be horizontal 
b-{c+2a)=c{c+a)\ 

where BC=a, CA=b and AB=c . [C.U. 1941] 
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26. Show that the C.G. of a uniform ti langular Iamma is situated at the 
same point as that of three equal particles placed at the middle 
points of its sides 

27. The sides of a uniform triangular lamina are 5m, 6m and 7m 
respectively, Find the distances of its C G from the shortest and the 
longest sides. 

Fa 4 - 4 _ 1 

Ans yV 6 nl anc * 

28. If a triangular lamina, ABC , weighs 6N, what weight must be placed 
at A so that the C G. of the whole may bisect the line joining A to 
the middle point of BC7 

[Ans. 2N] 

29. The distances of the vertices of a tiiangular lannna from a sLraight 

line in its plane are x x , x a and x 3 . Find the distance of its C.G. from 
the line. [C.U. 1947] 

J^Ans y (x a +x a +x 3 

30. If three men support a heavy triangular board of weight IF at its 
three corners, find the weight supported by each man. 

Ans. y w 

31. A given weight is placed anywhere on a heavy uniform triangular 

lamina; show that the C.G of the system lies within a certain 
triangle. [C U. 1927] 

32. A uniform lamina in the shape of a right-angled triangle, and such 
that one of the sides containing the right angle is three times the 
other, is suspended by a string attached to the right angle. In the 
position of equilibrium, show that the hypotenuse is inclined at an 

3 

angle sin -1 y to the vertical. 

33. ABC is a triangular lamina and D, E , F are taken in BC, CA and AB 
such that 

BD_ CE^ _ AF 
DC~ EA~ FB ‘ 

Prove that the C.G. of the triangle DEF is the same as that of the 
triangle ABC 
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34. A uniform triangular lamina ABC just topples over when placed m 
a vertical position with BC upon a smooth horizontal plane Show 
that 

3 sin /4=sin {B— C), ( B>C ), 


35. A uniform lamina in the shape of an isosceles triangle of vertical 
angle 2a is suspended from one extremity of the base Show that, 
in the position of equilibrium, the base makes an angle 



— cot a 
3 


jwith the horizontal. 


36. Masses proportional to A-f c, c-\-a and a-\-b are placed at the points 
A, B and C of a triangulai lamina, where a, b, c are the sides of the 
triangle. Show that their C M. is at the m-centre of the triangle 
joining the middle points of the sides of the triangle ABC. 

37. A triangular lamina having a right angle at C is suspended from the 
angle A. and the side AC makes an angle a with the vertical. It is 
then suspended from B and the sides BC makes an angle (5 with the 
vertical. Show that cot a cot (3=4. 


38. A triangular lamina, ABC. hangs at rest, one of the angular points A 
being supported at a fixed point Prove that the angle which the 


lower side makes with the horizontal is tan -1 


— (cot B —cot C)] 
z 


39. Prove that the CG. of a uniform triangular lamina of mass M, 
bordered with a thin uniform um of mass m, and loaded with a 

particle of mass -^- m at the in-centre is at the centroid of the 

triangle. 


40. Find the CG of a unifoim square plate, ABCD, of weight 10 N 
together with weights of 201V, 30 N, 40 N and 50N placed at its four 
corners A, B, C and D respectively. 


41. G is the C. G. of a uniform quadrilateral lamina, G' is the C G. of 
four equal particles placed at its corners and O is the point of 
intersection of its diagonals Prove that O, G, G‘ are in the same 
straight line and that OG'~3GG r . 


42. Show that the CG. of a uniform quadrilateral lamina, ABCD , 
coincides with that of three particles of weights proportional to AO, 
OC , 2AC placed at A and C and the mid-point of BD , where O is the 
point of intersection of AC and BD. 
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43 Three heavy particles are placed at the angular points A, B and C 
of a triangle, their weights being as a:b c. Show that the distance 
of the C.G. of the particles from A is 

2 be cos 

n+i+c 

44. A solid hemisphere and a solid cylinder have the same radii and are 
made of the same homogeneous material, and one end of the cylinder 
is cemented to the base of the hemisphere. The height of the cylinder 
2 

is — of its radius. Show that the C G. of the whole solid is 
of the radius from the common plane. 


45. A cylinder and a cone have their bases jointed together, the bases 
being of the same size. Find the ratio of the height of the cone to 
the height of the cylinder so that the common C.G. may be at the 
centre of the common base. 


46 A uniform solid figure consists of a right circular cone of semi¬ 
vertical angle a and a hemisphere of radius equal to that of the- 
base of the cone, two having a common flat base. Find the position 
of the C.G. and show that if the solid is suspended from a point on 
the rim of the base of the cone, the angle that the axis of the cone 
makes with the horizontal is 

1 — 3 tan-« _| 

4 tan « (1+2 tan a) J ■ 



[Ans, 


(1 — 3 tan 2 «) h 


from the centre of the sphere, where h is the 


4(1+2 tan «) 
height of the cone.] 

47. A uniform wire is bezit into the form of an acute angled triangle, 
ABC, and AD is drawn perpendicular to BC. If the part BD of the 
wire is cut away, show that the distance of the C.G of the remainder 
from BC is 

c(6+c) sin B 

, . C ' 

2c+4o COS 2 -r- 


48. A square, ABCD , is divided into four equal triangles by its 
diagonals which intersect at O. If the triangle OAB be removed, 
find G, the centroid of the remaining portion of the square. 

[ Ans. OG=OE, where OGE J_ CD 
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49. G is the C. G. of A ABC. If AG-BC be removed, find the distance of 
the C.G of the remainder from A. 

r s 

AG 


Ans ~ AG J 


50. If from a triangle ABC, three equal triangles ARQ, BPR and CQP 
be cut off, prove that the C.G.’s of the triangles ABC and PQR will 
be coincident. 

51. A triangular portion is punched out from a square, whose two sides 
are adjacent sides of the square and the third is the join of the mid¬ 
points of these sides. Find the C.G. of the remaining portion. 


j^Ans. ~ X diagonal from the centre. J 


52. ABC is a uniform triangular lamina. If the triangle formed by joining 
the mid-points of the sides of ABC be removed, prove that the C.G. 
remains unaltered. 


53. 


The sides of a parallelogram, ABCD, are bisected and the points of 
bisection of the opposite sides are joined. If these lines meet at O, 
and if the small parallelogram AO be removed, find the C.G. of the 
remainder. 


[ 


Ans, On OC at a distance 


4- OC from 
o 


*] 


54. From a triangle is cut off th of its area by a straight line parallel 
to its base. Find the position of the C.G. of the remainder. 

J~Ans. Distance of C.G, from D= AD, where AD is a median of A 


ABC. 




55. 


56. 


remainder is on DG at a distance DC? from D. 


G is the point of intersection of the medians AD, BE and CF of 
A ADC If the portion AFGE is removed, show that the C.G. of the 

T_ 

12 

The middle points of two adjacent sides of a uniform triangular 
lamina are joined and the lamina is cut in two along the joining 
line. Find the C.G. of the larger portion. [C.U. 1942] 

[Ans. The C.G. divides the line joining the middle points of the 
parallel sides in the ratio 4:5, being nearer the base.] 

57 From a triangle, ABC , a portion ADE, where DE is parallel to BC, is 
removed. If a and b be the distances of A from BC and DE 
respectively, show that the distance of the C.G. of the remainder 
from BC is 
a 2 +ah— 2b z 


3 [a+b) 


[C.U. 1938] 
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58. From a thm uniform triangular board, ABC , thepoition constituting 
the inscribed circle is removed Prove that the distance of the 
C G. of the remainder from the side a is 

A 2s 3 — 3tc a A 
3ns ’ s a —rcA 

A being the area and s, the semi-perimeter of the boaid. 


59 Prove that if equal triangles be cut off from the cornels cf a given 
triangle by lines parallel to the respective oppesite sides, the C.G of 
the remainder will coincide with that of the triangle 


60. A uniform lamina is m the form of a square, ABCD, of side 2a, from 
which the isosceles triangle, ABE, is cut away. In the tuangle, 
AE—BE and the distance of E from AB is h Prove that the C G. 


of the lamina is at a distance 


12 m—lr 
3(4n—h) 


fiom AB 


61. From a circular disc of radius 6 cm is cut a circle having a diameter 
equal to the radius of the disc. Find the C.G. of the remainder. 

[Ans 1 cm front the centre of the circular disc along the line of 
centres away from the circle cut off ] 


62. From a circular disc of radius r is cut out a circle which passes 

through the centie and whose diameter is -i-r Find the C.G of the 

remainder. [C.D 1940) 

[Ans. At a distance — from the centre of the disc on the line 

joining the centre of the disc to that of the hole, produced back¬ 
wards.] 


63. In a uniform circular disc of radius R, a circular hole of ladius §r 
is punched out, the distance between the two centres being c, where 
r+c <R. Show that the C.G. of the remainder is at a distance 

-— 5 — from the centre of the disc. 

r 


64. From a solid right cuculai cylmdei, a solid right circular cone on 
the same base is scooped out Find the ratio of the height of the 
cone to that of the cylinder if the C G. of the remainder is at the 
vertex of the cone 


[Ans. (2-^2 ).l] 
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65. From a cone of height h and vertex A, the upper portion, a cone of 
height is removed Show that the C,G. of the lemainder is at a 

45 

distance— h from A 

JO 

66. A frustum of a cone is foimed by cutting off the upper portion of a 
solid right circular cmie by a plane parallel to the base. The radu 
of the parallel circular secLions being R and r, and h, the height of 
the frustum, show that the height of the C G. of the frustum from 
the base is 

h R 2 +2Rt+t 2 
4 JP+Jii+r* • 


67 A buoy is formed of a uniform thin sheet of metal m the form of a 
solid cone standing on a solid hemisphere with a common base. Find 
the vertical angle of the cone so that the combined C G. may be at 
the centie of the hemisphere 

[Ans 63°] 

68 . ABCDEF is a legular hexagon, having 0 as the centre and a as the 
radius of its inscribed circle. If /\AOB be removed, find the C.G. 
of the remaining area. 

2 

[Ans — a from 0 towards the middle point of DE.] 

69. A pile of six rupees rests on a horizontal table and each rupee 

projects the same distance beyond one below it. Find the greatest 
possible horizontal distance between the centres of the highest and 
the lowest rupees [P.U. 1937] 

[Ans. r, where r is the radius of a rupee ] 


70. Find the centroid of the area between the curve y=swx and the 
line y=0, where 0 < x < it 


71 . 


. — 7C — 7t 

^Ans. x=j, y=-~ 

Find the centroid of the area bounded by y=x 2 , x=l, y=0 and, 
x—2. 4 


Ans 


- 45_ - = 93_ 14 

X 28 ’ Y 70 / 
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72. Find the centioid of the area bounded by y=x 2 , 




Ans. 


y——x 2 and x=3. 
x—j-.f-O ] 


73. Find the centroid of the area bounded by y 2 =ax, and x 2 =by 
(a, b>0). 

[ Ans.x=|-a i b 1 , y =^- a * b*] 

74. Find the centroid of the area bounded by x=0, y=0 and 

y=3+2x—x 2 and lying in the positive quadrant. 


5 


17 



